TEKST NR 18 1979 -

Bernhelm Booss
N\ogens Niss (eds)

ﬂ'_'_j_/v\ATHEN\ATICS e
| AND THE REAL WORLD -

! - .
et S e s e =

v:ﬂPereedihgs of an Interhational WOrkspr

I Foskilde University Centre. (Denmark), 1978 o

~ Preprint.

TEKSTER fra

UM FU F ROSKILDE UNIVERSI'I'ETSéENTER

INSTITUT FOR STUDIET AF MATEMATIX OG FYSIK SAMT DERES
FUNKTIONER | UNDERVISNING, FORSKNING OG ANVENDELSER

TNy AN s e e



TEKSTER fra IMFUFA Roskilde universitetscenter.

1778

2/78

3/78

4/78

5/78

6/78

7/78
8/78

9/78

"TANKER OM EN PRAKSIS" - et matematikprojekt

Anne Jensen, Marianne Kesselhahn, Lena Lindenskov og Nicolai Lomholt.
Vejleder: Anders Madsen.

"OPTIMERING" - Mepneskets forggede beherskelsesmuligheder af natur og samfund.
Projektrapport af Tom J. Andersen, Tommy R. Andersen, Gert Kreinge og

Peter H., Lasseh. Vejleder: Bernhelm Booss

"Opgavesamling”, breddekursus 1 fysik. .
Lasse Rasmussen, Aage Bonde Krazmmer, Jens Hgjgaard Jensen.

“Tre essays" - om matematikundervisning, matematiklareruddannelsen og
videnskabsrindalismen.

Mogens Niss.

"BIBLIOGRAFISK VEJLEDNING til studiet af DEN MODERNE FYSIKS HISTORIE"
Helge Kragh. R

"Nogle artikler og debatindlag om - lazreruddannelse og undervisning i fysik,
og - de naturvidenskabelige fags situation efter studenteroprg¢ret”
Karin Beyer, Jens Hgjgaard Jensen, Bent C. Jgrgensen.

“Matematikkens forhold til samfundsgkonomien"
B.V. Gnedenko.

"DYNAMIK OG DIAGRAMMER". Introduktion til energy-bond-graph formalismen.
Peder Voetmann Christiansen.

"OM PRAKSIS' INDFLYDELSE PA MATEMATIKKENS UDVIKLING"
Motiver til Kepler's: "Nova Stereometria Doliorum Vinarioum"
Projektrapport af Lasse Rasmussen.

Vejleder: Anders Madsen.

10/79

11/79

12/79

13/79

14/79

15/7¢9

"TERMODYNAMIK I GYMNASIET"
Projektrapport af Jan Christensen og Jeanne Mortensen
vVejledere: Karin Beyer og Peder Voetmann Christiansen.

“STATISTISKE MATERIALER"
red. Jgrgen Larsen.

"Lineazre differentialligninger og differentialligningssystemer"”
Mogens Brun Heefelt.

"CAVENDISH'S FORS@G I GYMNASIET". Projektrapport af Gerk Kreinge.
Vejleder: Albert Chr. Paulsen.

"Books about Mathematics: History, Philosophy, Education, Models, System
Theory, and Works of Reference ctc. A Bibliography”.
L1se Heyrup.

"STRUKTUREL STABILITET ©0G KATASTROFER i systemer i og udenfor
termodynamizk ligevagt! Specialeopgave af Teif S, Striegler,
Vejleder: Peder Vootmann Christiansen,

/.



.

Table of Contents

In earher times pcrhaps only phllosophers or phllosophlcﬂly mchned people ‘
used to raise questions about the interaction between "mathematxcs“ and
“the real world", about the interrelation betwecn concept and experience,
‘between théory and action, about the meaning and- truth of abstractions and
. of constructive: thoughts. Only. recently has the *real world” tumned these -
- theoretical problems into practical questions about the character and the
prospects of mathematical zu,uvnty o e

- The mathematical community is' presently. under considerable. pressure.
Our students are questioning whether our work is mummf'l'ul some of our
fellow mathematicians are dissatisfied " with (hcpr own activity, with the
arbitrariness and lack of objectivity in publication and career criteria;
colleagues in other departments demand readymade mathematical techniques;

-and, from outside universities, a practical utility of our teaching and research,
is being urged. On the one hand, we find those who regard mathematics asa -
miracle remedy, and on the other hand those who would. totally reject

 mathematical methods in favour of computer outpnnts statxsucal recipes or
gcneral common sense.
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~ Within the mathemancal community, the reaction to these problems is rather

diversificd: Some mathematical circles recognize in the demands from outside”
only "the anticintellectualism of an inane world”, against which "the outer
order and beauty of mathematics” has to be defended like a dream of flowers.’ A
Others are willing to adapt immediately to all. demands, from whatever
quarter they may come, in order to get the desired funds or positions, maybe

even by promising the impossible.

It was the aim of the Roskilde Workshop to bring together a limited number
of people having attitudes somewhecre between these two extremes, people

— who do not shut their eyes to the fact that the devclopment of mathe-
matics is now worldwide and that mathematics has become applicable on a
large scale, thus constituting an integral part of the cultural and scientific
infrastructure of any country and becoming one important part of the
technological basis for agriculture, industry etc.,

— who are conscious of and concerned about the problems with mathematics

in itself and with its relations to the world at large — problems generated by

this greater involvement of mathematics,

— but who share also a relatively optimistic attitude towards the possibility
of finding a productive answer to many of the questions raised.

The Workshop was organized at Roskilde, close in space and time to the
Intcmational Congress of Mathematicians, held in August 1978 in Helsinki,
and was sponsored by the Danish Mathematical Society, the National
Research Council, the Danish Ministry of Education, the Rectorate of
Roskilde University Centre, and the Institute of Studies in Mathematics and
Physics and their Fumtnons in Education , Research and Applications of -
Roskilde University Centre, IMFUFA, which undertook the organisation,
The Workshop provided a platform for participants, (mostly) mathematicians,
from many countries and from many different fields to exchange views,
experiences and good ideas. This being a very untraditional meeting, treating
very broad questions in only two days, neither very definite conclusions nor
concrete - decisions concerning further coordinated activity were to be
expected. Most problems were of such complexity as to allow only rather
divergent discussions, based on differences in views and concerns of the
participants,

The documents of the Workshop thus reflect to some extent the present
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_methodological situation, i.e. our still very limited knowledge  about
- mathematics. Nevertheless, they should serve as an- encouragement for .
- _continuing discussions elsewhere and as a basis for further work along the .
: lmes suggested at the conference ' ,

The editors wish to -thaﬁk research librarian “at Roskilde University Library
. Else ' Hoyrup for having elaborated the bibliography included in this volume
as a follow-up to an exhibition of books about mathemahcs which she kindly '

prepared for the Workshop

’ -

We should -also like to thank lan Cocker for his help in checkmg the English
, manuscnpts for this volume

: ‘Tfhe‘cdqurs. »



Preface

Acknowleggements . . . .. L e,

Structure of the Workshop

1. Factors Inside and Outside Mathematics which are Important in the Generation and
Development of New Mathematic Disciplines.

L. Schmetterer The Development of Mathematics and its

Social Economical Background . ........... .. . 00 eon., 15
A. Jensen The Principle of Simplification, and Delay
’ in the Creation and Use of Mathematical
Disciplines . . .. ... oo .t it it iiiie e, 19
B. Bojarski The Possibilities of Mathematics and Some
Anxieties in the Mathematical Community ............... .21
P. Kirmser Comments on the Nature of Present and
Future Success in Applied Mathematics . ................. 24

Discussion . e ettt ... 28



Table of Contents . s

2. Estimated Future Trends.in the Develupment of Mathematics and of ns Relahons
with the Non-Mathematical World.. o R

M. ((endall " Theoretical Statistics and the Real World .........4%. .. 34
S..l(’lac_'zko' " Cartesian Products and Factor Set Distributions = - R
S as Models of Mathematical Innovauon e i e ereeens 38 -
W.Haken  Some Thoughts on Mathematics ip the Real World [ 42
" W. Boge ' Technological De\'elopmenls and the Effe\.tmty ' '
: : of Mathematics - .. ........... 0 ... .5 ... [T ... 45
= .Discussioh ................... 47
. : . 3. Difficulties and Posubllltlesm Dlssemmalmg and Popuhmzmg Mathematical Ideas, .
e Methods and Techniques to Colleagues wnhm Other Mathemiatical Fields and to the
World at Large . e )
R SeIten c Accessxblhty of Mathematical Results e e 53
M. El'Tom The Proliferation and Populanzatlon of
S Mathematical Results: The Needs of
~ Underdeveloped Countries .. ..c.ivviviisannnesanayi 54
R. A Siriv,en The Communication of Mnlhematlcal Results
) - : 'totheRealWorld.._..".i...‘..v; e e . 58
_ B. V. Gnedenko Popularisation of Mathematics, Mathemahral L _
= - ldeasandResults .................... e 60
A.C.Bajpsi  AnEditor's View ... .0\ i e .. 62
DiIScussion L e 64

4 Discussion and Initiation of Co{\crete Initiatives, -

Discussion -

............................................ 71
Working Papers. -
v ‘D’Ambrosio  Mathematics and the Developing Countries :
—SomeBasicIssues . ......... ... i eie s 78
o " B. Booss Some Ideas.on.the Launching of a Debate Journal - ]
L © . on "Mathematics and the RealWorld” ......... Lovneens 80
i




. v i 10+

6 : Table of Contents

J. Buurman, - Some Aspects of the Relation between

U Knauer - . Mathematicsand Reality ......... ..., e reseaas

J. Casti - ~Mathewmatical Trends in System-Theoretic Research. . ...... cou

P.Crépel  Discussion sur "'Les Mathématiques :
ctleMonde Réel™ ... .....ovvninnn., Ceeheeriaea 88

G.F.D.Duff  The Art of Teaching the Business of Modelling

o in Applicd Mathematical Sciences ... ... ..oevuunein. .92

#. Dupare Educational Aspects of Pure and Applied .

Mathematics ..., .. . iiiiiiinnes N 95

A.G. Howson  Mathematics and the Real World — some

Conscquences for Teacher Training .. ... ..coivnenannn.. 97

M. E. Larsen Aspects of Complementarity in the

Applicationof Mathematies . ... .. ... itriveneen.. 101
R. Narasimhan  Mathematics and the Study of Complex,
. Information.Processing Behaviour ...................... 102
T. Poston Structure and Application .. ...ttt iiiiie e, 105

G.S.Rumaswamy The Role of Mathematics in the Engineering
Sciences: Present Status and Future Possibilities , . ... ........ 107

M. ElTom On Future Mathematics in

UnderdevelopedCountries .. ............c00ineenannn 112
Appendices.
1. Bibliography ‘
E. Hoyrup Books gbout Mathematics: History, Philosophy,

Society, Psychology, Teaching, Models, Systems

. i e Ceeetii e, 116
2. List of participants ............. Gttt et 132



.A'cik'nowl,edge"rn.enj:i - , i

In addition to participants.and- persons involved in organizing the workshop, the following

© . persons have given uscful udvice and encouragement in the preparation of the workshop.
We wish 1o thank these persons for their help, . i

. Egbert Brieskorn, Bona; Head of the Dcparﬁment for Mathematics at Bonn University.
. Eric Burhop, FRS., London-Geneva. President .of the World Federation of Scientific
" . Workers, CERN. ' ' : ' - :
" Ta Quang Buu, Hanoi. Professor for Mathematics and Former Minister for Higher-Edu-

cation.

. John Coleman, Kingston (Canada). Head of the Department for Mathematics and Statistics

a1 Queen's University and Former Chairman of the Exchange Commission of the Intcrnat-
ional Mathematical Union (IMU).” ’ :
Lothar Collatz, Hamburg. Former Director of the Computing Center, Mathematical Institu-
te and Institute for Applied Mathematics of Hamburg University, Member of the Deutsche
Akademie der Naturforscher (Leopoldina). . ' _ . ’
Gradi M. Dobrow; Kiev: Visiting Professor at the International Institute for Applicd Sy-
stemns Analysis, Vienna-Laxenburg. .

* . Albrecht Folsing, Hamburg. Director of the Division for Science and chhnology in the.

Federa) Television Service (NDR Wissenschaftsmagazin).




8 , Acknowledgements

Horst-Eckart Gross Biclefeld. Secretary of the Project "BerufSpmus des Mathcmaukers -

~Mathematik in der Industricgesellschaft™, ~

Erhard Hampe, Weimar, Head of the Dcpartment for Civil Engineering at Weimar School-of

. Architecture and Civil Engmeenng Chainnan of the Committee for "Tubes and Tanks™ of
the International Association of Shell Structures (IASS).

Leif Johansen, Oslo. Head of the Institute of Economics at the University of Oslo, ‘dember

of the Council of the Econometric Society.

Jean-Pierre Kahane, Paris. President of the University of Paris-Sud (Orsay) and Coordina-
“tor for Europe of the Exchange Commission of the International Mathematical Union
~(IMUL).

Kiaus Krickeberg, Paris. Department of Mathemahcs Formal Logic and Informatics at the

University Rene Descartes (Sorbonne). President of the Bernoullj Society for Mathematical

Statistics and Probability.

Harold A. Linstone, Portland. Future Rescarch Institute of Portland State University.

Senior Editor of the Journal "Technological Forcasting and Social Change ™. )
“Horst Matzke, Weimar. Chairman of the 8th International Congress on the Applications of

Mathematics in Enginecring.

Michael Otte, Bielefeld. Head of the Institute for Educational Studies in Mathematics of
. Biclefeld University.

Boyan 1. Penkov, Sofia. Secretary General of the Bulgarian National Committee for Ma-

thematics.

Prusper Schroeder, Luxenburg. Director of Schroeder & Cie. Consulting.

Lynn D, Spraggs, Montreal. Sinulation Rescarch Group in the Department of Civil Engi-

neering at Mc .Gill University.

Nicolae-Victor Teodorescu, Bucharest. President of the Union of Balkan Mathematicians

and Chairman of the Science Policy Commiittee of the World Federation of Scientific Wor-

kers.

Erol Varoglu, Vancouver. Faculty of Applied Science of the University of British Colum.

bia.

Trevor T. West, Dublin. Head of the Department for Mathematics at Trinity C ollcge Uni-

versity Representative in the Upper House of the Jrish Parliament.

Hans Zassenhaus, Columbus. Director of the Computing Center of Ohio State University.

Bernhard P. Zeigler, Rehovot. The Weizmann Institute of Science, Department of Applied

Mathematics.




Structure of the Workshop

The Workshop was arranged in four sessions chaired by the editors of
. . . this volume. Each session was opened by. panehst contnbutnons which
-y . ’ for the ﬁrst three sessxons are printed below. )

rmdise msetes The' f'ollowmg quesnonnaxre ‘was prcsented to the pamcnpams in -
Co ' advance in order to structure.the debate '

Bernhelm Booss, Mogens Niss
' “ Catalogue of Questions |

i, vl; S..ess'ion':' The. genesis of new mathematical concepts, methods, and tech-
niques- in the course'of our century. .

ll'har have bcen the conditions for the emergence, dev elopmenl and \pm'dmg
of new mathematical knowledge7

- a) I’erhaps more new mathematical results and whole new mathematical
disciplines have been emerging during the last 50 years than in the previous
thousand years of the history of mathematics. Many of them — such as in-~
.. formation theory or optimal control - have emerged from outside traditional .

. - mathematical institutions- Some new -disciplines-have-had immediate success
while, for others acceptance has been-slower, Some developed on-the grounds

of more or less well formulated older problems, some were generated in order-
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to tackle new problems coming from the urgent needs in practical life. What
sort of general statements could -one make on the development of mathema-
tics in retrospect? S

.b) In his Paris’ lalk of 1900, David Hilbert affirmed the unity of mathcmatics,
“this always sclf-repeating and changing play between thinking and experien-
ce”. How effective has this “interplay™ been in the course of our century?
What have been the effects of the capacity of mathematics to provide itself
with problems — and what have been the effects of the impact of practical
questions on mathematics? How to evaluate the scientific, budgetary and mo-
ral aspects of the struggle (and convergence?) between the theoretical and the
pragmatical attitude?

