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Abstract

The fine structure of prime ends of the third and fourth kind are
analysed by decomposing the impressions into intrinsicly defined sub-
continua ordered by inclusion. This is accomplished by associating
two (possibly identical) intrinsicly defined impressions (subcontinua
of the impression I(P)) to every pair consisting of a prime end P and
a continuous and increasing function F' on Ry. Further more a no-
tion of equivalence of monotone continuous functions is introduced,
so that two equivalent functions always yield identical impressions for
all prime ends P. Moreover it is shown that many inequivalent func-
tions give distinguishable impressions (a full 1 real parameter family
is given as example). It follows that the Caratheodory classification
scheme can be substantially extended.
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Abstract ,

The fine structure of prime ends of the third and fourth kind are
analysed by decomposing the impressions into intrinsicly defined sub-
continua ordered by inclusion. This is accomplished by associating
two {possibly identical) intrinsicly defined impressions (subcontinua
of the impression I(P)) to every pair consisting of a prime end P and
a continuous and increasing function F’ on R4. Further more a no-
tion of equivalence of monotone continuous functions is introduced,
so that two equivalent functions always yield identical impressions for
all prime ends P. Moreover it is shown that many inequivalent func-
tions give distinguishable impressions (a full 1 real parameter family
is given as example). It follows that the Caratheodory classification
scheme can be substantially extended.

1 Introduction

The study of boundaries of simply connected domains U C C was initiated
by Caratheodory, [{Car]. He founded the theory of prime ends, which pro-
vide a convenient language for discussing the boundary behavior of univalent
maps on the unit disc D. Caratheodory classified prime ends into four kinds
using purely topological considerations. In this paper hyperbolic geome-
try is used to further classify prime ends and to study the fine structure of
prime ends. This naturally leads to distinguish real infinitely many different
types/kinds of prime-ends. Thus substantially extending the classification
scheme of Caratheodory.

Prime ends was defined by Caratheodory as follows. Let U g C c C be
an arbitrary simply connected proper sub domain. A cross cut in U is an
arc ¢ : [0,1] — U with ¢(0),¢(1) € 8U and ¢(]0,1[) C U.
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A chain in U is a sequence C = {ca},, of cross cuts in U, such that :
1. ¢aNcagpr = 0 for each n > 0.

2. Each arc c,, n > 0 separates in U the arcs {ex NU }k>é from the arcs
{exnU }k>n+1

3. The spherlcal diameter dia,meter:of Cn cc;nvefge to 0 as n —->700.

Two chains C = {en}npo and €' = {c}},,5, are termed equivalent provided
there exists a chain consisting of alternately cross cuts from C and C’. A prime
end P is an equivalencé class of chains.

Let P(U) denote the set of prime ends of U. Caratheodory proved that
a and hence any Riemann map ¢: D — U defines a 1 :1 correspondence
s — P4(s) between S' = 0D and P(U).

To each prime end P € P(U) Caratheodory associated a set, the impres-
sion I(P) C OU as follows : Let C = {c,},5, be a chain representing P.
For each n > 0 let w, denote the connected component of U\c, containing
¢n41 NU. Then w, C wyy; for eachn > 0 and :

=ﬂwncaU.

n>0

(For w C C we let @ denote the closure of w.) Clearly I(P) does not de-
pend on the choice of representing chain C; it is an intrinsic characteristic
of the domain w. One also says that the prime end P contains the points
of its impression. But note that a point may belong to several prime ends.
Further more a point p € I(P) is called principal in P if there exists a chain
C = {cn},> representing P and with ¢, — p as n — oco. The set of princi-
pal points’in P is called the principal impression of P and is denoted II(P).
The points of I(P)\II(P) are called subsidiary points of P. Caratheodory
classified prime ends according to the following schema :

- Iy(P) = y(P) | Is(P) # Il4(P)
#(II,(P)) =1 first kind second kind
#(II4(P)) > 1 third kind fourth kind

If ¢ : D — U is a Riemann map then we also write I4(s) = I(Py(s)) and
Iy (s) = I(Py(s))-



For prime ends of any other than the first kind, the impression is some
continuum with a topological structure and a topological/geometric relation
to U, the fine structure of the prime end. We shall say that a subset of
(the impression of) a prime end P € P(U) is defined intrinsicly to U, if it
only depends on the shape of U, i.e. it does not depend on the choice of a
Riemann map from U to D (see also Definition 2.3 — Remark 2.5). In this
paper we shall analyse the fine structure of prime ends of the second and
fourth kind by decomposing the impression into an increasing sequence of
subcontinua defined intrinsicly to U. For doing so hyperbolic geometry will
be an essential tool. Similar techniques may be applied to study also the
fine structure of the principal impression and in particular prime ends of the
third kind. However this is beyond the scope of the present paper.

The idea is that as soon as the impression /(P) of some impression is
non trivial it should be possible to find some kind of stratification of this
impression. Indeed this is possible in particular we shall define one-parameter
families of subsets of I(P) . Moreover we shall show by way of example that.
these subsets can all be different for some prime ends P. We need some
terminology. '

Ursell and Young [U-Y] gave a first qualitative discussion of the fine
structure of prime ends by means of curves. In particular they showed that
one may at least write the impression of a given prime-end as an increasing
union of subcontinua. But they did not attempt to find intrinsicly defined
continua. Later also Collingwood and Piranian, [C-P] and Hamilton, [Ha]
have contributed to our understanding of the fine structure.

The classical discussion of prime ends initiated by Caratheodory con-
cerns the possible distributions of the different kinds of prime ends for do-
mains U. Urysohn noted that P(U) carries a natural topology induced by
the Caratheodory 1 : 1 correspondence between S! and P(U). There are nu-
merous results on the distribution in terms of this topology of the different
kinds of prime ends, see e.g. [U], [Pil], [C-P], [C-L] and [L-P]. But this is a
completely different discussion. :

2 Impressions

For U C C a domain (an open connected subset) let CL(U) denote the set

of non empty relatively closed subsets of U, i.e. w € CL(U) if and only if
0£w=wNnU.




