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Roskilde Universitet

Electrodynamics

Friday 18 January 2013. 10.00-14.00

PERSONAL HELP MATERIALS ALLOWED, INCLUDING SYMBOLIC CALCULATORS. NO
COMMUNICATION WITH OTHERS.

The exam set consists of 2 pages. Questions 1 and 2 are independent of each other and can be
answered in any order. All sub-questions have equal weight.

Question 1

ω1

z

1R

An infinitely long cylindrical shell with a negligible wall thickness has radius R1 and a fixed homo-
geneous surface charge density σ1. It is rotating with constant angular velocity ~ω1 = ω1ẑ about the
z-axis as shown (counterclockwise when looking from above).

1. Find the electric field inside and outside the shell.

2. Find the magnetic field inside and outside the shell.

A second thin-walled cylindrical shell is now added concentric with the first. It has a larger radius
R2 > R1, a fixed homogeneous surface charge density σ2, and rotates with the constant angular
velocity ~ω2 = ω2ẑ.

3. Determine the values of σ2 and ω2 such that both the electric and the magnetic fields are
non-zero in the space R1 < s < R2 between the cylinder shells and zero everywhere else (here
s is the radial cylindrical coordinate). (Hint: think carefully about the sign of each)

4. Find the electromagnetic energy density in the resulting configuration of two spinning shells
in terms of σ1, R1 and ω1, and calculate the total field energy per unit length.

5. Find the Poynting vector and the total field angular momentum per unit length Lem,z about
the z-axis, (also in terms of σ1, R1 and ω1). Comment on how its sign depends on the signs
of σ1 and ω1; how does the direction of Lem,z compare with that of the mechanical angular
momentum of the charges?

1
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Question 2

0
−V /2

V /2
0

A capacitor consists of two conducting hemispherical shells with a negligible wall-thickness glued
together to make a spherical shell. The glue is an insulating material and there is therefore no
electrical contact between the two halves; for this problem ignore the thickness of the glue (treat it
as infinitely thin). The radius of the resulting sphere is R and the glue layer lies in the xy plane.
Let the capacitor be connected to a battery such that the upper hemisphere (z > 0) is at potential
V0/2 and the lower one (z < 0) is at potential −V0/2.

1. What equation does the potential satisfy inside and outside the spherical shell and what
boundary conditions apply?

The potential inside the capacitor is a sum involving odd (i.e. l = 2m + 1 where m = 0, 1, . . .)
Legendre polynomials:

Vinside(r, θ) =

∞∑

m=0

(4m+ 3)V0I2m+1

2R2m+1
r2m+1P2m+1(cos θ) (1)

where Il ≡
∫ 1

0
Pl(x)dx =

∫ π/2

0
Pl(cos θ) sin θdθ is the integral of the lth Legendre polynomial over

half of its range. Some values are I1 = 1/2, I3 = −1/8, I5 = 1/16, . . . .

2. Find the potential outside the capacitor as an infinite sum.

3. Find the charge density, σ(θ), as an infinite sum.

4. Find the electric field at large distances from the capacitor by identifying the appropriate
term in the result for Question 2.2.

5. Use the charge density found in Question 2.3 to calculate the electric dipole moment (hint:
Use z = R cos θ = RP1(cos θ)). Check that the result is consistent with what you found in
Question 2.4.

2
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Roskilde Universitet

Electrodynamics

Thursday 28 February 2013. 10.00-14.00

PERSONAL HELP MATERIALS ALLOWED, INCLUDING SYMBOLIC CALCULATORS. NO
COMMUNICATION WITH OTHERS.

The exam set consists of 2 pages. Questions 1, 2 and 3 are independent of each other and can be
answered in any order. All sub-questions have equal weight.

Question 1
A surface charge density σ(θ) = σ0 cos

2 θ, where θ is the usual spherical polar angle, is glued onto
the surface of a non-conducting spherical shell with radius R1 and negligible thickness.

1. Show that σ(θ) can be expressed as a linear combination of the Legendre polynomials P0(cos θ)
and P2(cos θ). What is the total charge on the sphere?

2. What boundary conditions must be applied to ensure a unique solution to Laplace’s equation
for the electrostatic potential V (~r) both inside and outside the shell?

3. Assuming that only terms involving the Legendre polynomials P0 and P2 appear in the solu-
tion, determine V (~r) for points outside the sphere r > R1.

A conducting spherical shell with inner radius R2 and outer radius R3 (where R1 < R2 < R3) is
placed concentric with the original sphere.