¢) "My experience has been that theories are often more structured and more
intercsting when they are based on real problems.” Probably most mathemati-
cians will agree with this opinion expressed by Donald E. Knuth, because
mathematical activity without emotional perspectives becomes boring, as does
every other unmotivated human activity. But there still remains the question,
to be answered best perhaps by looking at the history of mathematics in this
century: What is it that makes a problem “real”? How can the practical rele-
vance of theoretical results be cvaluated? How well has the inner mathe-
matical crediting system functioned? What have been the main criteria in
judging the quality of the results of mathematicians in the eyes of their fellow
mathematicians? And what has been the set of criteria for mathematical work
in other sciences and in the practical context?

d) What have been the attitudes that have brought about decisive progress in
the field of mathematics and in mathematics application? Are there distin-
guishing marks of the “exemplary mathematician” (such as “clearness of con-
ception”, "allinclusive view of phenomena®, *’creative imagination”, and "per-
severance”)? Or has history shown a rather broad spectrum of attitudes, a
variety of very different mathematicians® personalities?

e) What has been the relation between the capacity to find appropriate
inner mathematical abstractions (mathematical axiomatization, conjecturing,
proving) and the capacity to find the right extramathematical or premathe-
matical abstractions (modelling)?

f) The common lament on the “growing specialisation” and the “information
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avalanche” in mathematics needs carcful examination: What ‘has been the

connection (and .the contrast)- between.specialisation -on the-one.side and - :
deeper penetration in -one problem on the other side? How decisive has been -

the breaking down of carlier specialized points of view and the taking of new
“views?. And is the oricntation over some fields of mathematics or over mathe-

‘matics as a whole today easiér or more difficult than in the beginning of our

century? The same question applies to the environment of mathematics: How.

far are the consequences of a mathematical vesult surveyable?

‘2. Session: The future of mathe'mziticsv.

What kirgd of hypotheses and ideds can one venture regarding po’ss‘ihlc ways to

solve preseni contradictions in the process. of m‘a/hemarical crealirit_v?

a) Which of the major trends in mathematlcal activity discussed in session 1~ .

"‘secm to -bé rather stable, and able to supp]y a basis for extrapolation of the -

future dcvelopment of mathematxcs and its relations with the non-mathema-

tical world? Given the contmued increasing mathematization tendencies both -
“in other sciences and in practical work, where the efficient use of mathema-,

tical tools isvsometi‘r'nes becoming decisive for the accéleration of progress for
the particular field, one might ask: Which contradictions are about to be
sharpened by the growing practical expectations and demands -- and which

may -turn out to be overcome more easnly under the pressure of urgent prac - -

tical needs?

b) How reliable. will be the follbwing "eXtrapolatioﬁ": (i) The l‘runchin‘g |

rocess’ between pure’ -and "applied”. mathematics will continue, (ii) Pure- -
np

mathematics will develop rapidly and broadly and asvmptotically independant
of practical needs and experience. (iii) The -development -of applied mathe-
matics will be rather slow and depend substantially on the further progress in

purc mathematics. (iv) Manpower applied to the solution of practical pro--

blems with the help of new mathematical methods and manpowef applied to
»data retrieval systems” continuing with some sort of systematization of
“mathematization and of mathematical knowledge might be more difficult to

compensate for by computer ”mtell:gence" than some sort of pure mathema- -

‘tical research”

'c) Nowadays two approaches in the application of mathematics seem to be

/
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very sharply distinguished. Firstly one can try to deduce the most far reach-

-ing conclusions frony most minimal assumntions or, secondly,-one can start

with a very practical problem, generalizing the question step by step, paving
over the problem area with a variety of mathematical theories by hand until
the problem becomes transparent and workable. Is there a possible spectrum
between these two approaches? And what institutional conditions could lead
to more flexible approaches? - .

d) It might be impossible to gain a total survey over the state of mathematics.

" But does there exist a theoretical system to deduce systematically some gene-

ral stracture covering all mathematical theories or disciplines thus leading at
least to a macroscopic survey of all present mathematical fields? What are the

prospects of transformation theories” mapping one area of mathematics

structurally on to another, enabling a comparison of results and dcficicncies
of one area with results and gaps of another? Does there exist a procedure to
structuralize the still unsolved mathematical problems, starting with a cata-
logue of unsolved problems with or without “significance” evaluation? Is it
possible and manageable to make an overall correlation between the corpus of
mathematical results and leading concepts in the “mathematization” on the
one side and observed or expected properties and relations within the real
world, the physical, biological or social "matter” on the other side? Could
such corrclation serve as a guide in “prospecting” useful new mathematical
models or concepts? And can one venture a tentative prognosis, which mathe-
matical domains will expand most rapidly in the forseeable future?

e) If something has to be changed, what is more urgent: other mathematical
theories and results — or other types (or another blending of tynes) of mathe-
maticians?

f) What is the impact of the different social systems on the development of
mathematics? :

3. Session: The proliferation and popularization of mathematical results
within the mathematical community and toward users” of mathematics.

How to develop a strategy for a more appropriate "allocation’ of mathema-
tical knowledge to people lacking it? How to transfer mathematical results
into other disciplines more rapidly — and how to use practical experience
gained from one field more systematically for applications in other fields and
for inspiration in mathematical research?
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a) In some major areas of other sciences and of practical work is a deter- B
~mmat|on of the most necessary or desirable mathematical knowledge.in princ- . . -
‘iple_ possible? How to distinguish between the most adverhscd and thc most .

esscntxal points? -

-b ) llow to conduct — as’ thh mdustnal products -a marketmg or scunh(‘c
social analysis for "mathematics”, i.e.’a systematical apalysis of the needsof .. .

»appliers”, of their capacity and perfonmance d:fﬁcultles and of the condlt-
ions to be fulfilled for covering the dcmands” : :

c) "In general the mathematical results that have the widest impact -are not

technically the most difficult.” This statement of Michacl Atiyah lecads to the
question of how to distinguish in a concrete field between the * very ﬁne
points which present great technical challenges to the specialist’* and those
aspects which are *"of interest to the genera] mathematician™ or those provid-

.. ing thc necesmry elemcnts of a \sorknm kno“ lcdcc tow ards appluatlons

d) Econom:c conditions and tradmons of publuatron have brounht up a kind
of ‘polarisation within the production of mathematical literature: There is
generally a strong predominance of elementary books as well as-of prestigcous
research reports, whereas the medium range of advanced comprehensible and

‘intelligible "introductions in modemn areas s%ém to be largely under-represen-

ted. Furthermore, all authors with ambitions in the middle range are not
equally succesful. How to collect and propagate good experiences in publish-
ing? What’s necessary that good examples no longer stand isolated? How to
transform. the art” of good publishing into a “'science”, into a systematical

.branch of human productmtv"

€) How to procure hlgher prestnge for the working up and populanzanon of
mathemancal concepts ‘methods and techniques?

4, Session: Discussion and’initiation of concrete initiatives.

What can be done in continuation of the work done in sessions 1 - 37

a) How to gather a list of people who are excellent mathematicians, and who
understand a wide range of applications, and who work in a ¢orresponding

~way as academical teachers? How to collect their experiences, their lecture
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notes etc, — as a basis for application-oﬁented,theoretical education?

b) How to work out a catalogue of those mathematical disciplines and know-
ledge mmost urgently needed in developing countries?

¢) Could one make some proposals to the leading bodies of the International
Mathematical Union, the International Federation for Information Processing,
the Bernoulli Society for Probability and Mathematical Statistics etc., initiat-
ing some series of joint colloquia or other coordinated or paralicl activities?

d) What. possibilities are there for the production and distribution of a small,
cheap international debating forum communicating on a very elementary level
those new ideas and methods which are discussed within the mathematical
community and which might have interest for a more gencral scientific or
culturally interested public?




vé, 1. Factors Inside and Qutside Mathemat1cs
. wh1ch are_Important- in-the Generation and l
FQéyeTopment of New Mathemat1ca1-DJscllenes.g

”

o _'Leopold Schmetterer ..

The Development of Mathematics and its Social Economical Background

In the discussion I want to introduce explicitly a new element which does not.
seem 1o be included in the interesting cataloguc of questions prepared for the
first Session. That is-the social economical background. 1 think that even in
mathematics this background is of greatest importance, not only for the early
development of mathematics but also for the tremendous achievements and-
\ new mathematical ideas in our century. I claim that Inmcallv the cmergence
of a new field in mathematics always follows the same pattern. When the eco-
nomical development of a human society has feached a certain level, problems
.- of an empirical origin occur. The human mind is then able to develop methods..
belonging to a branch of applied mathematics by means of which these pro-
blems can be mastered: When this branch has reached a certain maturity, then
mathematics as a discipline in its own right emerges from here. The bcgmrpng
of this transition is due to outstanding personalities. When mathematics itself

!
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has reached a high level, this transition from applied mathematics to-a new
:mathematical field may occur on a very high leve] of abstraction. Moreover
the cmpirical background of this ficld may sometimes be rediscovered only by

tracing back a long chain of development. When science in human society has
become an important tool in handling a large number of very diversified pro-
blems, tracing back the empirical origin of a mathematical discipline may for
instance be possible only by considering intermediaries like physics, biology,.
social sciences and so on. Finally 1 would like to point out that the axiomati-
zation of a ficld in mathematics on a high level of abstraction does not mean

- that this mathematical discipline has reached a point of "no return”. Axio- -

matization of a mathematical discinline is certainly not possible without a
profound understanding of its logical structure and the relationship between
its concepts. Its achievement, however, further leads to innermathematical
applications and new mathematical discoveries. Moreover, the experience at
least of the last century has shown that even the most abstract ideas *’re-
member gratefully” their remote origin and finally allow immportant appli-
cations in fields outside of mathematics.

"I think that a careful study of the relation between the cultural and econo-

mical situation on the one side and the development of mathematics on the
other side would yield interesting results and add a new dimension to the hi-
story of mathematics.

I am going to illustrate some of the general statements by means of some well
known examples and some very sketchy considerations.

As far as we know the development of arithmetic and geometry in ancient
Egypt and Babylon was entirely determined by the needs of an early agricul-
tural society and a quite impressive military machinery. All these simple ma-
thematical considerations are of an applied nature but this material was the
base of the Greek mathematics from which mathematics as an independent
science finally emerged. T think it is not accidental that this development took
place in the Greek cities. It is very well known that Athens at the time of Pe- .
ricles was a big trade center with a flourishing industry. Gifted people had the
possibility to think about abstract mathematics. The great Greek mathema-
ticians finally arrived at the most advanced form of abstraction by establish-
ing axioms for mathematical structures. The Elements of Euclid were still
taught during the Middle Ages. Since 1500, new concepts in geometry, but al-
so in other fields of mathematics, have been developed, due mainly to a fast
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increasing interest in corresponding practical applications. “This interest is re-. -

]éted to the rise of the’ bourgeoisie arid to the transition from the medieval,
~feudalistic society which was based on agriculture to a society whose econo- -
. my was determined by small manufactural work. As far as: mathematics is,

concerned, this development reached its climax with the great mathema-
ticians of the 17th and 18th century. I restrict myself to mentioning only
Newton, Leibniz, the Bernoulli’s, Euler and d’Alembert. In a certain sense

‘_',thesc great mathematical geniuses were -all applied mathematicians ‘or mathe-
_matical physicists — at least from the point of view of modem abstract ma-
-thematics. I think that this is even true of Leibniz who also paid attention to -

axiomatic ideas. But these giants in mathematics opened the door fq the de-
velopment of modern analysis as a mathematical branch in its own right. Let
us still make the well known-obscrvation that Newton’s concept of the Flu-
xion is closely related to the Indivisibilia which have already been used for

o centunes by practlclans With the consolidation of the industrialized society
_ in Europe at the beginning of the 19th century the interest in abstract mathe-

matlcs rose again and fmally ledtoa phenomenal developmem ofmathematxcs

- The modern probability' theory and mathematical statistics provide a-good’
“example of a branch of mathematics whose origin can be found in problems

of non-mathematical fields. Simple probkms in game-theory were the guide to

»Laplace s probability definition which was-based on the .concept of equidistri-

bution. An industrialized socicty nceds statistical data concerning population, )
fecundity, social status and so on. I't fits very well the framework of the lines’
of my remarks that in 1835 Quetelets book: *"Sur 'homme et e dévelepment

de ses facultcs un essai de physique social™ was published. Quetelet, who

- taught astronomy and geodesy, was certainly influenced by Gauss and tried to

adapt statistical methods to problcms belonging to social statistics. The most
important impetus came from statistical mechanics and the study of the

Brownian movement. Taking into account that the first attempts of Boltz-

mann to consider the theory of thermodynamics from a statistical point view
was made in 1866, one may say that the mathematicians needed more than
half a century to become interested in the corresponding mathematical
theories like stochastic processes and ergodic theory. In 1919 R. v. Mises still
favoured the idca that the calculus of probability was something like a “*theo-
retische Naturwissenschaft”. The stormy development of mathematical pro-
bability finally led to the set-thcoretical axiomatization by Kolmogorov,
which has been the base of modelfn probability theory. for the last 45 years.
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The domain of applications of probability theory is steadily increasing. Con-

- trol problems, econometrical concepts, computer science, decision theory,

besides the traditional fields of applications like physxcs biology and so on, :
have had an 1mportant impact on probability theory. .

System analysis, computer science and mathematical logic have left their
traces in a new axiomatic approach to probability which has been made
quite recently by Kolmogorov, Martin L6f and Schnorr. The purpose of this
approach is to narrow the gap between the mathematical foundation of pro-
bability and some of its applications.

Let me finally mention two important examples where inner-mathematical
problems stimulated the creation of new mathematical branches. But the first
steps toward these new concepts were carried out in the framework of concre-
te mathematical problems in other mathematical fields. It is very well known
that in 1872 Cantor introduced the concept of a point set while studying the
uniqueness of the development of a function in a trigonometrical series.

Another example concerns the origin of topology. When Euler found the ce-
lebrated polyhedra theorem, he had not in mind to lay the foundation of
combinatorial topology but rather to give a systematic classification of poly-
hedras. He discovered that the trivial classification for plannar polyhedras
where the number of edges is always equal to the number of vertices does not
work for higher dimensions, and found the above-mentioned theorem.

And Riemann’s deep considerations on the conncctedness belong in a certain -
sense entirely to the theory of analytic cimplex functions.

The last thirty years has seen the develonment of big science not only in ma-
thematics but in all natural sciences. A large part of sciences especially those
of technical applications cooperates closely with the military-industrial com-
plex. The great computer centers or the great centers of nuclear physics are
similarly organized like the big industries and are frequently even of a muiti-
national character. The socio-conomical background of our highly industrial-
ized world has of course also a heavy impact on the organization and the de-
velopment of mathematics. The production of mathematical journals and
books is dominated by a few mostly multinational publishers. The computer
industry makes more and successful attempts to convince everybody that ma-
thematics and computer science are identical and that pure mathematics does
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not serve a real ;purpose. Abstract mathematics is so 10 speak difficult-to sell

‘today and:scems not- to be able-to lead to-a quick-useful reward and ‘high pro-

fit rates. Several wecks ago a very well known mathematician gave a lecture in

" Vienna where he outlined a new theory. In a private disciission after the leutu-

ré:when 1 indicated sone. possible applications of his theorems he was very

“interested_because, as he said: It is necessary. todayto give qunckly apphcat-

ions of a new mathematical theory : .

In conclusion 1 think that the mathematics of structures has reached a high

degree of maturity. A tremendous wealth of material has been established by
the efforts of the great mathematicians of the 20th century. Politicians,
technocrats, military establishments and big industries have discovered that.
the methods and results of mathematics are important tools in automatizat-
jon, in space-industry, in the aramament race and so on. These facts will lead -~
to a fast increasing and.-overhelming interest in applied mathematics. -

Arne Jensen

The Pnnmple of Slmphflcanon and Dclay in the Creation and Use of

“Mathématical Disciplines

One thing we consider as a beauty within mathematics-is the possibility,ona
limited number of fundamentals and rules, to cover the present knowledge of
mathematics. At the same time we create new branches on the mathematical

‘tree, which in a'simple and elegant way connect the different branches so that

thetotal tree will be clear and simple.