Definition 2.1 Let ¢ : D — C be a univalent map. For w € CL(D) define
the impression I4(w) of w by ¢ as

Iy(w) = $p(w)\d(w) C U,

where U = ¢(DD). Moreover if s € WN'S' we define the pointed impression
Iy(w,s) as - ’ S : '

Iy(w,s) = {( € 0U|3{zn},en Cw, with 2 v 3,¢(z) v C}

For any connected set w € CL(D) with © N S! non empty and connected,
and for any s € wNS!, the impressions Iy(w), I4(w, s) are non empty con-
nected sets for all univalent maps ¢ of D. Moreover when wNS! = {s} a
singleton we shall say that s € S§! is the root of w € CL(D). Remark that
when w has a root s then I4(w) = I4(w,s). We shall focus our attention on
sets with a root.

The classical terminology for the generalized impressions as defined above
is cluster sets (se e.g. [C-L]). I find however the term impression more sug-
gestive and shall use it here.

Example 2.2 Let ¢: D — U C C be a univalent map and let s € S! be
any point. Then the (Caratheodory) impression I¢(s) equals I4(D, s).

The radial impression I4(R;) corresponding to s is the impression of the
ray [0,s[, I4(Rs) = I4([0, s[). Lindeldf proved that Il;(s) = I4(Rs), i.e. the
principal impression equals the radial impression. A version of the Lindelof
Theorem can be found in the monograph by Pommerenke [Po, Th. 2.16].
The radial impression I4(R,) is sometimes called the oblique impression or
cone impression, because any small cone in D of angle strictly less than =,
centered on R; and with top point s have the same impression, the principal
impression by Lindelofs theorem.

Using topology alone the Caratheodory classification is almost as far as
one can distinguish different types of prime ends. One may in fact also
distinguish left and right wing impressions, as is done in the monograph
[C-L]. This gives in total 8 different kinds in contrast to the full 1 (real)-
parameter families of different types of prime ends being presented in the
following.



Definition 2.3 Two non empty and relatively closed subsets w;,w, € CL(D)
are termed (impression) eguiva]ent relative to D, written w, =p w, if for all
univalent maps ¢ : D — C

Ig(wr) = Iy(ws2).

Definition 2.4 Suppose w € CL(D) has root s € S'. We shall say that w is
conformally natural if A(w) =p w for any automorphism A of D fixing s.

Remark 2.5 Suppose w € CL(D) with root s € S! is conformally natural.
Then for any biholomorphic map ¢ : D — U the impression I4(w) C I4(s)
is intrinsic to U, that is it does not depend on the choice of biholomorphic
map ¢: D — U.

One may of course suspiciously ask : Does this really yield new informa-
tion? Does there exist any conformally natural set w € CL(D) say with root
1 and a univalent map ¢, for which the impression I4(w) is different from
both the principal impression II4(1) and the prime end impression I4(1)?

A first positive indication of this was found by Gaier and Pommerenke in
response to a question raised by Piranian :

Theorem 2.6 (Gaier and Pommerenke) Let {z,},>1 C D be any sequence
with 2z, — 1 and Arg(z, —1) = % as p — co. There exists a bounded uni-
valent map ¢ : D — C with

I4([0,1]) = Ty(1) = {0} and {0} G Is({zp}p1)-

This Theorem at least hints that the Caratheodory classification of prime
ends can be refined substantially.

For U C C a hyperbolic domain we let dy(,-) denote the corresponding
hyperbolic distance. As a main tool in our analysis we shall use the hyperbolic
Hausdorff (pseudo) distance: -

Let U C C be any hyperbolic subset. Define the hyperbolic Hausdorff
semi-distance Dj; : CL(U)? — [0, 0] by

Dfj(wy,wy) = sup inf dy(z,22) wy,wy € CL(U).

21 €wy 22€wW2

The hyperbolic Hausdorff (pseudo) distance Dy : CL(U)? — [0, 00] on CL(U)
is the symmetrized function defined by

Dy(wy,w2) = max{Dy(wy,ws), Djj{we,w1)}  Vwy,wy € CL(U).

5




The function Dy has all the properties of a metric except that it takes the
value oo. Moreover the restriction of Dy to the set of compact subsets
Comp(U) C CL(U) is a complete metric on Comp(U).

Proposition 2.7 Let w;,w; € CL(D). If Df(w;,ws) < oo then

- - Iywn) C ()
for all univalent maps¢:D — C.

Proof : Suppose Dj(w;,w2) = R < oo and let ¢ : D — U C C be an ar-
bitrary, but fixed univalent map. We can suppose I4(wi) # 0, as 0 is a
subset of any set. Let y € I4(w,) be arbitrary and let {2,},, C w; be a se-
quence with ¢(z,) = y as n — o0. Choose any sequence {w,}, 5, C w, with
dp(zn,wn) < R for all » > 1 so that -

#(wn) € Bu(é(zs),R) Vn>1.

The spherical diameter of the closed hyperbolic balls By(¢(z,), R) converges
to 0 as n — co, because the centers converge to y € dU. It follows that
d(wn) =y as n — co0. Thus y € Iy(w;) and Iy(w) C Iy(ws) as y € I(w)
was arbitrary. q.e.d.

Corollary 2.8 Let wy,w; € CL(D). If Dp(w,,w,) < 0o then wy =p wy, i.e.

Iy(wr) = Iy(w2)
for all univalent maps ¢ : D — U C C

Define wy,w; € CL(D) to be Hausdorff equivalent in D if the condition
Dp(wy,ws2) < 0o holds. We may then formulate the above Corollary as Haus-
dorff equivalence implies impression equivalence. Most of the results exposed
in the following will be derived from this observation. However there is more
to the story than Hausdorff distance. There are plenty of impression equiv-
alent sets, which are not Hausdorff equivalent (see page 9).

For s € S'and 0 < r < 1 the horo disc in D with root s and of (Euclidean)
radius 7 is the disc D(s(1 — r),7). Let Horo(s,r) = D(s(1 —r),r) N D. For
any s € S! and any two numbers 0 < r;,7, < 1

(1 — 7"1)7'2

Do(Horo(s, ), Horo(s, 2)) = | log 7=

| < o0



as can be seen in various ways. Thus any two horo discs in D with the
same root are Hausdorff and thus impression equivalent. This justifies the
following definition. -

Definition 2.9 For ¢ : D — U C C a univalent map define the horo cyclic
impression hy(s) corresponding to s € S! as

he(s) = Is(Horo(s, 3)).
)

Note that the horo cyclic impression h4(s
thus it is intrinsicly defined.

is conformally natural, and

3 More impressions

- 3.1 Impressions of functions

LetH={2z=z+1iy|y>0}and S ={z=2z+1y|l0 <y < m}. Moreover de-
fineS={z=z+ iy|0 <y <m}U{~00,00} and let D and H denote the re-
spective closures in C. So that exp : § — H extends to a homeomorphism
between S and H, and z— H — D extends to a homeomorphism of the
closures.