4. What surface charge density σ3(θ) is induced on the outer surface of the conductor, at r = R3?
What is the potential at points outside the conducting shell r > R3?

Question 2
A uniform, time-dependent magnetic field exists in a region of space, given by

~B(t) = B0 cos(ωt)ẑ (1)

You have a fixed length L of wire, which is to be coiled in the way that maximizes the induced emf,
using circular loops/turns. You may assume the region of uniform field is large enough to enclose
the whole coil no matter what the details of the coiling are.

1. Should there be one large loop or many small loops? Which way should they be oriented?
Justify your answers.

2. For the optimal configuration, calculate the induced current (specify the direction) as a func-
tion of time, assuming the wire has resistance R and that self-inductance may be neglected.
You may also assume that multiple loops can be coiled tightly enough that a negligible amount
of wire is needed to close the coil (i.e., to connect the last turn back to the first).

1

February 2013: Electrodynamics (English) 113



Question 3
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(R + R )/2

A capacitor consists of concentric cylindrical conducting sheets of inner and outer radii R1 and R2

respectively with common length L; the common axis of the cylinders lies along the z-axis, between
z = 0 and z = L. Assume L is much greater than R2, and that therefore you can ignore end-
effects (i.e. for symmetry considerations you can pretend it’s infinitely long). Dielectric material of
permittivity ǫ is used to partly fill the capacitor in four different ways, as shown in the figure (top
view for parts 1-3, side view for part 4; shading indicates dielectric material).

1. The material occupies the inside of the inner conductor (ie points s < R1). Calculate the
capacitance and indicate on a sketch the location of all free and bound charge.

2. The material occupies the space between the inner and outer conductors (R1 < s < R2).
Calculate the capacitance and indicate on a sketch the location of all free and bound charge.

3. The material occupies the part of the space between the inner and outer conductors, going
from the inner conductor to a radius half-way between them (R1 < s < (R1+R2)/2). Calculate
the capacitance and indicate on a sketch the location of all free and bound charge.

4. The material occupies the space between the inner and outer conductors (R1 < s < R2) but
in the bottom half only (0 < z < L/2). Calculate the capacitance and indicate on a sketch
the location of all free and bound charge.

2

114 February 2013: Electrodynamics (English)


	Juni 1976: Elektrodynamik og relativitetsteori (Dansk)
	Januar 1977: Elektrodynamik og relativitetsteori (Dansk)
	Juni 1981: Elektrodynamik (Dansk)
	Juni 1982: Elektrodynamik og relativitetsteori (Dansk)
	Juni 1983: Elektrodynamik og relativitetsteori (Dansk)
	Januar 1984: Elektrodynamik og relativitetsteori (Dansk)
	Juni 1984: Elektrodynamik og relativitetsteori (Dansk)
	Januar 1985: Relativitetsteori (Dansk)
	Juni 1985: Elektrodynamik (Dansk)
	Juni 1985: Relativitetsteori (Dansk)
	Januar 1986: Elektrodynamik (Dansk)
	Januar 1986: Relativitetsteori (Dansk)
	Juni 1986: Elektrodynamik (Dansk)
	Juni 1987: Elektrodynamik (Dansk)
	Januar 1988: Elektrodynamik (Dansk)
	Juni 1988: Elektrodynamik og relativitetsteori (Dansk)
	Juni 1989: Relativitetsteori (Dansk)
	Juni 1990: Elektrodynamik (Dansk)
	September 1990: Elektrodynamik og relativitetsteori (Dansk)
	Januar 1991: Elektrodynamik og relativitetsteori (Dansk)
	Juni 1991: Elektrodynamik (Dansk)
	Januar 1993: Elektrodynamik (Dansk)
	Januar 1995: Elektrodynamik (Dansk)
	Januar 1997: Elektrodynamik (Dansk)
	Juni 1997: Elektrodynamik (Dansk)
	Januar 1998: Relativitetsteori (Dansk)
	Januar 1999: Elektrodynamik (Dansk)
	Januar 2001: Elektrodynamik (Dansk)
	Januar 2003: Elektrodynamik (Dansk)
	Januar 2005: Elektrodynamik (Dansk)
	Januar 2007: Elektrodynamik (Dansk)
	Juni 2007: Elektrodynamik (Dansk)
	Januar 2008: Elektrodynamik (Dansk)
	January 2009: Electrodynamics (English)
	February 2009: Electrodynamics (English)
	Januar 2011: Elektrodynamik (Dansk)
	Januar 2012: Elektrodynamik (Dansk)
	January 2013: Electrodynamics (English)
	February 2013: Electrodynamics (English)