But what is simple? What to one bnm is a beautnful simplification is to an-
other brain a disaster. He is not able to sce what is'behind this simplification,
and how much it requires with respect to his precise knowledge about the rest_ |
of the tree in order to fully understand this beauty and its use. The result is’
that he is either not using it or misusing it, or, he may by pure chance just do
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the right thing. The natural sciences have gained a lot by applying the princip-
le of simplifications. Deep understanding of their mechanism has been the
result. Simplification has been a good guideline for the success of a science.
But does that also always apply within mathematics? Mathematics is besides
being an art also an instrument, and its use requires good information-bridges
between the applications and mathematics. Mathematics is not only created
by the good nursing of the mathematical tree or forest and by filling-in of
obviously missing branches, but also by real world situations that create pro-
blems which require new thinking within mathematics, new branches or new
fundamentals and rules. From mathematics we require not only the beauty
from the simplification point of view, but also the beauty from the minimal
number of mistakes and misuses point of view. Mathematics has got to fit into
the surrounding world if you do not want it to end up as a sterile thing use-
ful, only, to very few people. The rest of the people dare not enter into its use
and have to go back in the literature in order to find some points of de-
parture from the older times where they are able to hang on, instead of going
to the refined tools of the new generations, requiring too mueh from them
with respect to suppleémentary reading. In other words, we risk that we will get
supplementary development within mathematics outside mathematics, It is
not bad, one may argue, but, in fact, it is going to create delay in the use of
new thinking. We have created a lot of new disciplines and new branches
within mathematics which fit elegantly into the old hierarchical administrative
system — the servant of which mathematics has always been. But is it fitting
for today’s and tomorrow’s society to put so much emphasis on that part of
the centralized governing system? It requires strong forces to get it carried
through and very few people are qualified to do so, if it should not be mis-
used. You may ask a specialist. Yes, But you cannot do that without a great
risk that your problem might change a little, and often to such an extent
that you do not really accept the answer. You may not have understood how
much was placed in the assumptions you have accepted at the beginning of
the work. Mathematics is a tool, and part of it you may automate. It is still
so thut the creation and the development of new disciplines, and also the use
of disciplines already in cxistence, is dependent upon the information sphere
between mathematics and its surroundings. Especially as far as the quality and
ability of the brains able to understand and use it in their work are concerned.
The bigu:st delays in the use of science and also mathematics are created by
the pure fact that people do not know that somewhere someone knows some-
thing about their problems and their solutions. Man often does not under-
stand himself, what he really wants to use. It requires at least that he should
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be able to understand the most simple cases — and that is alréady a great re-

quircment..to"the building-up of mathematical disciplines.:During, the last

i géneration a. lot of creative people have been cut off due to-the.modern. de-
velopment of mathematics and the changes which have taken.place within the . °
tcachmg of mathematics. The positive result we mlght see in some_ generat- .

ions. But presently we_pay the bill for-having cut down the number of people -

-able to apply it to ordinary problems which may not require the most refined

mathematics. When you create uncertainty in the mind of the user, you cut

off his use of mathematlcs and instead we get pure guess-work, That i is not the -
. way ‘to generate and develop.new mathematical disciplines. The adaptat:on

process shoyld be more carefully. handled at the elementary level in the

future. The tree should also in the future be not only a beauty, but also
- beautifully fit into the activities of the future society as an activity for a great

number of peorplevéssiSted indirectly by the few refined specjalists.

 Bogdan Bojarski. .

The Possnblhlles of Mathemnhcs and ‘some

.Anxnehcs in the. Malhemahcal Commumty

v

" The .1op'ic. of this session is to discuss the factors inside and outside mathe-
" matics which are important in the generation and development of disciplines
~‘in pure mathematics, during the most recent times. It is definitely very dif-

ficult, and perhaps it.is a problem for special studies of historians and mathe-
maticians or rather, historically inclined creative mathematicians, to detect
what can result from analysmg historical experiences. Today we can only
express personal views, based on pérsonal experience, about what the factors

in question are, and think more directly about what we should do in the .
future to stimulate and facilitate the development of mathematics. I think

that therc is a great anxiety in the mathematical communities all over the
world about a series of issues which influence the practice of mathematical
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life, and we should, as I understand_it, try to fix and collect these points and
see what we can do with thcm in thc nearest futurc

We obscrve, whcn examiningthe process of ma(hcmatizationfof sciences,
scientific activity and practical activity, the fact that the spreading use of
computers contributes substantially to the practice of mathematization. There
are, however, serious dangers in this extensive and spreading use of computers.
Also from what was said here a little while ago by professor Schmetterer it

can be seen that computer science and the industrial character of the activities’

of the computer centres contribute to creating the impression that mathe-
matics on the whole is not very necessary. For instance the computer cen-
tres have a monopoly as to scientific methods which can be of use for the
practice and which can contribute quickly to the development (economic,
technical etc.). But, it is important to note that often the opinion is ex-
pressed that mathematics itself, pure mathematics, is not so much needed
for this purpose.

It seems to me very important to propagate the understanding that mathe-
maticians should participate in the very process of creating new scientific
ideas and theories, in the endeavour of understanding the essential structure
of the investigated phenomena, in the process of model construction. Only
when participating in this model construction do mathematicians have reason-
able possibilities to help to discover the analogies of the essential features of
the model under consideration with well understood mathematical situat-
jons. I think that this imposes a very explicit duty on our mathematical
communitics of active intervention into the propagation of the possibili-
ties of mathcmatics. There are very serioys misunderstandings about

what mathematics can do, about where it is essential. Some people tend to
stress it as only a language, instead of stressing its properties as an essential
tool for the investigation of nature, in penetrating its mysteries. It should be
intensely propagated that this tool is not fixed, that it does not have any final
form, that mathematics is capable of constant change, permanent improve-
ment and perfection. This is in full correspondence with the purpose of better
understanding nature and of extending the control of it. Very often mathe-
matics is presented as something finished. Many people cannot understand
that there is more to do in mathematics than has been achieved up till now,
and even serious scientists sometimes have this sceptical inner conviction.
Well, there is also a certain admiration of mathematics, but I have met situat-
jons when people at the bottom of their hearts mistrust the use of mathe-
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matics, verbally acknowledging its achicvments. We could also give examples
showing that mathematics has been used as a cover for pseudoscientific acti- -

vities. This contributes to hampering the propagation and understanding of _

' the value of mathematlcs

*.So, I think that in the process of bridging the gap bctween active mathcmatlc-
" ians, pure mathematncnans and othier scientific.communities, engineering, hu-

manities, sociology, biology and so on, the mathematicians should take up

" very 'active positions. 1 know examples where mathematicians are satisfied
_ with producing ncw theorems or new theories, very intercsting.-complicated,

technically difficult, non-trivial indced. Well, there is .a hope that these re-
sults may prove useful some day, or will be taken up or needed by some other

scientist, ‘but the duties of the mathematicians are considered to end. with

their activity as producers of purely matheinatical kno“lcd"e Our meeting’
here expresses definitely the conviction that this should not be the case, and
from my point of view 1 would like. to stress that much more of the duty .

“to show the relevance of mathematics in the process of any scientific investi-

gation should be taken up by the mathematmans themselves, rather than by
other scientists. We should actively intervene in the situation. If we don't do
so we shall lose our position, and in some.respect the positions of the pure .
mathematicians will be taken up by computers and people engaged in com-

_ puter science etc, And this would create a situation which would be very dif-

ficult to improve and correct for a long tl_me. T will just recall the opinion of
the Polish mathematician S. Mazur, who said that every mathematician is .
better on any position and in.any situation than any non-mathematician..
Well, 1 do not agree with this statement, but I think that in the process of

: ;trymg to penetrate nature 1t IS lmportant that mathcmatlcmns lnter\nne and

participate from the very bcunnmg, and not only when the scientist, engi-
neers etc. think that they have a good or finished model of the situation and
then brinig this model to the mathematician for further treatment. It is in the

_ process of formulating the model when the help and mvolvuncnt of the ma- - -
~ thematician is very important. .

What | have just said is one-side of the story: the involvement of mathema:-
tics in the process of creating new scientific ideas is not only uscful for the
Tusers™ of mathematics. Many. examples in the history of mathematics could
be given when essentially new mathematical ideas arose from the efforts of
mathematicians, physicists, engineers etc. to create scientific models of the
phenomena of the surroundmg world. The. interaction of mathematics and.
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other sciences, the applications of mathematics has always been an im-
- portant factor in the-development of-new mathematical ideas. It is true that

mathematics has its_own logic of development, the interior problems of
".mathematics are very important; difficult and can occupy -generatious of ma-
thematicians. But history teaches us that in the long run it is of basic im-
portance for mathematics to develop in close contact with other sciences. To
preserve its position as a queen of science, mathematics has also to take the

duties of the servant of sciences. This seems to be the logic of our time,

The other matter in which we, I think, should intervene very quickly, is the
field of mathematical education. I do not know the situation all over the
world, but I have some-reasons to believe that therc have been, at lcast in
some countries, serious failures in the attempt {o change the mathematical
programme in elementary and high schools. This has resulted in diminishing
‘interest in mathematical studies among young people, and perhaps we do not
get the best, the most talented youngsters to mathematics any longer. They
have grown interested in other kinds of scientific activities, and this seems to
me to be a very serious problem. I think that this should also be onc of the
points of our discussion. The future of mathematics is inseparable from the
state of teaching of mathematics at elementary and high school level, If we
don’t do something very quickly, it will be very difficult to improve things
later, : :

Philip G. Kirmser

Comments on the Nature of Present and Future
Success in Applied Mathematics

Human beings have always been driven to understand and explain their sur-
roundings. Their attempts, although often laborious and sometimes ingenious,
will be ever disappointing even though exciting ideas may be expressed in ele-
gant language.
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What is real is 1llusory and-often difficult to decide. Recurring phcnomena are -

“explicable in different ways at different times. Descrintions are sometimes ta-

- "ken to be éxplanations; considered axioms often have no connection with rea-:

lity; language occasionally creates reality instead of describing it; and dnvuse
mlerpretatlons can be given for the same phenom"na ' :

Why is this so? -
Ultimately, -all cor'nmuhication is based on meanings of basic words, defined
"-by examples given in the context of the society one lives in. As societics chan-

ge, understanding and description of rcallty shift. Socicties having limited ex-

perience rarely formulate theories which seem reasonable to others. Science to
one is magic to another. All language, including that of mathematncc has
foundatnons in undeﬁned concepts. .

:'Thc majoxjf task of educational systems.is to define and generate those >cpm-
“mon experiences which make communication possible, Universities must cre-
ate access to these -worthwhile defining.encounters and probe the nature of

reality by continuous experimentation. Excxlmg exchange must occur, for the .

paradox that no new ideas are communicable unless the recxplent already un-
'derstands them must be overcome -
~ Theory and expenment should a]ways go together, for expenmentanon with-
~out theory is gadgcteenng, and theory \vnthout experimentation is specul-

ation. e

" Itis here that we applied mathematicians have made our major contribution.

*~“We have developed and used general, logic¢al lTanguageés to describe reality. ‘hoth .

qualitatively and quantitatively, so that our descrintions could be examined
for consistency, tested for accuracy, and used to discover unusual features of
our world. It has not been easy. And it will not end, for the richness of the
lTanguage developed makes many descriptions of the same phenomena pos-
sible. There are infinitely many theories which will-fit.any finite set of data
" exactly. :

The value and success of mathematics are obvious. In every branch of science
- the most important theories are expressed in mathematical language.

Why are ‘thesc theories used or ‘accepted when mullmle dcscnpnons based on o

shaky concepts are possible?
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Theories are accepted for various reasons — they may have elegance, simplici-
ty, be psychologically “attractive, or appcar to be rational. Their proposers.
maiy be persuasive, prestigious, or influential - - or perhaps just pcrsmtent

Questions of correctness are not relev.mt for every thcory becomes incomple-
te or false when used o explain experiments or observations sufficiently re-

“moved from those used in its development. Theories are most valuable when

they are simple enough to be used and accurate enough to make usefuf pre-
dictions for experiments not yet tried. The best theories are taken to be those
which describe the greatest number of experiments, using the fewest para-
meters, which deal with phenomena of widespread popular intercst. Simple:
theories, known to be incorrect, are often used in place of better, more comp-
licated ones-which yield equivalent results.

We are interested in the future of as well as the success of mathematics. How
it will be vicwed, and what directions the future will take, will not be much
different from the judgments and attitudes which are generated by the activi-
ties of societies generally. A good way of predicting what the future will hold
is to examine factors which mmade some branches of mathematics successful in
the recent past, and to use these as a basis for extrapolation for promising de-
velopments which can be identified today. Consider, as one such branch, the
field of statistics. It dates mostly from this century, its success is beyond
question, and it has many of the characteristics of theories which were dlSCUS—
sed above.

Is it correct? Who can t¢ll. Is the world deterministic or probabilistic? Its basic
concepts are shaky. The meaning of the word “random” is left cither unde-
fined or poorly defined in all textbooks used today.

It is persuasive. The words used in the field are a public relations expert's
dream - - significant, highly significant, valid hypothesis, analysis of variance,
random errors, etc.

It uses simple models. By using as few parameters as justified by the accuracy
of the data at hand, it avoids all of the theoretical and practical difficulties
brought on by striving for unproductive accuracy.

It is pyschologically appealing. In many appiications it relieves us from the
responsibility of our actions by removing our guilt. When bad things happen,
they happen by chance, and the best we can do is to alter the odds a bit, And
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the chance that undeserved rewards are possible and do occur warms the hu- .
man soul. s :

.. Statistics is applied to daily problems affecting every man. Since it is related
to error analysis, approximation, and interpolation, it is certain_that equally
valid and succes‘sful dclerminislic but less popular dcscr_imions could be made.

Will any mathematics of the future have the success that statistics has had to
date? .

I belive so. Conditions of the times have always had an effect on mathematics.
Newton and Leibniz were -probably pushed 13 invent calculus because they -
couldn’t do the arithmetic required by, difference equations. Now cheap com-
puting machines, which have made extensive caléulations possible, will cause -
an unbeélievable spread of mathematical modeling and numerical analysis. Ap-
plications of discrete analysis are bound to become universal. Some-of these -
are certam to drive mathematicians to mvent new fonns of analysis. '

The existence of cheap computing machines and readily availab]e software
will 'spread numerical and’logical analysis just as the development of phono-
graphs spread the use and enjoyment of music with many similar results.

Mathematlcal modeling will be used to estmmte the effects of social and polit-
ical actions on our daily lives by providing accurate models of our economies,
and perhaps, even our collective behaviors. Better decisions will be made by

_ ' all of us because, as never before, accurate information will be avaxlablc before
~ the time for decxsxons has pas:ed

For thev first time mathematics may even become dangerous, for it could be-
come possible to decide which of two political systems is superior on rational
grounds.

The practice of mathematics will increase but will become more diffuse and
be carried'on by many people not educated in traditional mathematics depart-
ments as they exist'today. : -

And: best of all, the need for good mathematicians will incrcase, for the inten-
se and widespread use of mathematics'to model all phenomena will require
ever more- careful scrutiny to scparate good reality from more promising fict-.
ion. The future of applied mathematics is assured by its relevance to socicty.
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. _Summary of the Discussion in Session 1. C e e e

The discussion in Session .1, touched upon three different points in connection with the .
‘theme. of the session. These points were: "The influence of the real world upon the - -
_development of mathematics”, "What is a realfgoodfimportant problem?", "Problems in
recriiting mathematics studenis™, These points were, however, interwoven in the discussion
rather than treated as separate subquestions to the theme of the session. The following
summary is, therefore, not in accordance with the chronology of the discussion. Instead,

it presents a rearrangement which assocmes the ingredients of the various contributions

- with the three points,

The influence of the real world upon the development of mathematics.

it was stated that every rcsonable person will agree that socio-economic factors influence
the development of every science, including mathematics, and that one can give many
“examples of this, from antiquity to the 19th century. On the other hand, it is very difficult
for a person who lives in the period in question to detect the decisive factors in the
development of a given discipline, not to speak of foresceing possible cffects of the factors
operating at present. Of course it cannot be doubted that the economic boom after World
War Il with its climax in the sixties is tied up with the mushrooming of all sciences. An |
economic situation with ample resources available for science also stimulates an un-
restricted development of pure mathematics, because people can do what they want to do,
including producing results of minor importance. But when reseurces are scarce the
situation is different.