Remark 3.1 A biholomorphic map ¢ : V — W preserves relatively closed
‘subsets. Hence the notions of impression and impression equivalence together
with the notion of Hausdorff equivalence and Corollary 2.8 generalize to
arbitrary hyperbolic domains V in C.

In brief say in H, any two Hausdorff equivalent (relatively closed) subsets
wy,wy € CL(H) are impression equivalent. That is Dpy(w:1,ws) < co implies
that : Iy(w1) = d(wr)\P(wr) = P(w2)\d(w2) = I4(w;) for any univalent map
¢:H — C. Moreover a relatively closed subset w € CL(H) with root s,
{s} =w N OH is (by definition) conformally natural, if and only if it is im-
pression equivalent to all of its images under automorphisms of H fixing s.
Finally the impression I;(w) of a conformally natural w is defined intrinsicly
to U = ¢(H) for any univalent map ¢ : H — C.

Inspired by the horocyclic impression one may try to consider impressions
of sets with different orders of tangency. As examples define for each § > 0
the graph

Is={z=z24+iyl0<z<1,y=2z}

7




The following Theorem shows that this idea is quite useful.

Theorem 3.2 For every é > 0 the graphs I's are conformally natural. And
hence for any univalent map ¢ : H — C the impression I4(T's) is intrinsic to
U = ¢(H). Moreover there exists a domain U with a prime end P, for which
any of the above 1mpress10ns are dn‘ferent

T he proof of the Theorem is postponed untﬂ we have the right machmery
The above Theorem shows that we may enlarge the Caratheodory classifica-
tion scheme by at least a 1-real parameter family.

Note that the graphs ['s. = {z =z +y[0 < z < 1,y = cz'+*}, ¢ > 0 are
Hausdorff equivalent to I's, in fact Dg(['s,I's.) < |Logec|. Thus the graphs
['s. do not produce any finer classifications than does T's.

The arcs I['s are not conveniently parametrized. Instead we introduce
another parametrization, which is better suited for hyperbolic geometry. Fix
§ > 0. We associate a continuous function Fj: [0,00[— [0,00] to I's as
follows: For s € [0,00[ = Ry let v, = {z||2] = e™*} N H denote the unique
(hyperbolic) geodesic orthogonal to the geodesic iR, at ie™®. The arcs v,
and I's have a unique point of intersection z,. Define Fs(s) = du(zs,tR4),
the hyperbolic length of the sub arc of v, between 71e™° and z;.

Thus the graph I's defines a new continuous function Fs. On the other
hand a continuous function F' : R — R, defines an arc I'(F) by reversing
the construction above. For F; the arc I'(F;) coincides with all but a (in H)
relatively compact subset of I's. In general the arc I'(F) need not bee the
graph of a function z — y(z). Never the less we shall refer to I'(F') as the
graph of F.

Using signed distance along the geodesic v, we may even define the
“graph” (arc) of an arbitrary continuous function F : Ry — R. Then the
impressions of graphs of positive functions are subsets of the left wing of
the (prime end) impression and of negative functions are subsets of the right
wing of the impression. We shall concentrate on positive functions and thus
study the left wing of the impression. The right hand study being similar.

Let C*(R,) C C(R4) denote the spaces of continuous functions from R
to respectively Ry and R. Two functions Fy, F; € C(R4) are defined to be
equivalent, if ||F; — F3||,, < co. Evidently graphs of equivalent functions are
Hausdorff equivalent and hence impression equivalent. The reader shall easily
supply a proof of the following Lemma.




Lemma 3.3 For every0 < é : Fs(s) — 6(s) — log2. Hence for every 0 < §
§—>00
the function Fy is equivalent to the linear function s — §s.

Given F' € C*(R) we define also the set w(F) € CL(H) as the set, whose
boundary consists of ]0,:], ['(F') and the circular arc &([0, F(0)]).

Lemma 3.4 For every F € C*(R,): ['(F) =g w(F), i.e. for all univalent
maps ¢ : H — C : I[4(T'(F)) = Is(w(F)).

Proof : Clearly I,(I'(F)) C I4(w(F)) as ['(F) C w(F'). For the other in-

clusion fix a univalent map ¢: H — C. Choose a sequence {s,},5, C Ry

strictly increasing to oo, such that {¢(C(0,e~*») NH)} ., is a chain con-
verging to some point zo € II4(0) = 14(]0,7]). The existence of the sequence
{8n}.>0 is a standard application of length-area inequalities (see [Po]). Let
Up = w(F)\D,-so and U, = w(F) N {z|e~*" < |z| < e~*»-1} for each n > 1.
Let y € I4(w(F))\14(]0, 1)) be arbitrary. We shall prove that y € I4(T(F))
(by Lindeldfs theorem II4(0) = I4(]0,1]) C I4(T(F))). Choose a sequence
{2k }r>1 C w(F) with ¢(2) — y as k — oco. Choose n(k) such that zx € Un()
for each k. By the maximum principle there exists z; € OUnry, k € N with
ds(d(zk),y) < do(P(2k),y), where d, (-, -) denotes the spherical distance. Then
also ¢(zr) — y as k — oco. There exists N such that z; € I'(F) for £ > N,
because ¢(OU,\I'(F)) converge to I4(]0,1]) and ¢(zx) = y ¢ 15(]0,1]). Thus
y € I4(T(F)). q.e.d.

Thus we may use which ever is the most convenient of the sets I'(F') and
w(F). Remark that when I'(F) is tangent to the real axis at 0, the sets ['(F)
and w(F') are not Hausdorff equivalent. And thus (impression) equivalence
does not imply Hausdorff equivalence. '

One of the advantages of the graphs I'( F) is that they behave well under
automorphisms of H fixing 0. For instance let L € R and F € C(R4). Then
el .I'(F) = T[(F(- + L)), where [(F(- + L)) is the “graph” of the continuous
function F : [~ L, co[— R, F(s) = F(s+L).

Proposition 3.5 There exists 0 <r <1 and K >0 such that any local
change of coordinates in H around 0, i.e. univalent map v : D — C with

Y(Z) = ¥(z), ¥(0) = 0 and '(0) > 0 satisfies:

Vze HND,g : |du(¥(2),iRy) — du(z,iR,)| < Klz|/R.




Proof : Elementary calculations using de Branges Theorem proves, that
for any univalent map ¢ : Dp — C

den . |E@=v0) S
Viz| <R : l ¥(0)2 1IS(1_|ZI/R)2 1.
And hence , i,
VI < IR - ]%0_)- 1' <4lz/R. - (3.1)
Similarly
Y'(z) 1+ z|//R
¥'(0) li s (1—1zl/R)’
And hence
Y|z| < éR : % - 1] < 7|z|/R. (3.2)

Suppose that ¥(0) =0, ¥(0) >0 and %(Z) = ¢(z). As dilations are
isometries of H preserving the geodesic ;R we can suppose %'(0) = 1.

Write z = z + 1y, we distinguish two cases y > z and y < z. The first
case follows immediately from (3.1). For the second case one may procede as

follows. Note that dg(i|z|,z) = log == ;7](:1/ 12D’ , which for |z| fixed is asymp-
totic in the C?! topology to log %l asy — 0. Hence writing ¢(2) = 2’ = 2’ + 13/

it suffices to prove the following inequality

YZ_ 1l < exp(17|2|/R) — 1. (3.3)
2’| y

To obtain this we apply (3.1) first to % and obtain :

1
< =R :
Vi|z| € 8R

VlzlS%R : l%b—(:—)—l < 4|z|/R (3.4)

Secondly we apply it to the univalent restriction 9| : Dy gr(z) — C and ob-
tain :

lp. ¥k =) Iy ,
vidsgh s |[SEHE ol <l aligR) < skl
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Which, as z — z = 1y, implies

!

y
P'(z)y

Thirdly we apply (3.1) to % and obtain for |z| < 3R

1
Viz| < =R :
ol < R

- 1\ <4l/CR) <SR (35)

VA< IR W@ -U<TW/CR <SR (36)

Combining the three estimates (3.4), (3.5) and (3.6) we obtain (3.3) com-
pleting the proof. ' q.e.d.

Let F € C(R4) be arbitrary and define for each £ € R a new function
F € C(R;) by translation in the domain as follows

Fi(s) = F(s+k) for k>0
Fu(s) = [FG+R) if s> —k or k<0
T Ry if0<s<—k =

Then for every k < 0: F = (F))_, and for every k£ > 0 the two functions
agree for s > k.

Proposition 3.6 Let ¢ : D —> C be any local change of coordinates in H
around 0. For any Lipschitz function F € C(Ry) the set ['(F) € CL(H) is
Hausdorff equivalent and hence impression equivalent to(T'(F) N D,) € CL(H),
0 <r < R. Moreover write ¢'(0) = eX. Then for any k < L < K and any
non-decreasing function F € C*(R,) '

Dig(w(Fy), ¥(w(F) N D;)), D(¢(w(F) N D,),w(Fk)) < oo (3.7)
where 0 < r < R is arbitrary.

Here as in the rest of this paper the Lipschitz requirement is far too strong.
Rather a term like Lipschitz in the large, meaning |F(s) — F(s + k)| < Clk|
say V |k| > 1 and some C > 0 is needed. Henceforth we shall use the term
Lipschitz in the sence Lipschitz in the large.

Proof : If the statements holds for one value of 0 < r < R, it holds for
all. Let ¢ : Dr — C be as in the statement, with ¢'(0) = ef > 0 and let

11




k < L < K. By the standard growth estimate for univalent maps, there exists
0 < r < R such that

¥(2)

z

Viz| <r : e <

Decreasing r if necessary we can suppose r < € X and by Proposition 3.5

|dm(z|z], 2) — dm(i[(2)], ()] < 1.
Suppose first that F' € C(R4)) is C > 0 Lipschitz and define:

F_(s)=F(s)—1—C-max{|k|,|K|}
Fi(s) = F(s)+ 14 C -max{|k|, | K|}

Then %(T[(F)ND;) is an arc leading to 0 with in the set bounded by the
graphs I'(F_),'(F}) and the circular arc §o([F-(0), F1+(0)]). Hence the first
statement follows. For the second note that ([0, R[) is tangent to iR at
0. Suppose F € C*(R,) is non decreasing and define

Then again %(I'(F)ND,) is contained in the set bounded by the graphs
['(F_),T(F}) and the circular arc 8o([F%(0), Fx(0)]). Thus the second state-

ment follows. q.e.d.

Corollary 3.7 For any Lipschitz function F € C(R) the arc I'(F) is con-
formally natural and hence for any univalent map ¢ : H — C the impression
I4(T'(F)) is intrinsic to ¢(H). In particular the impressions I4(I's) = 14(¢-)
are intrinsic for every 0 < 4.

3.2 Upper and Lower impressions of functions.

Not all functions are Lipschitz. In order to produce intrinsicly defined im-
pressions also from non Lipschitzs functions the following definitions are in-
troduced.

12



Definition 3.8 For every function F € C(R,) and every univalent map
¢ : H — C define upper and lower impressions

L(T(F) = | Iy(T(Fy))  and
keN

I(D(F)) = [} Is(T(F-x)).

keN

Note that when F is increasing (in the weak sense, i.e. non-decreasing),
then obviously

I14(0) C I4(T'(F)) C I4(T(F)) C I4(T(F)) € 14(0).

Proposition 3.9 For every Lipschitz or increasing F € C(R.), and every
univalent map ¢ : HH — C the subsets

I4(T(F)), 14(T(F)) C 14(0)
are intrinsic to U = ¢(H). Moreover for every Lipschitz F' € C(R+)
I4(T'(F)) = I4(T(F)) = I4(T(F))
Proof : This is an immediate Corollary of Proposition 3.6. q.e.d.