Another contribution started by assuming that most of the participants in the Workshop
would agrce that pure research has a function, and that the reason why people had come
together was an uncasiness about the way in which it functions. We have all been taught
that mathematics produces new tools which are ready when they are to be applied, but we
hardly know whether this doctrine actually holds good. Maybe the consideration of the
old story about the working togcther of different branches in developing analysis might
prove instructive. Although the roots of analysis should be found in a dircct contact with
the real world, andlysis was not created by the mere existence of that contact. Nor were

. any of the branches, greek gecometry and arithmetic, conic sections, archimedean volume
calculation, the fertilization of these arcas with algebra in the Renaissance or Kepler's and
Cavalieri's application of archimedean methods, alone sufficient to create analysis. Not
until problems in one of these branches were treated with methods from some of the
others, so that many different areas melted together, was analysis created. The moral of
this story is that maybe we should teach our students to treat problems in one branch
with methods from other ones, perhaps not to produce publications but as a good
exercise in treating problems from reality. -
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It was suggested making a distinction between micro-saciological and macro-gnciological

. factors in the development of mathematics. Related to this is the question: 10 what

extent, and how, is mathematics generated by empirical problems and, conversely, how'.

- is the mathematics developed applied to new empirical problems later? To illuminate the

macro-sociological influence of society on the development of mathematics, attention
was called to the interest of the big national and multinational corporations in applying -
mathematics, an interest strong enough to give rise to changes in résearch policy. Certain
new areas of research are directly gencrated by multinational corporatiors (primarily in the
electronics industry ), e.g..quadripole theory, the cooperation of algebra and information
theory, application and development of boolean algebra etc. Parallel to this one can see

multinational corporations which attempt to- infiltrate international scientific socicties, in

order to influence, for instance, elections to-certain committees. This also has conse-
quences for the control of important journals, financing of large international congresses
etc. Al this together affects research policy in mathematics, oftcn without the individual
mathematician knowing it..

Another aspect of this part of the discussion was touched upoﬁ by a contribution which

" found that the introductory remarks of Leopold Schmetterer took into account only to an

insufficient extent the fact that the socio-economic context of mathematics also has

* ideological implications, e.g. as to social selection in'school, acceptance of the social system

etc. leopold- Schmetteret made it clear that ideological matters were included in his
concept of socio-cconomic context. :

In another contribution .in this connection, it was claimed that whereas in carlier times
(e.g. in Greek antiquity) ideclogical restrictions made a barrier for mathematical progress,
such ideological restrictions no Jonger exist and this of course facilitates progress. On the
other hand this seems 10 remove mathematics from reality because ideological restrictions
can be considercd as ties between mathematics and rc1ht). In relation to this it was
claimed that since mathematics always originates from problems in reality, no uscless

“mathematics exists, and it is not only by chance that abstract mathematics can be upplied

at a later time. What would be a mistake would be to consider mathematics as merely a

- game. Probably it would be worthwhile to investigate (for instance as graduate-student

research) why, when and how abstract mathematical theories have become applicable.

What isia rcal/good/important problem?

This discussion was initiated with reference' to one of the questions in the informal

queslionnairc'by Booss/Niss: What is it that makes a problem real™?

It was suggested that we distjnguish between a real”! and a "good” problem, and it was

Ve

claimed that there exists a general agreement in the mathematical community that a lot*
of the problems dealt with in everyday mathematical research are not good problems,
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.although it perhaps will turn_out to be more difficult to find agreement on exacfly what
problems are bad problems. On the other hand there exist certain problems, ‘the
importance of which are -not questioned by anybody, for example the Riemann-
Conjecture. It would be valuable to produce a.list, based on history, of good and.bad

" mathematical problems, and a list of criteria for evaluating them. The view that a good
mathematical problem overlaps different mathematical disciplines and maybe different
sciences was put forward, and Hilbert’s point of view, that a good mathematical problem
can be explained to Jaymen, was supported.

Another participant mentioned that in mathematics a given object often obtains some
sort of an objective, almost platonic, existence, in spite of its resulting from a purely
formal construction. To the extent that we are dealing with such problems and properties
of our objects that can be considered as independent of the formal theory in which the

objects are studied, we are dealing with good as well- as real problems. The Ricmann-
Conjecture is definitely a good and real problem in this sense; even if it has no immediate

connection with reality it is fundamental for many mathematical areas. It is, however, by
no means easy to determine what is a good problem and what is a pseudoscientific

problem; compare the following quotation from a wellknown mathematician: "1 do not
know how to define my wife, but I am sure that if | see her, | shall recognize her”.

From another quarter it was stated that we should censider mathematics as an insurance
system against the unknown problems of the future, and that the best strategy for
chioosing problems therefore might appear to be a free choice by the’ research workers
themselves, as it was said to be practised at the Bell Telephone Laboratories.

It was supposed that most -mathematicians find it healthy to keep and develop an
interplay between mathematics and its surroundings. People like Hilbert, von Neumann,
Courant and others always stressed, that if mathematics became isolated from its sources
in the real world, it would degenerate. If the palmtree becomes too tall and the top too far
away from the carth, it will wither. Probably mathematicians will always respond to
external factors if they are allowed to. In opposition to this we find the extreine point of
view, that of Dicudonné’s, that even if mathematics were detached from any other human
endeavour, certain important results and big problems, generated by mathematics itself,
would reinain essential objects for study.lIn continuation, Dieudonné’s mistake .was
characterized as being that he had not traced the origin of the big problems in a broader
historical perspective. The Riemann-Roch-theorem, for instance, can be scen as a natural
generaiization of certain problems in theoretical physics at the time of its birth.,

In addition to this, the traditional distinction between pure and applied mathematics was
brought into the discussion and characterized as an unfortunate distinction which should
be broken down. The task in this connection should be to create within the mathematical
community the attitude that mathematics is a2 common effort of mankind in the pro-
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gramme of understanding and- controlling nature. Such a changed attitude would keep .
mathematics in-contact with reality and at the same time remove. the basis of Dxeudonne s
posmon within the mathematical community. RS

_A It was further suggested operating with two different psychologrcal types when talking
about the rc]atnonshxp ‘between mathematics and reality. The first type can work only'

under inspiration from problems in the real world, the other type does not need and does
not use such an inspiration. It is necessary to take both aspects into account when
educating mathematics students, where to too lasge an extent, it has been neglected to
show how mathematical problems originate from reality.

With particular regard to the -developing countries, it was stated as a problem that the
mathematical socialization, which mathematics students from these countries reccive when

_studying in the industrialized world, is strongly influenced by work which can be publiched

in prestigious journals. In practice this will very often.imply concentration on marginal or
trivial problems from the surplus stock of leading mathematical circles. So, micro-

- sociological problems in the.developed countries influence the macro-sociological problems

in countries of the third world, because it is nccessary for their development to direct the:

_ mathematical activity into work on real, good problems the quesnon only being: how

This criticism against the publication system was also taken. up-in another contribution, in
which it was found that this system has a.decisive effect on the research and teaching
activities of the mathematical institutions as well as on studies and'motivation of students,
The usual mathematical coricentration on purely mathematical problems, oriented towards
publication of papers which most probably will not be read by more than 10 persons, was
pointed out as one of the reasons why, in proper applied research, a tendency towards
employing mathematically inclined physicists rather than mathematicians can be scen, at
least .in some countries. This is so because physicists.of this kind are much more used to
work with real, real problems of thesort that interests the world which makes society tick,

"'and which is also the world where the funds are. What is of interest to this real, real world

is not only good, or real’ problems, but important problems and for their treatment people

-arc wanted to think ruthlessly, logically and purposefully, i.e. people who, if the situation

requires -experiments rather. than ‘symbols, take the consequences of that. We ‘must
encourage students to think in this broad sense, and this is particularly important for the
90%, who ate not to become research workers in pure mathematics. A good applied
mathematician is one v.ho knows _when to stop usmg symbo]s mstead of using them
abundant]y . ) '
In a following intervention these requirements were found to be relevant not only to
applied mathematicians but also to pure mathematicians working with good problems,
since good problems are never from the outset formalizable. For a closer analysis there is.
no principle difference between a good applied and a good pure mathematical problem
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As opposed to requirements of direct relevance of mathematical activities, the problem

"by whom and how it-is to be determined-what is relevant” was pointed out, and a __

warning against using terms such as “useful”, “applied” and the like as poetical

invocations was given. f’crhapé the use of such temms is due to a realisation that there ©

exists more mathematics in society than in a dircct sense is nceded. The warning was also
found in another contribution in which it was stated that we should not consider the

" legitimacy of mathematics as consisting only in doing service to man, aithough it Is nice
when this is possible. We should instead consider mathematics as an activity like eating,
making love etc., and we should concentrate on creating activities which do not hinder
good teaching and a unification of pure and applied mathematics, rather than expecting
that we can ensure this.

Problems in recruiting mathematics students.

Taking its starting point in the'woxry about the diminished interest among young people
in studying mathematics, and about the observation that mathematics perhaps no longer
"receives the most talented young people, a discussion concerning recruitment to
mathematics took place.

‘To corroborate the claim that a change has in fact taken place, one of the participants
referred to an American inquiry, based on 10 measurements. According to this inquiry,
the extreme upper tall of the distribution formerly went into theoretical physics (and
presumably to mathematics too), whereas it nowadays goes into biology. As another
symptom, it was pointed out that more and more outstanding mathematicians leave
mathematics in frustration at the lack of valuable social consequences of their activity.
Instead, they have gone into medicine or politics. These symptoms should be taken
seriously, and we have to ask ourselves: what is the impact of mathematics on society,
what makes it worthwhile?

As a ‘modification to the gencral picture, it was stated that the number of enthusiastic
and talented students has hardly decreased in comparison with the situation of 25-50 years
ago; what has happened is that the expansion of science and mathematics during the sixties
has created an increment of students with other types of mtercsts and future professions,
for example in industry, computer science etc.

As to the question why mathematics formerly got the best students and why this is no
longer so, the following answer was proposed: a. In earlier days mathematics teaching in
school was much more based on experience and understanding than is the case today,
where the instruction is so much concemed with formalism that a back Jash has appeared.
b. Many young people who earlier would have gone into mathematics, now go into
computer science because it is popular and lucrative. ¢. In these years a general increased
interest in social and humanistic, ¢.g. philosophical, questions can be found. With parti-
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cular regard to the developing countries, it was mentioned that talented .and scriously

- ‘working students in these countries prefer to occupy themselves-within fields, medicine
“for instance, that seem to be of more direct relevance to their socicties, whereas
.mathematics appears as much more alienated to the big social problems in their countries. -
.1t was emphasized that, even_if this attitude is understandable and respectable, it never-.
theless - produces problems, because the third world needs people with’ subtlanhal

mathematical abilities.

It was asked whether it was desirable at all that the best students go into mathematics.
Wouldn’t it be better if they went into politics, and shouldn’t the mathematical com-
munity start to prepare itself to work with average students? This would also force
mathematicians to take the communication problems of malhcmaucs scriously into
consideration.

Along the same track a warning was given against dealing with the problems of recruitment
to mathematics as a question of i increasing the membership of a club. A recruitment which
serves only to produce research that can. produce more research, often of marginal
importance, is not in itself desirable. Rather one should concentrale on bnngmg
mathematics to a larger public, to create mathematlcal literacy™..

* From another quarter the danger of requmng immediate usefulness and the related

possibility of misjudging what may have important consequences was pointed out.
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of ‘Mathematics and of its Re]at1ons with the
Non Mathematical-World.
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Theoretical Statistics and the Real World e \_3

/

1. Theoretical statistics uscs a great deal of mathematics but is not solely
mathematical, except in a very broad sense. It is, for example, concerned very
much with the logic of uncertain inference and although some of its problems
can be referred to the theory of probability, others (e.g. the analysis of non-
random samples or cluster analysis) can not.

2. It may be convenient if 1 classify the branches of mathematics into (1)

those rarely or never used in statistics; (2) those used occasionally but not in

depth; (3) those essential to the subject. One may add a fourth category, per-

haps, (4) those which statisticians have had to invent or develop for them- ‘
selves.
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3 ‘Category (1).
-Branches of malhcmaricr rarely or never uced

’_TheoryofNumbers o S B

. Topology )
l’ro;eclrve (‘eometry :
Differential Geometry and Tensor Calculus
Non-Euclidean Geometry
Mathematical Logic - N
Calculus of Variations

R

,(and the applied branches such as Dynamrcs Electncrty and Magnetlsm Heal
. Lrght and ‘Sound and Astronomy) .

.4Category(2) .4 ' ' I . o

. Those branches used. occasronally but not-in depth

Trigonometry including Spherical Tngonometry
‘n-Dimensional Geometry _
Co-ordinate Geometry - ‘ ‘
Theory of Equations C :
Partial Differential'Equations

 '.5 Category (3)

Those branches es.sennal to the subjecr L

Analysrs (anferentlal and Integral Calculus Complex Vanables and lnﬁmte
Series)

Combinatorial Analysrs

Matrix Theory -

Spectrum. Analysis

Special Functions (Gamma, Beta, Hypergeometnc)

Probability, mcludmg Stochastic Processes

6. Category (4). o -

Speczal branches to the dev eIopmenl of which ctanmcs has conmbutcd

Numencal Analysis

Scts-of Stochastic Equations &
" Monte Carlo Methods

‘Cluster Analysis

Experimental Design

Sampling Theory

Time-Series
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7. For some years statisticians have been concerned that the more recondite
" -mathematical part of their subject is getting out of touch with reality. Conti-
nual attempts are being made lo bring it down to earth, but not with great
success. The advent of the electronic computer has not eased the situation,
and in some respects has made it worse, in that a number of statistical routi-
nes can be plugged into the machine without a proper appreciation of what
they mean, what are their limitations, and how the results are to be interpret-
ced. - ’

8. In the spirit of this conference 1 offer a few suggestions for ameliorating the
position. . . '

1) Practising statisticians are often prevented from publishing or from writ-
ing text books, either because they work under Official Scerets Acts in
Government Departments or because they work in business and have no
time. There should be greater encouragement for practising statisticians
(and practising mathematicians in general) to write of their experiences
and to share in university teaching.

2) Practising statisticians should be given an opportunity of describing their

theoretical problems for mathematicians of the world to attack. In Bri-

_ tain we have just begun to publish an Encyclopedia of Ignorance, in

which distinguished scientists describe their outstanding problems. Why
not a conference or two on What 1 don’t know about mathematics™?

3) Although mathematicians will, perhaps, not like this suggestion, I consi-

der it a mistake to make the Department of Statistics in a University a
part of either the Department of Economics or the Department of Ma-

thematics. A review of the most productive statistical centres of the
world will support this contention.

4) Intermediate or even first year courses in mathematics should not strain
after generality. Most of us, 1 suppose, have spent some time in our
undergraduate days struggling with the illustrations that a continuous
function does not necessarily have a derivative and functions of bounded
variation. But did this ever matter to anybody except to the expert?
There is a lot of dead wood taught in mathematics and enshrined in our
text books. Who needs to learn all the different tests for the convergence
of a series of positive real terms when one single test will handle them
all? Do we really need to bother the average mathematician working in
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the real world with the difference bétween Riemann and. Lebéswue inte- .
* gration? Specialisms are for the specialists. Unfortunately reputatlon and:
“credit often depends on specmhsatnon S

-9, In conclusnon I should llke to offer a few top|cs. thrown up by my own.
work on which mathematicians mdy hke to work. "

l)lf each of n objects l)ears a value of each of p variables, we may represent
the situation with n points in a p-dimensional Euclidean space. Forps3
we cannot see this space. How do I define a cluster of points-and how do
I develop a mathematical expression to describe shape?: ’

2) Rigorous mathematicians have suspected the human mind in itg inter-

pretation of diagrams — in my youth it was contemptuously described as -
the method of Pictures and Plausibility. Now is this not a flat contradict-

“jon of the way in which the-mind works? In particular, 1fI have a setof

n pomts in p dnmenqxons how do I'define outliers?

.
.

, 3)Some problems can' be solved by exhaustive enu111eraii0n on an electro-
nic computer. The complexity of others implies that the machine time -
required increases factorially, even more than exponentially, with the

~ dimensions of the problem. Suppose I have a set of mj male students -

- who rank n subjects in order of preference, and another set of {] female
students who do the same. How do I tell whether the. men are more alike
in prefcrence than the women within sampling h'miis? .
4)In multlvanate dnstnbuhons of prohabnhty the only distribution we can
' hand]e in mathematics is the multivariate normal (Gauss-Laplace). For
others we should like to have distribution free tests, but unfortunately
these -depend on order and you cannot have an order in more than one
.dimension. What can the mathematician contribute to this problem?