Let U C C denote a simply connected hyperbolic domain and recall that
P(U) denotes the space of prime ends of U. Moreover the Urisohn topology
on P(U) is the topology induced by the unique topology on U U P(U) for
which any biholomorphic map ¢ : D (H) — U extends to a homeomorphism

¢ :D (H) — U UP(U). In view of Proposition 3.9 we make the following
definition:

Definition 3.10 Let U C C denote a simply connected hyperbolic domain.
Let P € P(U) be arbitrary and let F € C(R) be any Lipschitz or increasing
function. Then

Ip(F):=I4(T(F)),

o o

Where ¢ : H — U is any biholomorphic map with ;’5(0) =P
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We extend the notion of equivalence of functions in C(R,) as follows :
Two functions F, G € C(R4) are termed equivalent, if thereexists k < K € R
such that both functions Fx — G,G — F € C(R,) are bounded from above,
ie.

lim sup Fk(s) — G(s),lim sup G(s) — Fi(s) < oo

§—=00 ® R de ]

Then for any simply connected hyperbolic domain U C C, for any prime end
P € P(U) and for any pair of equivalent increasing or Lipschitz functions
F,G € C(R,) the upper and lower impressions of F' and G are equal, that is

IP(F) = IP(G) and IP(F) = IP(G)

Upper and lower impressions are also invariant under holomorphic dy-
namics. More precisely let f:Q — C denote any holomorphic function
defined on some domain © C C. Suppose A; € Q and and Ay C C are sim-
ply connected hyperbolic domains for which the restriction f|: Ay — A is
proper of degree d > 1. Then it is well known that f induces a degree d
covering f : P(A1) — P(A,).

Proposition 3.11 In the notation above let P, € P(A1) be arbitrary and

~

let P, = f(P) € P(A;). Then for every Lipschitz or increasing function
FeCRy)

f(In(F)) = Ip,(F)
f(IPl(F)) = IPz(F)'

Proof : Let ¢;: A; — D denote Riemann maps for : = 1,2. Then the
composite map ¢, 0 fo ¢! : D —+ D is a degree d Blaschke product. In
particular it has univalent restrictions to sufficiently small neighbourhoods
of any point on the circle. Hence the Proposition is a Corollary of Proposi-
tion 3.6. q.e.d.

Example 3.12 For every degree d polynomial @) € C(R;) with leading co-
efficient @ > 0 and for every k£ € R the function @ € C(Ry) is again a degree
d polynomial with leading coefficient a, but with a - d - k£ added to the coeffi-
cient of 2¢~!. Hence the upper and lower impressions for ) are independent
of the lower order terms of ). Thus fixing d > 1 the upper and lower (left
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wing) impressions, obtainable by degree d polynomials, are parametrized by
the monomials a - t, @ > 0. Moreover obviously for any 0 < a; < a; and any
univalent map ¢: H— C '

I4(T(art?)) C Io(T(ast?)).

However fixing the growth order at?, d € [1, 00[ at infinity, there appears
to be still lots of room for structure: Suppose f € C*t(R.) satisfies

t
—t)—>oo as t — oo.

f(@), A

Let F_, Fy € C(R4) be any two functions of the form
F_(t) = at® — f()t* + O(t471)
Fo(t) = at® + f()t*1 + O(t*7Y),
then for 0 < a; < a < ay:

T (@) € L(D(F-))C TT(F)) € L(T(at)) €
I4(T(at?)) C I4(D(Fy))C Is(T(Fy)) € Is(T(azt?).
And for a =0 < a,

I4(T(Fy)) §‘1¢(F(a2td))-

4 Proof of distinguishability

Proposition 4.1 There exists a univalent map ¢ : H — U C H such that
V0<é<oo:

I4(T(8-)) = I4(Ts) = [0, 4]. (4.1)

Note that combining Corollary 3.7 with Proposition 4.1 we obtain Theo-
rem 3.2.

Proof : For n € N define y, =2 and z, = %"e'fs%. Define an open
subset U C H by

U=H\ | J{z=c+iyly =yn, 2| > 2.}
neN
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and let ¢ : H — U denote the Riemann map with ¢(i) = ¢ and ¢(ri) — 0 as
r — 0. We shall prove that ¢ satisfies the equalities (4.1). The proof is based
on three Claims, which are proved independently. Note that iRy = ¢(zR,)
a hyperbolic geodesic in U. Moreover write P = P;4(0), then clearly

I(P) = Is([:,0) = {0}, I(P)=R

and the left wing of I(P) equals [0,00].
Let zo = ¢ and for n > 1 let 2, = £(yn + Yns1) = i3y, € iRy

Claim 1 There exists a constant K; > log 2 such that Yn > 1 :
72" + log2 < dy(zn-1,2,) < 72" + K} (4.2)
Claim 2 There exists a constant K, > 0 such that V0 < §andVn >1:
§m2™t — Ky < du(iRuyy 6 + 8)Ynt1, Yn[) < du(2n, 2, + 6) < 67271 (4.3)

For w € iR, let G, denote the hyperbolic geodesic in U orthogonal to
iR+ at w.

Claim 3 Given € > 0 there exists M, > 0 such that for all n > 1 and all
W € [tYnt1,1Yn] With dy(w, z,) > €:

diam(Gy) < 2M(yn — Ynt1)s

where diam(-) denotes Euclidean diameter.

Summing up (4.2) we obtain Yn > 1:
(2" —2) + nlog2 < dy(2za,20) < (2™ — 2) + n(K; +1log2)  (4.4)

Fix 0 < §p < 0o and consider I4(I'(do-)) = I4(w(dp-)). For each n € N let
Gy, denote the unique geodesic through & + 2, and orthogonal to iR, (at
wy). We shall prove that the geodesic segment G, ([wn, 2, + do]) between
wy, and z, + & is contained in ¢(w(dp-)) for n sufficiently big. To do so we
just need to prove that its length dy(wn, 2, + do) is bounded by dy times
the distance s, = dy(zo,wn). Choose N € N such that nlog2 > 27 + 1 and
(invoking Claim 3) such that dy(z,,w,) < 1. Then

8n 2 du(20, 2n) — dy(2a, ws) > 71'(2""'1 —2)+nlog2—1> m2"+!
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by the left hand inequality of (4.4). Hence invoking the right hand inequality
of (4.3)

0sn > 6om2™ > dy (iR 4, 2, + d0) = du(Wa, 2, + o).