10. I have reached the limit of length v_efy rightly imposed by the organisers
of the conference. I hope these comments may provoke discussion. Statistic-
ians, after all, work in every field and are vitally concerned with thu interface
between their subject and the real world.
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Salomon Klaczko . .

Cartesian Producls and F-zclor Set Dlsinblmom as Mndels
of Mathematical Innovation

1. For many years a great quantity of theoretical work has been done on ma-
thematical theorem proving (Herbrand, 1930, Gentzen, 1934). Since the ap-
pearance of digital computers scveral hundreds of mathematicians all over the
world have devoted themselves to the development of computer programs ab-
fe to prove theorems without the intervention of man (an "older” state of the art
can be found in Laudet, 1970, Banerji/Mesarovic, 1970). This corresponds to
the last of four steps in thought, as suggested by Wallas (1926): 1. preparat-
ion, 2. incubation, 3. illumination and 4. verification.

Steps 2 and 3 correspond to what is called induction or creative thinking
(Lakatos, 1968, Watanabe, 1969, Ruzavin, 1977, Polya, 1954 and 1969). Our
aim is to discuss one procedure of inductive reasoning, able to serve as an aid
for mathematical innovation.

The basic instrument of this procedure occurs in mathematics in different
arcas and unfortunately receives different names. In set theory it is known as
cartesian product, in abstract algebra and topology as direct product and in
linear algebra as vector product.

Among the applications of this instrument in computer science we can ment-
ion the so called Decision Tables (Pollack, 1971, McDaniel, 1970). An ap-
plication to thc theory of learning automata is the so called Learning Matrix
(Steinbuch, 1965). Even the Theory of Games uses this approach (von Neu-
mann, Morgenstern, 1944).

A particularly interesting application for innovation purposes in rescarch is
the method of the astronomer Fritz Zwickly called Morphological Box (Zwic-
ky, 1957, 1958, 1971). The Zwicky approach became.in the past decade a
standard method in the science of long-range or strategic forecasting (compare
for example the scientific US-journal, Technological Forecasting).

2. The above method can be applied to mathematics if we try to profit from
the axiomatic structure of this science. Let us consider first the fact that
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~ axioms are properties of special sets, Given n properties, 20 different combi- -

nations of the n properties may be possible. Take as an example a metricto-

pology whlch can be generated in the followmg way

| ﬁéﬂ sET e
¥ mETRYe 7. closure . o

- PROPERT Y PROPER T
. .

( METRIC SPAcE - ) [ voporoctcAL space )
. CLOSURE HETRIC .
PROPERTIES ~ PROPERTIES . : '
T CM ETRIC ToPoiogy )

~ -

If we try to see it more pfcciscly we will find the followihg propertics
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- .From the above 128 possibilities students of topology will find in their stand-
.ard text books only the three concepts metric space, topological space and

_metric topology; while students of statistics will find in their books the con- - -~

““cepts of metric space and cluster space. Unnoticed by the greatest part of the
topologists during the last years such important non-metric mathematical spaces
appeared in statistics (being used in the theory of automatic classification) as
Quadratic Distance Cluster Analysis or as Multidimensional Scaling. It is
‘known (Pontriagin, 1957 § 9), that.a topology (Axioms EFG) hecomes a

metric space if axioms H and D are added. Thus, one of the tasks of the ma-

thematician, given the above cartesian table, would be not only to answer
~what meaningful non-trivial sets may be found in each one of the crossspoints,
but also to uscovcr \\hat crosspoints are equivalent to another and hence
ndund ant,

3. An cxponential increase in difficulty arises however, if we try to incorpo-
‘rate 2 more complex structure than the one discussed above. Let us consider

the alpcbraic structures flowing together in the definition of an Abelian -

Group.
; -~ sce the schema on the next side —

From the five properties of an Abelian Group, four are split into at least two
variants, generating @ propertics. Since the alternatives generated by splitting
arc mutually excluding, we have no more 29 = 512 but 30 possible combinat-
ions of properties. We introduced 13 of them, avoiding the different types of
so called Brand-Grupoids, This example shows that on this area far more work
has been done than in the example above.

However, a greater number of alternatives could have been substituted for the
quasi-associativity of the Moufang-Loop. For the axiom D (next neighbour)
‘any one of about 20 different agglomerative procedures of Cluster Analysis,
each on~ having strong consequences on the discussed space and on the conse-
quences of their algorithmic implementation, could have been substituted.
4. Until now we have considercd the properties or axioms of our mathematical
systems as given. But an important part of the axioms, as is the case in the
example of metric topologies, were not merely speculative inventions of
mathematicians. They arose from concrete tasks either from the real world or
from other mathematical disciplines. This is just the case with the different
variants from Axiom D, generated by specific classificatory needs in biology,
sociology or psychology.



i
il

. Mathematical Innovation o ' o .41
SET - . e
SINaARY R NON - CLOSED
. R OFE RAT Ty ‘ LLU'UI.B
NON-CLOBKED BINARY ©PRRATION . rvsase’ OnE BlomD

oo . ’ R (canensiation) | Two Sougp *

R - - TosnTITy gns Lioap .
- : - S 1 - HALEGRLPOYD . , Two Sromp .

PARTIAL

vy
Assectarivity comPLETE

‘€reanD BInNARY. OPEAATION
GRUPOID ——-————]

) Assc;:’.«ﬂvn-v

Cmmsms)

.. . . : ' N

ong Lloe . cLocud . toamroTENcy Marrac
ey NvERSE - RCOMMUTATIVITY  tuvease

commuTativiTy

MRriEL InveRSK
. (oNm 8'pe cAncELLATION)

[[(nArrioor ) [ auasicrowe ] { samiiattice ) [ canceiiarion  semiggoue )
TeO=S1080 YoRNTITY . \ : . _ Two-Stono topnrity
| R CLORED TMVERRE InoruTiTy . & cLaSED Vmuvmass

{  roop B )

QUAGY - ASSOCTIATYVYTY

l MOURANG LOOP ) ; . 1

ABBOCYATYVITY

ASGOCYATYVIT Y . ComMmUTATI VR
( GROUP ; ——— J
- . , v
CammuTATIVITY [ __commutaivE Mousang toce )
AssoctaTiviTe

ABELIAN ¢ROUP

: Algebraic structures flowing together in the d_eﬁnilibn of an Abelian Group.




42 i ' o .- S.Klaczko

The combination of the two examples — metric topology and algcbraié struc-

" tures --resulted until now mainly in the theory of topological groups (Pontria- -

gin, 1957). The connection of each one of the stages (or properties) of
Structure 1 and Structure 2 in a cartesian table would lead to a great number
of non-formulated questions and problems. Taking one of the structures or a
meaningful substructure (for example topological spaces) as a factor subset of
the chosen properties, would render factor cosets in different areas. This last -
‘possibility implies the potential discovery of mathematical theories involving
restricted areas of the cartesian table (e.g. a possible theory on topological
groupoids or loops).

-\\’olfgang Haken

Some Thoughts on Mathematics in the Real World

I don’t understand how you can do rescarch in mathematics; I thought that
meanwhile everything was known there.” I am quite used to hear this quest-
ion being asked not only by people who have nothing to do with mathematics
but also by engineering students after five semesters of mathematics at the
university level. We seem to be very effective in keeping others mystified as to
what we are doing and how far we have progressed. In order to explain the
situation to evervbody who is interested enough to ask for it I thought of the
diagram below. — see the diagram on the next side —

The statements at the levels 0,1,2,3, ... of the scale are probably all true but
the difficulty of proving them increases significantly from step to step. State-
ment O does not really require a proof; however it requires a clear concept of
what we mean by “’number’; this level of sophistication may be considered
the beginning of mathematics. The statement at Level 1 requires a genuine
proof as was known to Euclid; it is a favorite demonstration example of a fact
which is only accessible by mathematical proof. To prove the statement at Le-
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4 -r TUNARE ARE 'TNPFINTTRLY MMANY SHOAT-DYSTANCE, PA\Q: -OF QUADRUPLETS . ..
. . - -
FHEAE AQE TNFINITELY HMANMY SWoQAT- OYATANCE PAIRS OoF TwiNSG oOF PAYMES,
3 T BACH OWE FURMING A QUADRUPLET Y& "ONE DECADE LI«K (101,103, 107, 1e9)
THERE ARE 'WRINITELY MANY SwoRT- DISTAMCE PATRS ©OF PRINMES ,
2 1[ BACKH OWE FolMINGg A “T\w"u' o pl;tAucgf_‘rwa Lrug (29 .31) or (41,4))
| ‘ | ‘
1 1 THEQE ARE YMEIMITELY HMANY FRYME  WUmOBERS .
0 4 TUERS ARE  YHPYNITELY MAMY  WUMOGERS

Levels of sophistication

vel 27is a famous open problem of research in number thcory, thcre we are,
The interval from 1 to shortly below 2 depxcls the progress made so far {of
course, progress in many other directions of number theory branching out and
being pushed forward with an effort of a million man-hours and a thousand -

_research papers per year). Maybe at the level of 1.5 we may enter the famous

pritne number theorem. Using a magnifying glass one could see the more re-
cent advances towards the twmpnme conjecture at levels 1.8, 1 9 or even

195,

Is the above picture typical for all of mathematics or is it just some unim-
portant peculiarity of (one branch of) number theory? Gauss seemed to think
while mathematics is thc model for the exact sciences, number theory should
be regarded a model for mathematics. What if he was right? — I am certainly
prepared for objections. Indeed, everybody has the opportunity in his own re-
search area to transform the “’Level 2 to infinity and to deny that much in-"
teresting material would be beyond that. — Regarding the power and the limi-
tations of mathematics one may seriously .ask the question: do mathema-
ticians themselves know the true state of affairs — at least approximately? (Do
the termites know how their buildings look from the outside?)
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The above questions are of some significance for the relations between mathe-
matics and the real world. The classical recipe for attacking a scientific pro-
blem is to.formulate the problem mathematically -- whenever possible — and
then solve the mathematical problem; of course, all mathematical problems
which arise in such a natural way can be solved when eventually the proper
tools are developed. But is this phantastic optimism still justified? If not then
things become considerably more complicated. It does not really help to redu- '
ce a difficult scientific problem to an unsolvable mathematical problem. In
many such cases it is appropriate to use a mixture of experimental and of ma-
thematical methods — provided that the investigator knows both methods suf-
ficiently: well and does not care about the misgivings of those onlookers who
know each only one of them. Frequently one sees applications of more ques-
tionable principles: Freely change the given problem by altering definitions
and/or adding simplifying assumptions until the corresponding mathematical
problem can be solved with moderate effort; then do not care about the alter-
ations and -claim to have solved the original problem. Conversely it may
happen that the given problem can be solved by extremely simple mathemati-
cal methods; in this case be careful to create a more complicated mathema-
tical fornnulation which calls for higher mathematics in order to make the
work look more respectable,

One is tempted to distinguish between desirable and undesirable applications
of mathematics according to whether the work mainly aims at clarifying or at
confusing the issue,

What can we do to improve things? I suggest to rely on the objectivity of ma-
thematics as its strong point. Whether a mathematical proof is correct can be
determined by objective methods which (in most cases) do not depend on the
arbitrary judgement of any individuals. This is great indeed, that the truth is
above the arbitrariness of any person or interest group; this principle is worth
extending over others areas of human activity as far as possible and we
should take good care of it. We should; — but unfortunately, things look
much less satisfactory if we consider the question whether a given mathemati-
cal result {assuming all proofs involved being correct) is important and in-
teresting. Here the answer depends entirely on the judgement of the influen-
tial experts and not on any objective standards whatsoever. A mathematical
result is important if and only if it pleases certain individuals; and that, of
course, does not only change with time but depends on all sorts of other para-
meters too. This disease of unrestricted expert evaluation threatens to put us
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‘Technological Déve]obment éndffféctivity of Mathematics

_Some Thoughts Do Com g8

back into- the middle ages and to (hsquahfy mathematics as a. modcl for the .
exact sciences. Here we should do something. But what? -

- lt would hclp consnderably if we had a certain core of carcfully selected and
-~clearly formulated open pmhlcms the importance of which is: certified in such.
- a way.that it is not.fo be clmnged by re-evaluation at-a later time. In particu-

lar, -even if the wrong person solves .the problem at the wrong time under the

) -wrong circumstances and with.the wrong methods (where ° wrong means
'not being liked by the temporarily influential individuals™) cven then it re-

mains an important problem. Such problems could then serve as objectlve_
tests for the merits and limitations of different methods and. thus help to clari--

fy controversial principal questlons I keep thinking. that with some good vull

Werner Boge

by

I belicve, that the development of science and of production technologics and

"of computers will go on in the future as already in the past and that mathe-

matics —pure and applied — will contribute to this de\clopmcm and will
thercfore continue to develop itself. This technological developnient will
have many advantages-for human life; but also it bears a lot of danger in it-
self, since scicnce will perhaps one day make it nossible to manipulate men or
to construct still more dangerous weapons than before and many other un-

'p]easant things. All this is only dangerous in connection with the fact that

until now there have becn no effective methods of -democratic control and no

- effective methods for people as to how to agree about their different gOJ]S.

pure and applied — enther to stop the technological and scientific develop-

N

’ Accordmg to- my opmxon it lies wnthln the responsibility’ ofmathematlcmns -’
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ment by stopping their own scicnce, or to take care that this gap of missing
methods for democratic ugreenient and control will be filled in a sufficient
way. Actually this is the task of mathematicians and not the task of poli-
ticans, political or social scientists, psychologists or philosophers and so on
— because of the following reasons. First of all, as I found out in recent years,
the problem to find such methods is essentially a purely mathematical one,
and a very difficult one. Secondly, only mathematicians are able to see that
it is essentially a mathematical problem. Therefore, we cannot wait until
somebody else asks us to attack this problem, because nobody will ask us, but
we have to attack it by ourselves.

All countries pay a high amount for weapons. This is one of many examples
of nonparetooptimality. That means that there are other possibilities, attain-

able by agreement, which everyone is better off with? Such examples indicate
that what happens is not governed by rational and effective methods of

democratic agreement. Most pcople believe that this is due to the imperfect
character of politicians and are angry with them, and they do not see that po-
liticians are actually not able to do better because they do not have the
appropriate methods. All the institutional methods they have and know about
— both in western democracies and in communist countries — are combinat-
ions of the partial method of majority-vote. Some cconomists (i.e. Arrow and
others) found out with some mathematical background that these methods
cannot work, and they are aware of this methodological lack. But the mathe-
matical background with which they tried and failed to attack the problem is
too simple for fitting reality and to solve the problem.

That does not mean that every mathematican ought to attack it, but every
mathematician ought to believe that his own investigations could one day be
used for dangerous technologies and he therefore ought to take care that at
least a sufficiently high percentage of other mathematicians attack the pro-
blem of unknown methods of democratic agreement, until it is solved in a
sufficient manner. ’

The second point I want to talk about is much shorter and concerns the ef-
fectivity of mathematics. I believe that the organisational, technical and pro-
gramming problems to be solved for the construction and use of computers,
that do not compute in one or few central units, as they do nowadays, but
that compute in all storage bits simulataneously, will not take too many years
to solve. Almost all important problems that are solved on computers today,
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. can Be-splitlin_to many very small problems, that can be solved independently .

by glueing the. results together- afterwards, These computers to be expected
would solve thesé problems many powers of ten faster than computers nowa- -
days with the same technical amount. I believe therefore that computer capa-

... cities will sodn be large enough to do all pure mathematics much more effecti- -
" vely by computers than by human brains, and that by this the success of pure

mathematics will be con51derably acceleraled and by this also the success of -
applied mathematics. . * )

“The essential bottle-neck will be the difficulty for pure mathematicians to

learn how to tell computers to solve their very abstract problems. Therefore

_one ought already now to stimulate on an organisational level pure mathe-

maticians to use computers to solve their problems. Of course one has to
convince them that it will pay off soon, because most of them will not know
about the very high computer capacities to be expected in the future.

X There are mpré less obvious but not less striking innerpolitical examples of this k_ind;.