Thus Gy, ((wn, 8o + 2a]) C ¢(w(do-)) forn > N. As ¢(Guy., ([wn, 0 + 2])) con-
verges (Hausdorff) to [0, &) we have proved that [0, &) C I4(I'(80-))-
Let § > ¢ be arbitrary. We shall prove that there exists N € N such that

dwd)N{z=c+iylz>6y<ynt=0 (4.5)

from which follows the inclusion I4(I'(do-)) C [0,8] and hence by arbitrari-
ness of § > ¢ the inclusion I4(I'(do-)) C [0, 80). This will complete the proof
of (4.1), modulo the three Claims.

Choose N € N such that foralln > N

So(72™+ 4 n(K, +1og2)) < 672" — K, and  My(yn — Yns1) < 6. (4.6)

Given 0 <y < yy with § 41y € U, we shall prove that § + iy ¢ &(w(4-)).
Choose n € N with yn41 < ¥ < y, and let w, € iR, denote the unique point
for which § + 1y € Gu,. Then dy(wy, 2,) < 1 by the right hand of (4.6) and
Claim 3. Let s, = dy(zo,wy), then

sy < dy(t, 2,) + du(2zn, wy) < 72" 4+ n(K; + log 2)

by the right hand inequality of (4.4). On the other hand the left hand
inequality of (4.3) and the choice of N yields for n > N

du(wy,d +1y) > 672* — Ky > 6o(m2™ + n(K; + log2)) > dosy

Hence 6 + 1y ¢ ¢(w(do)).
To complete the proof of the Proposition we shall prove each of the three
Claims above. But first a Lemma used in the proofs of the Claims.

Lemma 4.2 Let U C V C C be hyperbolic subsets and let A denote the

coeflicient function of the hyperbolic metric on U relative to the hyperbolic
metricon V. Then for all z € U

1< A(2) < coth(y dv (2, 80),
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where dv (-, -) denotes hyperbolic distance in V. Moreover for any piecewise
differentiable curve v : [0, L] — U, which is parametrized by hyperbolic ar-
clength in V and which satisfies dv (y(t), 0U) > mt + [ for some positive con-
stants m,[ >0 : -

2 1
< — _—
L<ly(y) <L+ log -——,

where ly(+) denotes hyperbolic arclength-in U.

Proof : The first estimate is standard and can be found by considering
a universal cover of V. For the second we obtain by integration, as 7 is
parametrized by hyperbolic arclength in V :

lu(y) = /0 “ bt < /0 Lcoth(%(mtﬂ))dt

2
— “ _ a—(mt4) .
[1 + —log(l—e )} .

Thus the result follows. q.e.d.

Proof of Claim 1: The case n = 1 needs a little extra care, which is left
to the reader. Define

Un = C\{z =z + iyly = yn, |z] > z,}
Vi={z2=2+iy|yat1 <Yy < yu-1} N U,

so that [z,—1,2,] C V, C U C U, and hence
dUn (zn—la Zn) S dU(z‘n—h zn) S dV,-,,(zn-h zn) (47)

Note that the map z = ¢(2) = Z2(2 + 1/z) + iy, : H — U, is biholomor-
phic. Thus by elementary calculations we find that

lzn - Zynl
n
]zn — iyn|

n

721 = log 2 < du,(2n,1Yn)

< log(2 + 1) < 7on—1 + e-(wz(n_l)) ]
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Similarly we find that

|Zn—1 - Z.yn|

log2 4+ 72" ! = log 2 < dv, (2n-1,1Yn)

Ln

n— —1 n _ 1 - n—
Slog(2li—1—zy|+l) < log2 + m2" 1-}-§e (r2(2=1)

n

As iR, is a geodesic we obtain by adding the two pairs of inequalities
n n 3 _(7‘,2(11—1))
log2 4+ 72" < dy, (zn-1,2n) < log2 + 72 +§e .

This provides the left hand inequality of (4.2). Moreover to complete the
proof of Claim 1 we need only prove that there exists K > 0 such that

an([zn—la Zn]) S lUn([zn—la zn]) + K7

because of the inequalities (4.7). To this end note that Jiy,—;,tynt1| is
a geodesic arc in both U, and V, and let w, denote its hyperbolic mid-
point. Let I = dy,(2n_1,iyn—1) and [* = du,(#n,1Yn+1) denote the U, dis-
tances from the extreme points to the boundary of V,, C U, and parametrize
the two geodesic arcs {zn—1, Ws), [2n, ws] by Un-hyperbolic arc length. Then
Lemma 4.2 yields

1 1
bv([2n-1, 2a]) <l ([2n-1, 2n]) + 2(log = + log 7——5)
— ly,([2n-1,2s)) + 4log 2,

where we have used that [2,[* — log2, as
n—o0

n*r'n

'iyn - iyn+l — iyn—l - Zyn _ 2

WYn — 2n Zn—1 — WYn

This completes the proof of the Claim. g.e.d. (of Claim 1)

Proof of Claim 2: The upper bound, the right hand side of (4.3) follows
from the fact that U contains the strip {z = = + 1y|yn4+1 < ¥ < yn} of width
2-("+1)  The middle inequality is trivial. Finally for the left hand inequality
one may procede as follows. Define simply connected domains

Un=C\{z =z +iylly = 7/2,le| > w5},
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Given n > 1 the image of U under the affine map

2
A(z) = —T—r(z —2,) = 12" (2 = z,) (4.8)
- n
is contained in U, C U;. Moreover a point z =8 + 1y, Ynt1 <y < Yn 18
mapped by A, to a point 2z’ = éw2"*t! + o/, with |y’| < 7/2. Hence it suf-
fices to find K3 > 0 such that for all L > 0 and for all |y| < 7/2:

dy, iR, L+ iy) > L — K. (4.9)

Let¢ : Uy — S = {z = = + 1y||y| < 7/2} denote the biholomorphic map
with ¥(0) =0 and %'(0) > 0. So that ¥(R) =R and ¥(:R) =:/R. By sym-
metry and the Schwartz reflection principle, the restriction of ¥ to S C Uy
extends to a im periodic univalent map

$:C\{z=z+iyl|z| <me B,y € (n/2+rZ)} — C.
Hence there exists a € R such that
[b(z + 1y) = (z + iy) — o] = O(e™)

for z > 0,|y| < m/2. As ¢ is a hyperbolic isometry the lower bound (4.9)
easily follows. Completing the proof of the Claim q.e.d. (of Claim 2)

Proof of Claim 3: We modify slightly the construction above. Let A,
be given by (4.8) above, but define U, = A,(U). Moreover let ¢, : U, — S
denote the biholomorphic map with ¥,((RNU,) = i[-7/2,7/2] and with
¥(R) tangent to R at both ends. Similarly to above the restriction of ¥, to
S C U, extends to (this time) a :27 periodic univalent map

¥, : C\ {z=z+1iy Hm[ <me T,y € (7/2 4 27Z),
2| < T Tty € (=1 /24 27Z) } — C.