- Summary of the Discussion in Session 2.

-The topic of Session 2, the future of mathematics, was too broad to allow a discussion of
. detailed ‘estimations and propositions regarding the cincrete: development of dlﬁz rent

mathematical branches. So it focused on the methodological problem of "objec tivin:" of
the development of mathematics: "How-to measure the relevance of an issue?”. And. "Is
contemporary experience sufficient for middle-range or even long-range predictions?”
The debate was based on the itnanimous conviction of the participants that mathematics
can substantially contribute to man’s governing of the real world, and that mathematics
continues to make progress in this respect. So far, the discussion in Session 2 was closely
related to the previous discussion in Session 1. More specific subquestions were:
"Estimated: future relations between “pure” and "applied” mathematics™, "The possible

- use of compulers for supporting — or substituting — human capacuy in mathematical

rescarch.”, ."Dependence.. of the future of ‘mathematics on a widened mathematical
training” (d:scussed more in detail in Session 3) and *Problems of the social rcspon.v-
bility of mathematicians”.
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The problem of "objectivity".

In the debate it turned out that many parhclpants feel a "lack of ob;ecntmty" concemmg
questions like:

How to measure the relevance and the prospective value of mathematical results?
Which criteria should be used in appointing people to vacant posts?
What is to be taught in mathematics education?

The urgent tharacter of these questions was emphasxzed by participants with rather
different views and experiences:

() Under the hard competition nowadays seen in Western countries, a young
mathematician may feel pressed by career considerations to work on problems of minor
unportance, where success might be easier than when dealing with more important
problems and where results might better fit into the system'of evaluation and laesthetical
views held by the leading experts. What is a good mathematician? A way of evaluating,
better than letters of personal recommendation, was demanded.

(I1) The above-mentioned lack of objective means to evaluate the work of a given person
influences not only the careers and the pattern of qualifications of younger mathematicians.
In practice many universities are-now so short of funds and positions that they are (e.g. in
some places in the UK.) already planning how to replace all the pure mathematicians who
relire in the 80's with statisticians, operations research people and computing file. Here it
seems - in the absence of an objective analysis ~ that equally unsatisfactory and even anti-
scientific policies are going to be adopted.

(I} It was argued that the necessity of setting priorities for the allocation of funds and

-for the sponsoring of activitics is neither a temporary or rcgional phenomenon, nor

restricted to, for instance, the developed capitalistic countries in economic crisis, nor to
developing countries with their strongly felt nceds for reasonable aliocation of scarce
resources, There might be a general tendency towards “rationalization”, also in the
university system. The amount of open problems which are treatable from a methodo-
logical point of view will exceed the manpower 2t hand under all circumstances. Here
mathematics may be said to poessess a rather favourable position, as compared with more
expensive sciences like physics. However, mathematics will also be confronted with the
necessity of intensifying its own activities. )

The reason for this pressure was seen not only in financial conditions, but rather in the
very inherent process of mathematization itself, which is beginning {0 make mathematics
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applicable on a large scale, a fact wluch raises big expectanons to, ma!hemat;cs in many
non-mathematical quarters, : C

"'4 avy Internal malherﬁa;icél p}pgress and the enhanced role of mathematical méthods in

other sciences and in technology lead to a drastic expansion of mathematical training. At’
this point a longer debate’ about “dead wood”, defined as <concern with pathological - -
situations, and the costs and risks connected with cutting off living. wood, tock place...
It reflected the "lack of objectivity™, the need for a more profound analysis of the
dynamic interplay between the development of “mathematical concepts -and our under:
standing of real processes. :

(V) 1t was not possnble to draw common conclusions from this part of the discussion.
On the one hand, it was seen as a test for the trustworthiness ofmathcmatu.s whether we
are able to establish objective procedures for “fair competition™ between mather:atjcal
producers and between mathematical theorics and methods. On the other hand, the
historical character of mathematical theories. was pointed out: reality should supply the
criterion for relevance in the last instance. but mathematical modelling. like every scient-

- ific activity never constitutes a“duplication of reality but ratlier an approximation. It might.. -

be justified, in this connection, to quote from the greetings by . P. Kahane to the work-
shop: "The only ccrtitude is that science will grow and will move. It is intercsiing to grasp -
instantaneous tendencies, or 1o find where @ new impulse is needed. But I fear that our
experience is too short for a prediction, say, for 20 ycars, a fortiori, for decilding tha: there
are ‘open problems the importance of which is ... not to be changed by re<cvaluarion at a
later time’ (Haken). My fecling is that open problems.are esscntial for the motion of mathe-
matics, and they change according to this motion. In the intcrplay -betvween problems,
thcorcms lemmas, theories, and definitions, how proble ms die and are forgnncn is sur-
prising ara f rst look. Actually it is quite natural”. : -

Estiimated future tions bctween pure nnd "applied” mathematics.

Several parhcnpanls expressed a scepncal view as to the possibility of distinguishing between
“practical™ and “purely theoretical” problems in mathematics, Instead of discussing which
mathematical . branches, theories and methads are superior in practical relevance, they
suggesled concentrating on a new, more conscious type of mathematjcian. This sugeestion
teferred to experiences common to many mathematicians who have (\~0r}<cd in indust;ial-or
other types of practical consulting: the changing nature of the one and sane practical
problem, and the well known phenomenon that many practical problems lexd to
mathematical problems, which are, in their first form, solvable neither by mathematicians
nor computers. By taking into consideration features specific to the concrete situation, one
may end vp with a revised malhemahcal problem, containing more information and
looking more complicated than the first one, but which may after all be solvable. So, if a
problem of applied mathematics is formulated, it is a problem of “pure mathematics™. And
any part of mathematics may enter the scene af that stage. : ‘
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In the discussion, there was a general agreement about the main lines of the:“transform-
ation of problems” described. From one quarter, however, the latent arbitrariness of this

“Aransformation was criticized for being idealistic and agnostic. It was also-asked what
percentage of mathematicians presently -engaged in second rank research within pure
mathematics are actually capable of carrying out the kind of cooperative work in question.
To enable university mathematicians to play a part in assisting people in the engineering or
science departments with their problems would require -at least some.additional expertise
as well as drastically changed attitudes within the mathematical community towards
applications.

The possible use of computcr$ for supporting — or substituting —
human capacity in mathematical research.

In their introductory remarks some of the panelists provoked a rather broad, and at some
points very animated, debate on the prospective use of of computers within mathematics.
It was suggested  distinguishing between different objects of computerization of
mathicmatical rescarch activities: .
(1) 1t was reported that the problem of representation of mathematical knowledge has
meanwhile been solved in principle. In view of the limitations in memory capacity and in
" spred of computation one has however to look for more comprehensible forms of
tepteertation (1),
(1) A lot of work being done in the ficld of verification of mathematical knowledge with
the 2id of computers was referred to. As for the immediate future, strongly improved
{combinations of) methads, conceming how to check given proofs™ or “ideas™ and how
to fill in the missing details by purely routine procedute, are to be expected (2).

1. M. Laudet, D. Lacombe, L. Noln, M. Schuetzenberger {cds.), Symposium on automatic demonstra-
tion, Versailles 1968, Heidelbe:g-New York-Westberlin 1970,

2. J. Herbrand, Badania nad teorja dowodu, Récherches sur la théorie de la démonstration. Prace
Towarcyshva Naukowego Warszawskicgo 3, 33. Warszawa 1930,

G. Gentzen, Untersuchungen uber das logische Schliessen. Math, Zeitschrift 39 (1934-35), 176-210,
405-431. Reprinted in: M. E. Szabo (ed.), The collected papers of Gerhard Gentzen. Studies in logic
and the foundation of mathematics. Amsterdam-London 1969.

R. B. Banerji, M. D. Mesarovic (eds.), Theorctical approaches to non-numerial prablem solving. Pro-
ceedings of the IV Systems Symposium at Case Western Reserve University. Heidelberg-New York-
Westberlin 1970,

Selccted Advance Papers of the 4.th Int. Conf. on Artificial Intelligence 1975, 2 volumes. Ttlisi
1977,

H. Wang, Toward mechanical mathematics. IBM Journal for Rescarch and Development 4 (1960).
Reprinted in: HW.: A survey of mathematical logic. Peking-Amsterdam 1963, pp. 224-268.



A

Estimated Future Trends = v . - 51

(M) -As regards the creation of mathematical knowledge several approaches were mention-

" ed, none of-them, however, so far being completely implemented in computers. Random

generation of idcas, symbolic manipulation, interactive graphical systems and leaming
robots are already in successful operation in industry. But computer-aided generation of
new mathematical hypotheses will still need a Jong time, and as a minimum it will have to

"wait until we have detenmined in operational terms, what good mathematics really is —and -

l'ound out how to tell it to the computer (3)

ln the debate, several comments stressed that'the importance of human activity in future
mathematics will not decrease, even if supported by capable computers. It was argued that
many problems will keep outside the capability of computers unless mathematicians are
involved: The subjective aspects, the motivation for the activities undertaken by the
individual mathematician, will be decisive for future progress within mathematics and for,
the realization of parts of mathematical tesearch. ‘

v

Dependence of the future of mathematics on a widened mathematical training.

If the trenid of increasing interdisciplinarity continues, if mathematics becomes stiil more

~ applicable, and so — in the last instance — more. dependent on fruitful 2pplications,
‘mathematics as a science has no future independént of a progression of quality of

mathematical training at i} levels. This concern was expressed repeatedly in the discussion,
and the still predominant underestimation within many mathcmatical circles of- luachmg
was strongly criticised.

One crucial point seems 1o be the following dilemma. On the one hand it is nowadays both
useless and impossible to teach everything that is known, on the otherthand the opposite

- strategy, to concentrate only on what is important, demands highly intricate considerations.

Further the necessity of changing contents and rearranging curricula towards 3 better:
methodological training, concerning for instance how to apply mathematics, where to go
and get the most relevant information etc., was claimed.

From another quarter it was reported that teaching "to order i.e. developing and tcach-
ing specific training programmes for various needs, is coasndered an original scientific con-
tribution in certain socnahst countries, :

3. G Polya Mathematics and plau<ﬂ)le reasoning. lnductlon and analogy in ma!hcmatlcs (VOI 1), Pat-
" terns of plausible inference (vol. 2). Princeton 1954. .

M. Boden, Antificial mtclhgcn(:c and natural man, London 1977.

P. Hajek, T. Havranek, Mechamzmg hypothesis formation, Hc‘dclbcrg-Ne“ York-Westberlin 1918

D. A. Waterman, F. Hayes-Roth (eds.), Pattern directed infesence systems, Proceedings of a \\orkT
shop heid at Honotulu, Hawai (1977). New York 1978.
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Problcms of the socml responsnb;hty of ma(hemahcnans

. -By the panehsts as well as by other participants the ex:stencc of responsnbxhty on the part:
of mathematicians was claimed — but questioned too. It was argued that every mathemat-
ician is quite familiar with situations where mathematics is used to prove completely wrong
results starting from wrong axioms. So, mathematics is not responsiple for the use and mis-

us¢ made of it. Mathematics in itself does not influence reality, only the hands which use
mathematics.

More directy, it was asked whether we could expect in the future to have to raise the
question whether or not certain areas should be excluded from research ‘on grounds
similar to those discussed in connection with genetic engincering.

In suggesting an answer to this question one specific aspect of mathemiatics was pointed
out: that theoretical results of mathematics can be used in many different connections.
This :nakes it particularly difficult for a'single research mathematician to find out whether
his project is part of a larger framework.

. Another participant asked whether mathematics as a whole could yield a model of rational-

ity for other sciences and cven for social life. But even in the face of possible and already
existing misuses of mathematics the participants expressed their conviction of the funda-
mental importance, in the long run, of mathematics for the intellectual progress of man.




3. Difficulties and Possibilities in Dissem- .

1nat1ng and ‘Popularizing Mathemat1ca1 Ideas,iv-

Methods and Techniques. to Co]]eagues W1th1n
Other Mathemat1ca1 F1e1ds and to the world

at Lardge

Reinhard Selten

Accessibility of Mathematical Results

Researchers in other fields often find it extremely difficult to read matheéma-
tical papers and books which may contain valuable results useful for their own
“work. Partly this is due to the nature of the subject matter, but-partly also to
the style of presentation. Obv1ously somethmg should: be done in order to
improve the situation.

Unfortunately the career opportunities of a research mathematician do not
depend very much on the utility of his work for non-mathematicians. Scienti-
fic recognition is based on the judgment of fellow specialists, who do not sufv
ficiently apprecnate an effort to be understandable to outsiders. -

Even if it appears to be very difficult to suggest effcctwe ways to change the’
unfavorable academic incentive structure, some ideas may be worth trying.
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It may. be possible to find some source of financial suppdrt for special awards -

to those" who make outstanding contributions to the.improved accessibility - -
of recent results. The amount .of money involved need not be very great, but .

it must be substantial in order to emphasize the importance of the scientific
achievement. o

Another approach would be directed towards the reduction of the cost of
supplying accessibility. Many mathematicians might be willing to change
their style, if they were made aware of easily applicable rules which improve
accessibility. Of course we do not have a set of such rules, and a research ef-

fort would be needed in order to find them. We do not even -know what .

distinguishes well written mathematical text books from badly written ones.
As far as I know, questions of this kind have not yet been investigated in a
systematic empirical way.

There are several books on statistics which succeed extremely well in present-
ing advanced techniques to a broad public of non-mathematicians, who have

.to make use of statistical procedures. More than other fields of mathematical

knowledge, statistics is user-oriented. The need for user-orientation will be-
come stronger for other subjects, too, since more and more sCientists in an
increasing number of fields feel themselves confronted with the necessity to
construct and to analyse mathematical models of empirical phenomena.

Mohammad El Tom

The Proliferation and Popularization of Mathematical Results:
The Needs of Underdeveloped Countries

I. T would like to view the proliferation and popularization of mathematical
results in underdeveloped countries as a tool for the achievement of two re-
lated goals:
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1..National.(material and cultural) development
2. Promohon of mathematlcs

,The second goal may be vnewed as a proper subset of the ﬁrst one-if it is ac-

cepted thal mathematics is necessary for development

It is instructive to brleﬂy indicate the dlfferent settings under which. prolife-
ration and popularization takes place in lhe industrially devcloped and under-
developed countncs :

In a typical industrialized: country there exists a well-¢stablished an“d fully-
fledged mathematical community possessing a reasonable’ rescrvoir of resour-
ces and a diversified and efficient. communication system. Moreover, malhe-

" matics pervades, with a varying degree of sophistication alimost all spheres of

human activity. Thus-there is a large pool of users whose interests cover a’

‘wide range of mathematics. All this makes the need for mathemancs genuine-

ly felt by socnety at large.

In conlrast, the mathematical community of a typical underdeveloped coun-
try is both young and small (in many cases a-community hardly exists). Ma-
thematics is generally used at an clementary level and by a very limited and
well-defined group of professnona]s (mostly engineers). Add to this a relative-
ly high degree of illiteracy and you end up having what Professor B.F. \ebres
of the Philippines apt]y calls a "hostile environment” within which mathuna-
ticians work.

1. I distinguish between three kinds of audience toward whom proliferation
and popularization efforts may usefully be dirccted; each group having its
own particular needs. These groups and their needs are as follows:

A Literate scctions of the masses. What is needed at this-level is to bring the
power of mathematics to members of these sections (peasants, workers,
nomads, fishermen, etc.y through the popularization of mathematical
techniques which have as wide a range of applicability as possible to con-
crete problems which themselves ought to form the starting point in such
efforts. What is certainly not needed are works in the spxnt of L. Hoc-
ben’s Mathematics for the Million™.

B. Scientists (including mathematicians), professionals, senior ofﬁcnals and
executives. The appreciation by members of this group of the bcauty, po-
wer and limitations of mathematics obviously constitutes a most signi-



56 ) B M.El Tom

ficant step toward the realization of objectives ] and 2 above. Besides
familiar publications dealing with applications of mathematics to
economics, biology, ect.; I believe that there here is a need here for publi-
cations dealing with the use of mathematics in important developmental
areas. This may take the fonn of an exposition of a specific area of ma-
thematics with illustrative applications on problems arising in under;
developed countries or a (team) report on a specific developmental pro-
blein. ' .

~C.Mathematicians. Besides publication of an interdisciplinaty character
referred to above, it is important to systematically make available for.
this group expository articles on recent major mathematical discoveries
that span more than one area, i.e., results that build horizontal connect-
ions (e.g. Atiyah-Singer index theorem). Apart from their intrinsic
educational value, such publications would certanly help mitigate the de-
trimental effects of the familiar problem of academic isolation.

III. 1t is quite cvident that popularization efforts aimed toward the masses at
large can only be efficiently carried out by local mathematicians (individuals,
societies, study clubs, institutes, etc.).- Moreover, besides publications, local

- mathematicians ought to make use of the hitherto almost untapped potential

of educational technology (essentially, radio, TV, and film) if they are to
realize a wider and fuller impact of their efforts. -

While the needs of members of group B may be effectively met by cooperative
efforts on national and/or regional levels utilizing “internal™ resources, inter-
national cooperation would secm to be necessary for any reasonable satisfact-
ion of the needs of group C.

IV. There are a number of problems that stand in the way of the realization
of the ideas outlined above. Perhaps, the mnost important of these concern the
availability of authors and publishers/producers of relevant material.

A typical mathematician in an underdeveloped country works in an academic
institution which typically promotes its members according to traditional im-
ported criteria of publications in international scientific journals. Thus it is
cvident that unless these institutions introduce important modifications in
their promotions criteria, no scrious and systematic cfforts at popularization
are likely to materialize; indeed, no worthwhile scholarly activity in science as
a whole is likely to get off the ground.




.

Needs of Underdeveloped Coiintries o V : oo

"The smallnéss of scientific (especially mathematical) communities of underde-

veloped counlnes makes uneconomical the publication of material aimed at -

- audiences B ‘and C. An apprecrablc enlarynent of the marl\et is possible by

aiming publications at regional groupings or even at. all undcrdeveloped'
countries. I suspect that even in the latter case international publishers will
not feel enthusiastic about entering the market. Moreover, a larger market

introduces a language problem (Enghsh French or Spamsh" not to speak of
national languagcs)

For a solution of these two and related problems, I propose the following: —

(i) Acadcmic institutions in underdeveloped countries should so modify
their promotion criteria as to give adequate recognition to works on the
proliferation and popularization of mathematics. . : .

(n) The proposed "International Centre for Pure and Applied Mathematics
and Development”, if and when created, should make the prolifetation

‘and popularization of works aimed at third world scientific commu- -

“nities at large an integral and permanant part of thcu’ scientific
activities.

V. To sum up, then, the achievement by underdeveloped countries of the
related goals of total development and promotion of mathematics is ultimate-
ly conditional on the existence of large sections of the societies of these

_countries who are sufficiently appreciative of the power, limitations and beau-

ty of mathematics and, indeed, of the scientific endeavour in general. The pro-
liferation and popularization' of mathematical results toward the masses,

“scientists and professionals is.a powerful tool for the establishment of such ap-

preciative sections of societies. While intcrnational cooperative efforts, play, an
important role in the achievement of a wider and fullér impact of this tool,

. the role of local mathematicians remains decisive.
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Ronald A. Scriven

The Comrpunication of Mrarthemaﬁrcal Results to tﬁe Real World

The total number of scientific and mathematical papers published today is
enormous and reflects more the .need for research workers to establish their
reputation in a particular field than the rate of advancement of real knowled-
ge in that field. The chance that a given paper is read by more than a few
people is small and this is particularly true in mathematics,as was shown in the
survey by.Woods and Fox (IMA Bulletin, pp 379-381, 1973). What is the
chance, then, that academic papers in pure or applied mathematics are read by
workers in the real world of applicable mathematics or vice versa? What is the
chance of increasing this chance by creating a commmon forum to which wor-
kers of all colours in the mathematical spectrum will contribute and likewise
receive based upon informativeness rather than respectability?

It has to be said at the outset that, human nature being what it is, the answer
to both these questions is “’very small, and much smaller than it ought to be™,
Having said that T want to mention briefly the work of two organizations in
the UK of which I have first hand knowledge, whose aim is to increase contact
and interest across the muthematical spectrum, particularly with a view to (i)
increasing the involvement of academic mathematicians with real world pro-
blems, and (ii) motivating their students to do likewise.

First and foremost the “Institute of Mathemnatics and its Applications™ was
set up over a decade ago by leading British mathematicians with these very
aims in mind. It currently has a membership of around 7000 mathematicians
from all walks of life including the universities, schools, polytechnics, in-
dustry, commerce, government service, and so on. It has a small, hard-work-
ing, permanent administrative staff who service all the numerous activities of
a professional Institute including the publishing of a learned multi-interest
joumal and a lighter, very popular, monthly Bulletin”, together with making
arrangements for meetings and conferences on a wide variety of mathematical
topics of interest to its diverse membership. As an officer of the Institute for
several years with responsibility for the meetings and conference programme I
may be forgiven for saying a few more words about this important part of the
Institute’s activitics. Having noted the inefficiency with which published ma-
terial in leamed journals communicates “live’ mathematics and developing
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tcchmques to the user it is extremely important that t]m gap should be filled
by a lively and topical programme of meetings and confcrences. where the pro--
ceedings are published rapidly after the eévent. By this means current activity
and new results are commumcatcd to the uscr and the stlﬂmg rcqulremcnts of

respectability are avoided. ‘Mathematical elegance is usually achicved-after the .

real progress has been made. and it is important in the rcal world that progress

“should be put before perfection. By way of example the meetings/confcrences. -

that the.IMA has held recently have covered topics ranging from the flow of .
marine traffic to catastrophe theory and from financial investment to the
flow of granular materials. Specialist groups within the Institute on numerical
analysis, control theory, and environmental mathematics have becn formed to

_ foster contacts and communication within these important applications arcas

and further groups will be fonned as interest in new arcas increases.

A second 1mportant but smaller development has been the formatlon of Study
Groups with Industry -at Oxford -University Mathematical Institute.. These
meet once a year and mathematicians from industrysor commerce with pro-

“blems involving the analytic or numerical solution of differential equations of ~

all types spend a week at Oxford discussing their problems with the academic
staff. Staff and postgraduate students are allocated to problems according to’

interest and after the residential workshop is over follow up is done on a per-
sonal basis until satisfactory solutions are found. In this way interesting pro-

blems are brought to the notice of the staff and industrial representatives not .
only receive help with their problems but have a valuable mini-sabbatical in
congenial surroundings.

-

. Finally, l-\vould like to return to my first point-regarding the concentration of

mathematical research activity in areas which are deemed to be respectable
and publishable, even when they have little if anything to do with the real
world that provides the financial wherewithal for this activity to continue.
Perpetuation of this activity has its influence on the rescarch and motivation
of postgraduates which in tumn affects the training of graduates and the con-
tent of graduate courses and this influence percolates down through the whole
educational system into the schools, affecting the next generation of potential
mathematicians. In particular, able pupils and students may be put-off"
mathematics for life by being presented with too much abstract mathematics '
too early in their careers. A more balanced diet is required in the formative
years when the majority can readily appreciate the power of intuitive ideas
and elementary applicable mathematics. Even arithmetic proficiency in the -

59
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young school leaver would be a step forward in this presént day and age. We
scem to forget too readily that the strides made by the great mathematicians

-of the ,past'like Newton and Gauss were motivated by a personal interest in

solving the real world problems of their time rather than an interest in study- .
ing mathematical structures per se. It is surely more important for mathemati-
cal educators in general to follow this lead and motivate the young into using
mathematics to study all aspects of the world they see around them rather.
than to tread the narrow road of current academic activity.

1 have mentioned two developments in the UK which are aimed at closing the
gap between academic and real world interests in mathematics. No doubt the-
re are more individual initiatives within university departments which deserve
more publicity and encouragement. I have also made comments on the way
academic attitudes and activity at the rescarch level have adverse effects
throughout the whole educational process. Much needs to be done and attitudes
need to change on both national and international scales if these problems are
to be solved in spite of professional selfinterest. I hope that the efforts of the

- Roskilde workshop is an international initiative that will be contmued long

after the participants disperse.

Boris V. Gnedenko

Popularisation of Mathematics, Mathematical 1deas and Results in the USSR

1. Mathematics is everywhere in our knowledge of the real world, and in the
practical life of modern society occupies an exceptional place. However, very
often, many persons for whom mathematics is essential for scientific or for
practical activity are badly informed about its possibilities, ideas and results.

2.Now there arises a necessity to popularise mathematical knowledge, to de-
monstrate its efficacy for solving practical problems. Moreover this propagat-
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" .ion must .concemn not only pupils’ teachers, but also medical- doctors, bio-

logists, engincers; economists, specialists .in ‘agriculture and workers. This'last
category of recipient is very important, in sofar as the modern worker not

" only executés a monotonous sequence of actions, but takes someé basic de-

cisions for control of. technological.processes or for quality control. .

3. Naturally the propagation of mathematics must touch not only applied
aspects but also general ideas, tendencies of development of mathematics, its
history and philosophical problems.

4. Each group of recipients needs a special approach. It is impossible to pre-
sent the same question by the same method for schoolboys and engineers. It |
is necessary to take mto account the |ntercsts and intellectual level of the re-
cipients. : '

S. Dunng the last forty years 1 have had to gwe many lectures for tecachers and _
workers, for university students and cn_gmeers, for soldiers and the general
public. I change not only the style of exposition but also the titles of the lec-
tures. For example, the lecture “The place of mathematics in knowledge of
the real world” 1 give for students and for engineers, but for soldiers and
workers I give another name "Why is it necessary to develop mathematics?”
I must add that the contents of the lectures were also very different: examp-
les, general ideas, not solving problems and so on. . : ~

_ 6. The propagation of mathernatical kn(;'wledge is carried out in my country .

in several different ways:
a) Universities organize public lectures,
b) Universities and the schools organize mathemahcal cnrc!es lectures and
mathematical olympiads for schoolchxldren

c) The society Znanie (Knowledge orgamzcs separate lectures and cycles of

lectures for-specialized audlences ana-for a]l needs in different cities and
in the country, e

d) The society Znanie and the publishing house "Naukal(Smence) publish
several series of booklets. Individual popular books are publnsnu.\by ma-

ny pubhshmg houses — Znanie, Prosvesthenie (Enlmhtenment) ,

7. The series of booklets of ”Scnence" “have the name.”A library for school
mathematics circles”, that of the society. Znanie consists of twelve little books

(64 pages). The price of one.such book is 11 copecks, and about 50.000 are

T~

LN
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_ printed. Some examples are: .

V.G. Boltiansky, Optimal control = ; E E - -
-V.1. Levine, Ramanujan, : '
B.V.Gnedenko, Some ideas in queumg theory,
N. Bourbaki, Architecture of mathematics,

AN. Kolmogorov, S.L. Sobolcv and other, New ideas in mathematical '

education,
. .M. laglom, Mathematlcs and the real world.

8.1 think it is well timed to organize international series of booklets for po-
pularisation of mathematics, its ideas, its connection with the real world and
its history. Historical booklets must be in general not biographical in charac-
. ter, but on the history of mathematical ideas and mathematical creation.

Avi Bajpai
An Editor’s View

In a modern technological society the role of mathematics as a subject in its
own right as well as a support discipline is bound to be a crucial one. We all
know of many instances where children have shied away from mathematics
during their primary or early secondary education. Lack of interest in mathe-
matics prompts the children to choosc non-mathematical subjects in their
schooling which naturally affects their choice in further and higher educat-

ion. The problem of children not opting for mathematics is often found in de- -

veloped countries. It is, however, much more acute in the developing coun-
tries which are competing with technologically advanced countries and are
losing out in their serious attempts to raise the standard of living of their
people.

My own experience and background has often led me to compare the situat-
ion with regard to mathematical education in the developed as well as de-
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veloping countries. What has struck me niost is the shortage of suitably qua- -

. lified. mathematicians- who have first hand -experience in how to “apply”

.- mhathematids to *'real” problems. Many are even unaware of the sources from |
- which they could get some background information on applications of mathe-

matics in science and technology. There is obviously an urgent-need for ma-
thematics to be made relevant, applicable, meaningful and most of all, inte-
resting and enjoyable to school children. If the children are fascinated by the
subject for whatever reasons, the task of those who teach them becomes that
much easier. : ' ’

The third session at this Conference 'is concerned with proliferation and .po-

" pularisation of mathematics. I have no doubt that we must make mathematics
popular within the mathematics community and very much so with thé

users” of mathematics. I strongly hold the-view that any attempt to achieve
this objective is worthwhile. We did this by starting, with the collaboration of
Professor W.T. Martin of Massachusetts Institute of Technology, the "Tuter-

‘national Journal of Mathematical Education in Science and Technology” in

1970. It is-now in its ninth year and has an international Advisory Editonal
Board, some of whom are mathematicians but many ‘are "users” of mathe-
matics. They help in formulating the policy of the Journal, which is to benefit
the teachers and users of mathematics in an inter-disciplinary context. To

' amplify my point I quote below the Aims and Scope of the Journal.

g . . . - . ) . .
"Mathematics is pervading every study-and technique in our modemn world, bringing ever

" more sharply into focus the responsibilities laid upon those whose task it is to teach it.

Most prominent among these is-the difficulty of presenting an inter-disciplinary approach
so-that one professional group may benefit from the expericnce of others.

This journal exists to provide a medium by which a wide range of experience in mathe-
matical education can be presented, assimilated and eventually adapted to everyday needs
in schools, colleges, polytechnics, universities, industry and commerce. Contributions will

" be welcomed from teachers and users of mathematics at all levels on the contents of

syllabuses and methods of presentation. Mathematical models arising from real situations, -
the use of computers, new teaching aids and techniques will also form an imprtant feature,
Discussion. will be encouraged on methods of widening applications throughout science and
technology. ' '

The need for communication between teacher and user will be emphasized, and reports of

~ relevant conferences and meetings will be included. The intemational experience collected ‘

in these pages will, it is hoped, provoke a discussion bringing clarity to mathematical edu-
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cation and a better understanding of mathematical potentialities in all disciplines.”

. This poses two very important questions. Firstly, what means should be adop-
ted by the leaders- of the-mathematics community, some of whom are
gathered here in_this Conference, to make it possible for a large body of
teachers teaching at various levels and for students to benefit from what al-.
ready cxists. I do not believe that there is a need for more journals to be start-
ed at this juncture, That certainly would be "proliferation”. Instead, what
should be considered very seriously is how to extract the useful information.
that exists in current journals and circulate it to wider audiences in all parts of
the world at an economic cost. Secondly, most people comment that mathe-
matics books are difficult to read and understand, especially by the "user”,
We nced mathematics books written in simple langnage with motivational
examples for the type of user they are aimed at and published at an economic
price. The price is an extremely important factor for developing countries,
which often cannot afford the foreign exchange required for buying good

. books published in developed countries. 1f publishers were willing to co-ope-
rate, they could commission authors from the developing regions to collabo-
rate with authors from developed countries to write such books. The books

then could be printed and published very cheaply in the developing coun-
trics.

In conclusion, 1 strongly recommend to the national and international com-
mittces on mathematics instruction, particularly the ICME, to determine ways
- and means of spreading much useful and relevant information on mathemati-
cal education, already available in existing journals. Furthermore, positive
steps should be taken to produce cheaply short monographs on mathemati-
cal topics with particular relevance to the needs of the “user”, written in col-
laboration by authors from developing and developed countries.

Summary of the Discussion in Session 3.

In the discussion different points within a relatively broad spectrum of topics were com-
mented upon. These points were mixed up with each other, which inspired some of the
participants during the session to suggest various distinctions in order to categorize the
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topics touched upon and to structure the discussion at large. Although the impact of these
-suggestions on-the course of the discussion was not in reality very marked, tiie following -
resumé of -the discussion to some extent, but not completely, reflects categorics suggested
during the session. These categories are: "'Dissemination within the developed-world. of
i Mathematics to non-mathemnatical users, in industry, in other scienées cre.”, "Disseming- -
tion of mathematics to developing countries and to underdevcloped regions of developed
. countries” and "Dissemination of mathematics to children and students.
, .
| Other categories were also suggested but were not, or only periferically, treated in the dis-
cus:iqz: dissemination of mathematics within one subject to mathematicians working in
other areas of mathematics, dissemination of mathematics through mass media, dissemin-
ation.of mathematics to politicians and decision makers. It was stressed by one of the
participants that the goals related to the different categories of dissemination should be

. -made_clear, and that these goals should not be expected 1o be the same.or t0 imply the
s same consequences . ) . . \

I
|

The dissemination within the dei’eléped world of mathematics
to non-mathematlcal users, in |ndustry, in other sciences etc.