Since the cuts converge (Hausdorff) to the points i¢(n/2 + nZ). The maps
¥y converge to the identity uniformly on C\(UnezD{i(7/2 + 27n),7)) and in
particular on S\(D(i7/2,r) UD(—ix/2,r)) for any r > 0. Hence the Claim
easily follows. g.e.d. (of Claim 3)

q.e.d.
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Conjecture 1 (weak) Let Fy < F; € C(R,) be any pair of increasing and
strongly inequivalent Lipschitz functions, i.e. F1(s) — Fo(s) — o0 as s — 0o.’

Then there exists a simply connected hyperbolic domain U C C and a prime
end P € P(U) for which

{0} =1I(P) & Ip(Fo) G Ip(F1) G I(P).

Conjecture 2 (strong) Let Fy < F; € C(R.) be any pair of increasing and
strongly inequivalent Lipschitz functions.

Fort >0 let F; =tF1 + (1 —t)Fy € C*(R4) Then there exists a simply
connected hyperbolic domain U C C and a prime end P € P(U) for which

{0} =II(P) G Ip(F:,) G Ip(Fy,) G I(P)

for any 0 < t; < ts.

5 Results in the Non Lipschitz range

This final section proves some further results and concludes by an open ques-
“ tion for non Lipschitz functions F' € C*(R). In order to facilitate this dis-
cussion we shall move the scene from the upper half plane H to the strip
S={z=z+1iyl0 <y <7} via Log. Let g ={z =z +iyly =m/2} denote
the central translation invariant geodesic in S corresponding to R4 under
Log. Note also that the geodesics |logr,logr + in[ orthogonal to g corre-
sponds to the geodesics C, = {z||z| = r} C H orthogonal to iR,. We shall
use frequently the following elementary estimate of hyperbolic distances:

y

logm —log2 —logy < ds(z + 1y,9) = —logtan2

<log2—logy, (5.1)
for any 0 < y < /2 and any = € R.

For F € C(R,) define Y(F) ={z =z +iy|z <0;y = e F(-2)} and for
F € C*(R,) define @(F) = {z = 2 + iy|z < 0;e~F9) <y < 7/2}. (We re-
mark that Y(F) is an actual graph of a function.)

Lemma 5.1 For any function F € C*(R) the two sets T(F') and Log(I'(F))
are Hausdorff equivalent in S. Moreover so are the two sets w(F) and
Log(w(F))




Proof : It follows from (5.1) above that
Ds(Y(F), Log T(F)) < log 2.

This proves the first statement from which also the second follows. q.e.d.

To study Hausdorff equivalence of sets of the form I'(F),w(F) C H and
Hausdorff equivalence of the corresponding sets Y(F), w(F) C S is equivalent
by the above Lemma 5.1. We shall henceforth do the later.

In the following we shall use freely the notions and results of extremal
lengths, as can be found in e.g. [L-V]. We shall study simply connected do-
mains U C C, which are [ > 0 periodic, that is invariant under translation
by [, and which do not contain either an upper or a lower half plane. For
such a domain there exists a unique [ periodic hyperbolic geodesic gy, which
converge to oo at one end and —oo at the other end. We denote by P, and
P_, the corresponding two prime ends. Note that the quotient U/(l- Z) is
a cylinder with core geodesic gy/(l - Z) and a natural Euclidean infinitessi-
mal metric induced from U. Let Area(U/l-Z)= A < oo then by Rengels
inequality

T < Area(U/l - Z)

mod(U/l - Z):=7; 12

where I’ > 0 and the equality sign holds, if and only if U is a straight strip
of height A/l

Theorem 5.2 Let U C C be a simply connected and | > 0 periodic domain.
If Area(U/! - Z) = A < oo then for every ¢ > 0

Ip_(c-s?) =II(P-s) = {—o0}.

Proof: Let ¢: S — U be a biholomorphic map with ¢(z + ') = ¢(z) + |,
where 7 = mod(U/l - Z). We shall prove that for all ¢ > 0

I;(T(c-2?) = {0} in C.
Then the Theorem follows because for any 0 < ¢; < ¢ < ¢y and any k € R

c2-8°—(c-8%),(c %), —c1 ¥ — 00 as  s— 0.
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We shall prove more precisely that there exists a constant K, > 0 depending
only on ¢ > 0, such that

Mo a) N {z=o+igle <z} C L=z +igle < gzt K. (52
Let Ko = sup{|¢(z + im/2) — zl/I'||0 < z < I'} so that
VeeR : R(d(z +in/2) — zl/l') > —Ko.
Let 0 < c be arbitrary and choose r. > log4/m such that

12
4l

Area(p({z =z +iyle ™ <y<m—e "}/l - Z)> A~

and such that the hyperbolic geodesic orthogonal to ]0,¢7w| at ¢e~" is con-
tained in the strip {z = z + iy||z| < 12—'} Let g = —4/r¢/c so that cz? > r.
for all < zo. Moreover let L = 2dg(em/2,i(m — 1)/2).

Let g, denote the vertical hyperbolic geodesic |z,z + in[, £ € R. For
z < 2o and s > 1. let R.(r., s) denote the quadrilateral, which is symmetric
- with respect to g, whose a-sides are the length L segments, of the geodesics
orthogonal to g, at  + ¢e™" and z + 7 e™° and whose b-sides are the segments
of the (hyperbolic) distance L/2 parallels to g, connecting the a-sides. Then

1
mod(R;(re, s))

<s—r.+logd/m<s.

In fact under the unique automorphism ¢, of S with ©.(z + ¢7/2) = im/2
and ¢'(z +i7/2) =1 the quadrilateral R.(r.,s) maps to the (Euclidean)
width 1 rectangular quadrilateral symmetric with respect g, whose a-sides
are the vertical geodesic segments with z-coordinates z; = ds(i7/2,1e77¢)
and z; = dg(im/2,1€7%). Hence the modulus estimate follows from (5.1).

The quadrilateral R,(r, s) is contained in a fundamental domain and is
located outside {z = 2z +iy|e™™ <y < 7™ — e~ "}. Thus

2 2
T T

Area(R;(r.,s)) < A-(A

Let A;; denote the set of curves v in R(rc,s) connecting the a-sides and
let I(-) denote the Euclidean curve length. Then Rengels inequality implies
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that for r, < s < cz?

_ 2 Area(R,(r., s)) [
< <
qeu&li,s ()" < mod (Ry(rc,8)) ~ 4cl’?

12 12 ) I \?
Sqm ST s @)

‘Hence there exists ¥ € A, , with I(v) < s¢. The hyperbolic length of each
half each of the a-sides of Ry(r.,s) is £ and the hyperbolic length of the arc
é([z +1im/2,z + te77<]) is bounded by r. + log 2. Moreover Ay (z) > 1/X, for
all z € U, (where Ay denotes the coefficient of the infinitessimal hyperbolic
metric and Ao = max{l/, A/[}) because U is simply connected and [-periodic
with quotient area A. Thus

-(s—r.+logd/m)

. . 2 . [
Hlz+in/2,z+ie”]) C {u+w|u < T Ko+ Mo(L + r. +log2)}.

This proves (5.2) with K; = Ko + Ao(L + r, + log2) from which the Theo-
rem follows. q.e.d.

Theorem and Example 5.3 Let F € C(R,) be a continuously differen-
tiable with F' € C*(R,) non zero and increasing. Suppose

/oo—l—d <
o Fla) %

Then given A,l,I' > 0 with [; < %, there exists a simply connected, | periodic
domain U C C, with Area(U/l-Z) = A and mod(U/!-Z) = =/l for which

Ip_(F)=R.

Proof : We shall prove that there exists a biholomorphic map ¢: S — U
with &(z + ') = ¢(z) + [ and

R- C Iy(w(F)), (5.3)

from which the Theorem follows. Define a decreasing function f : [{, 00] — R4

by f(2) = 7 7 (zs_ T and extend f to all of R by defining f(z) = f(I)
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for all z < {. Moreover define a decreasing homeomorphism H : R — R,

by
8l 1
H(z) = /f t)dt = l,/:,,F’()dt

so that H'(z) = — f(=).

For z € Rdefinea “hair” A; = {z =u +wlu > z,v = H(u)}. Leth = A/l

and define

Us={z=u+wl|0 <v<h}\ (U(n~l+A,))
n€Z

so that U, is [-periodic and Area(U,/l-Z) = A. Let zo = H™*(h) then U, isa
simply connected domain for z > zo. Moreover the modulus mod (U, /! - Z)
varies continuously and monotonicly from 0 to A/l as z varies from z to oo.
Let z; > zo denote the value for which the modulus equals #/l’. Define
U="U, and let ¢ : S — U be a univalent map with ¢(z + ') = ¢(z) + L.

Let gv = ¢(g) denote the unique z — z + [ invariant hyperbolic geodesic
in U. Let § denote the unique hyperbolic geodesic in U orthogonal to gy
and connecting z; + tF(z;) to the upper boundary of U. Let zo denote the
unique intersection point of gy and §. Precomposing ¢ by a real translation
if necessary, we can suppose @(im/2) = zo. We shall see that the pair U, ¢
satisfies (5.3).

Define a differentiable curve v : [z1, 00[— U by

1(t) = t+ S(H(E) + H(t +1)).
We shall prove that there exists cg € R such that
. (A
Vt>a;: du(y(l-t),gv) < §F(ll - 1) + co. (5.4)

The inclusion (5.3) easily follows from (5.4} as follows. Let ng be bigger than
or equal to z;1/l. For n > ng define w, =y(n-)—n-l € UNiRy. Let &,
denote the unique hyperbolic geodesic segment realizing dy(wn, gu) and let z,
denote the endpoint of &, on gy. Then R(¢p~'(2,)) < —n - I, by the definition
of w, and the chosen normalization of ¢. Increasing no, if necessary we can
suppose F(ng-1')/8 > ¢y. Then for all n > ng K, C ¢(w(r)). Evidently this
implies R_ C Up>1£n, so that (5.3) and hence the Theorem follows.

Let us proceed to prove (5. 4) Choose tg > max{z;,0} such that f (to) < 1.
Then 0 < f(t +1) < f(to) < 3 for all t > t,.
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Claim 4 For all t > t, the set U contains a Euclidean disc with center ¥(t)
and radius & - f(t +1).

Proof of Claim: Let

s(t) = —;—(H(t) —H(t+0)= é/ﬁ f(z)dz > %f(t +1).

Then U contains :che set
Aty={z=z+iy|t —s(t) <z <t + s(t),

Hu+0—%@—ﬂ<y<HM'mrz§n

Hi+1)<y< H(t)—%(m—-t) for 3> t}.

Evidently the set A(t) contains a circle of radius

1 [ L-fit+1)
—s(t) > —=f(t+1) > ——=
around ~(t). This proves the Claim q.e.d. (of Claim)

Secondly we compute

)= 1+ 50 + 2+ 0
2 1 2

SYL+F) <1+ 5f(t)
§1+—=§ for > to.

Thus for {T > t, we have

T
lo(1([to, 1T])) < / Y (®)] - M l())dt

to

T
o
to 8 5'f(t+l)

5.0 (T T, ,
<o | v < (PQT) = Fto- 1)
8'81 tO 8
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To complete the proof of (5.4) we let co = dy(v(to), gu) — 2F(to - '/1). Then
(5.4) holds for all t > . q.e.d.

Conjecture 3 Under the assumption F € C(R ) continuously differentiable
with F' € C*(R.) non zero and increasing the integral condition

/000 %mdt = 00 _ (5.5)

is optimal. That is Ip__ (F) = II(P-4) for any simply connected, | > 0 pe-
riodic and hyperbolic domain U, if and only if the condition (5.5) holds.
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