This section of the dlscussmn took its starting point in the panel contributions by Remhard
Se]tcn Ronald Scriven and Boris G nedenko

N On'the ﬁ(st‘point within this section the pane} was asked what could be done to disseminate
mathematics to potential users who are not interested in mathematics for its own sake and
.are often even hostile to mathematics. Selten found the most urgent task to lie in bringing
mathematics into a form attainable without an unreasonable effort to those users who
alfeady want it..Scriven answered that accdrding to his experiences with enginecrs,
chemists etc., users tend not to apply mathematics even if one tries to encourage them,
bring them to meetings and the like. It scems that there exists a level of confidence
towards mathematics, varying from person to person, which has to be surpassed if the
person is to take up mathematical tools deliberately. Gnedenko agrced on the necessity
- of investing some effort in showing users how mathematics can be of use to them. In

Moscow University supplementary education in mathematics through special threc-year- -
courses has been offered for 15 years to engineers, many of whom have shown much

~
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_interest in 1akmg up the offer, and now many engmccrs use mathematical met]vods in
their technical wotk. N = - =

One participant wamed against the danger of exaggerating the eagerness to convince non-
mathematicians that mathematicians can help them in solving their problems. In many
situations they would be happier, if they could solve them without using mathematics.
On a slightly different track of the discussion’a participant from Latin America reported :
on experiences with building up in his country a new institute of mathematics, which
aimed at mecting regional needs and demands of development, closer to real world
problems than is seen in connection with traditional mathematical institutes. In order to
fulfil these aims the institute had appointed non-mathematicians (engincers, agricultural
and medical scientists and so on) as staff members. This was based on the philosophy that
if mathematicians undertake applied mathematics, they produce theoretical applied
~mathematics rather than involving themselves directly in problems of reality. This
difficulty as well as the answer suggested to it was considered to be the same in both
develo;nng and developed countries.

Similar experiences with employing non-mathematicians in mathematics institutes were
gained with cngineers at a department in a European country.

From another quarter a participant from Eastern Europe stressed the same problems and
aims as were reported from Latin America, but pointed to a sorewhat opposite kind of

i solution, tried out with success' in his country. There a group of mathematics professors

! worked for two years in industry in collaboration with engineers and physicits who already

knew a good deal of mathematics and were rather sceptical as to the possibility of
obtaining further real contributions from university mathematicians. In half a year, how-
ever, they changed their opinions and even wished to receive mathematic students in their
factories. Now in many sectors so-called application groups, with about ten mathematic-
ians working on industrial problems, have been established. These groups do not ask
"what mathematical problems do you have?”,but "what concrete problems do you have?”.
It has turned out, in addition, that these concrete problems often lead to very interesting
mathematical problems, which can be treated more thoroughly by university mathe-
maticians. And this in turn has also had 2 positive impact on the education of mathe-
maticians.

It was reported by another participant that similar activities have successfully taken place
2t a university in the UX. on the initiative of the National Science Council, which
circulated the idea to all universities in the country, of which only two responded. A study
group between mathematicians and industry has now for 5-6 years considered mathemat-
ical problems arising in industrial contexts and has selected about five of them for closer
investigation, where people from industry spend a week in the milieu of university
mathematics discussing the problems with interested staflf members, trying to formulate
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these problcms dlfferently etc, and with PhD-students allocated to them. -

Other contnbuuons along the samic lmes reported on similar expenences with collnborahon
of mathematicians and non-mathematicians. It was stressed that such initiatives should not
be limited to industry; parallel problems and parallel activities are just as relevant when .
dealing- with other aspects of dissemination of mathematics, at governmental level in admi-
nistration, planning, resource allocation, and in connection with other sciences which could
gain much help from mathematlcnans working in groups with advanced sciéntists.

Another participant found that mathemalicians not working in universities were forgotten
in the discussion, although they may be contributing to the process of dissemination and
‘popularizing mathematics. How to arrange and keep contacts between universities and such
mathematicians, working in industry and the like, once they have left the universities? One
problem here is that many companies are probably not willing to give mathematicians

~ employed by them sufficient time to participate in sich contacts. Another problem i is that

university mathematicians do not know very well what could be appcalmg to mathematici-
ans outsxde universities. . ’

)

- Dissemin‘a’lion of mathematics to develop'ing countries

and to underdeveloped regions of developed countries.

That part of the dlscusslon which is categonzed under this heading was prunanly initiated
by the panel contribution by Mohammad Ei Tom

At the beginning of the discussion it was asked if theré exist any studies on the correlation
between the mathematical level of a given country and the state of economic development
of that country. No answers.to this question, with particular fegard to mathematics, could

be given by the panelists or the audience, only studies correlating general human/sucnuﬁc '

capital and economic dcvclopmcnt seem 10 exist.

One participant_ found that pcrhapskwe should direct ourselves only to developed countries, -
because ‘a .major problem is that in developing countries the governments, for obvious
reasons, are much more concerned with raising the standard of living than with developing
mathematics, so that the boundary conditions for the dmussuon are widely different as to-
developing and developed countries.
This contribution was strongly opposed by Mohaminad El Tom, who emphasized that he
had not asked people to direct some-of thcir efforts 1o work with problems of develeping
countries. On the contrary he found it necessary for these countries to become self-reliant -
also in this respect, but since it is hard to obtain such a self-reliance and since many
problems with the functioning of mathematics in society lie within the intersection of
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concern of the mathematical community at'large, he could not accept that the problems
~-of developing countries be kept out of the discussion. -

“Another participant suggested that” one of -the reasons for the lack of application of -
mathematics in developing countries could be found in the absence of.industry producing )
technology, so that a demand for mathematics and mathematicians is not very strongly
raised.

From another quarter it was stated that the problems of disseminating mathematics to
developing countries have analogous counterparts in the problems of disscminat‘ing
mathematics to underdeveloped regions or underprivileged groups in developed countries,
for instange in USA. These problems should be seriously faced, and initiatives should be
taken to start tackling them.

Along a different line in this part of the session, and with relations to the first part, some
conditions for disseminating mathematics to various receiver groups were pointed out.

As one such condition, the importance of which was supported by referring to the process
of acceptance of ideas and methods from Muslim mathematics in the mathematical com-
munity of the Middle Ages in Europe, the following was mentioned: the crucial role of
Iocal scholars who digested and transformed the new ideas into a form compatible with the
existing knowledge and pattern of thought. Not until this transformation had taken place,
were the new ideas accepted in the learned world at large. 1t was found that this condition
holds for present timncs as well, and for both developed and developing countries.

This point of view was further elaborated by another participant, who emphasized the
necessity of focussing on the type of transformation needed in the process of dissemina-
tion in order to recognize its character. One observation could be made already, that is that

things o not move by themselves, something serious has to be done, if the process of
transformation is to take piace at ali.

Disseinination of mathematics to children and students. ,
The starting point for this last section of the discussion in Session 3 was found in the panel
contribution by Avi Bajpai.

From the audicnce it was asked by what objective methods it could be measured that the
level of mathematical ability and proficiency of school children had actually gone down, as
stated for India. The fact that parents and teachers are worried does not suffice for a proof;
parents and teachers have always been worried.

Avi Bajpai answeréd that with the introduction of modem mathematics in school a type of
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mathematics which neither appeals to parents nor 1o teachers (because they are unable to
explain the modern methods to laymen) had been introduced. He found it sufficiently
established that a lack .of numeracy amongst children exists,-and that this causes great
concemn, with parents being afraid of a retardation of the career pOSSlbllllleS of ﬂxcu child-
fen, if thls madequacy remains. R

Another participant supported the observations mentioned by referring to an expcriment

with engineering students in subjects closcly related to mathematics, In this experiment
students were-given ten years old exams, with* only dates changed, and they managed
considerably worse than the student ten years ago, measured by marks and passing rates.’ -

The relevance of this experiment for the conclusions drawn was doubted by several parti-
cipants. One found the results not to be surprising at all when the change of curriculum is
taken into- consideration. Another one stressed learming as a social process, for Much

evaluation is extremely difficult.

Changing the line of discussion the following point of view was introduced: we should not
ask for as much mathematics and for as many mathematicians as possible. We' should not
want anyone who could become a mathematician to become oné, just as we do not want

‘anybody who could become a carpenter to become a carpenter. There is no risk that a

Gauss would be lost in our educational systems.
To this it was objected that the problem is not only that of losing potential future
mathematicians but rather frightening young people av-ay from taking other subjects in

which mathematics play a part. "

In another contribution it was stated that the capacity of acquiting mathematics is not a

- problem of gifts but of the total history in a social context of the individual. and on this

background it would be perfectly possible to lose 4 Gauss in our school systems.

This was agreed upon by a different participant, who brought the considerations fuither in

saying that many people, the names of which we could never know, had never had 2 chance
to acquire both the opportunity, the material basis and the motivation for mathematical
training. ‘An example, without names, was given of a leading mathematician who was a
seiniliterate peasant until he got the opportunity to get a special training.

-000-

Outside the three main lines of the discussion suminarized above, other comments on parti-’
cular issues were given throughout the session. Among these were the desirability, advocat-
ed by one of thé participants, or the non-desirability to let people studying mathematics,
whether with a view to taking up a mathematical profession or not, come into contact with’
open problems of mathematics.
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Another issue was the problem of producing good books and journals for mathematicians -
and for users of mathematics, for developed as well as for developing countries, at a suffici-

ently low-price. It was-suggested that such books could be produced in developing coun-

tries with cheap labour and.then exported to the developed countries. This was refused by

another participant, both because of political reasons and because of the distinct needs of

the developing countries, which make production of common books unreasonable.




4. Discuss1on and In1t1at1on of Concrete

In1t1at1ves

Summary of the Discussion in Sessnon 4.

A panel conmtmg of Ubiratan d'Ambrosio, Lothar Budach, Geoffrey Howson and Lee
Lorch opencd the last Session, which was devoted 10 an C\dmnge of ideas, concerning how
to forulate elements of a joint policy and which concrete initiatives should be taken

< towards this end. It was generally agreed not to draw 100 farreaching conclusions from the

debate of the workshop, because of the necessarily introductory nature of the discussions.
It was, however, felt that the multifaceted expcriences transmitted by people from: many
different countries and from many different fields could serve as a source of ld('aS and as

‘part of a basis for future work,

Some kinds of requcsted actlvmes

Among the many proposals, two kinds of activities seemed to be most ﬁrmly supporled by
the participants: '

(A) Mathematicians and mathematical societies should work to improve channels of

communication with individuals, groups and institutions that can advantageously
contribute to the application of mathematics for the benefit of humanity and from which

mathematics can derive new ideas, directions and problems.

»
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(B) One has to take ‘into-account the new global character of mathematics and to .,

cultivate cooperation between vatious parts of the world for the satisfaction of cultural

and developmental needs (x).

Several means of supporting such activities were discussed:.

1. The problem of incentives was mentioned several times: financial incentives and in-
centives of professional recognifion. Some participants warned against drastic administra-
tive changes, because of the danger of introducing present antiscientific tendencies.

2. Changes in the cureer pattem were proposed, with particular reference.to experiences
from some countries with more “coming and going™ between universities, industry and
government institutions.

3. A general change in climate within the mathematical community, concerning the
development of the social involvement of mathematicians and mathematics institutions,
was considered highly desirable.

4. In that connection, more theorctical work on “knowledge about knowledge” was
considered desirable. In other words, what are the concrete conditions and needs of
popularization and acceptance and of development and application of mathematics?

S, Finally, the role of international and national organisations’as well as of local institu-

tions and communities was touched upon. Some differences between the objective needs
of our time and the way in which most of these institutions still function were observed.

The following organizational means, ideas, and considerations were discussed in more
detail:

The character of the international conferences.

The character of international confercnces on mathematics, and the International
Conference- of Mathematicians in particular, was touched upon. Many participants found

that international conferences have an increasing importance as places of professional
contact. '

As regards the International Congress of Mathematicians (ICM), the work done by the
Consultative Committee of the International Mathematical Union (IMU) and the Panels

(x) Motions of similar contents were passed at the meeting *Mathematics and Socicty”, held at the
ICM 78, and a meeting "Mathematics and Development™, held at Bordeaux in November 1978,
respectively.
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for the single sections were recognized. But it was widely questioned whether the amount -
of time and energy, of ideas and initiative spent on the preparation of the ICM was.
reasonably invested, when considering “the arrogant narrowness” as a participant put.it,

. of a programme directed to scveral thousand mathematicians from all parts of .{he world .
. coming. together in one place for: ten days, .ot to speak of the fact.that very many.

mathematicians, alinost all statisticians, engineers and other users, and teachers of
mathematics have given up attending the ICM. It was argued that the traditional way of

“preparation by small anonymous and mostly selfrecruiting circles might be still very

efficient for the organisation of -research seminiars in limiteéd areas. In order to make the

" ICM a true expression of the mathematical life on earth, a-demand for a much broader,

more qualified debate on the concept and performance of next ICM’s was raised. It was
recommended that national and local malhemahcal communities should be included in
the prcparatory work of the ICM’ s.

Some suggestlons were made

l Tmly represcuiative survey lec!uret should be gn'en and speakers. should be selected

* and invited with-regard to their capabxllty “of graspmg and-expressing the main.trends and
the bearing ldeas in thelr fields.

2.A more careful and- balanced division of the whole boiiy of mathematics -into subfields -
was recommended and a more representative review of the applications of inathematics
was demanded. Some statistics on the total distribution of invited lectures to the IC M 78,

" in Helsinki, were presented:

- a!gebraandgeometry .............. R £ % 7 0
— analysis (with quantum dynamics and relativity) . . ... ..... e 49 talks

. — discrete mathematics and * "computer science” (one of the spcakers invited

to this section confessed not to have had computer experience exceeding

halfayear) . ... o 6 talks
— mathematics and social sciences . . .. .. oo e i i e e 2 talks
— historyandeducation . .......... ... Lo 2 tatks

It was stated" that the gap, shown by these statistics, between the classical mathematical
disciplines and areas which have grown up in the last twenty years cannot be satisfactorily
filled by parallel activities alone, e.g. of the Bernoulli Society for Mathematical Statistics.
and Probability, nor.by the diverse engineering- and operations rescarch- and other

‘matheinatics user’s socicties such as the Intemational Federation of Information Proces:ing

(IFIP). In the face of the accellerating specialisation and diversification of mathematical
activities, the main responsibility of the International Mathematical Union (IMU) was ‘
pointed out to be to defend the unity and the progréssive potential of mathematics not

4 by almost excluding applicational aspects but by incorporating the theoretical problems
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connected with the application of mathematics. - -

‘3. Some concréte proposals concerning the p'réblem of attracting the interest of the -
mathematical community to the interplay between mathematics and the real-world were
put forward:

(1) More emphasis should be given to those problems of pure mathematics which lie on the
border between pure mathematics and applied fields — yet which aren’t already exactly
problems of applied mathematics,

(11) The tradition of earlier ICM’s of giving talks in which the subject is not a mathematical
theory but a real problem, and where the speaker in outlines shows how he or she has
solved this problem by using mathematical methods, should be taken up again.

(111) Lectures (or perhaps whole sections or supplementary workshops) on the general pro-
spects of various related fields of mathematics applications, providing the necessary back-
"ground for a more profound debate about the relevance and the characteristic features of
mathematical methods in that field, were recommended.

4. It was stated, by some of the participants, that the process of detente and the battle-
against racism and neocolonialism might be stimulated, if speakers invited to the ICM’s
adequately reflected the relative contributions of the various mathematical communities.

5. It was recommended that national or regional communities of mathematicians should be
invited to give presentations at forthcoming ICM’s, about the development of the mathe-
matical life in their respective countries.

The project of an international publication,
as a newsletter and a forum for debate.

This project appeared to be the main practical outcome that was proposed. Many questions
were, however, raised about the need, the content, the technical side and the realizability
of such a “journal”.

1. Two main arguments were given for the project: firstly, such a publication as proposed
in the working paper by Boose, was seen by some participants as a medium for an exchange
of views between concerned people communicating their concemns, and as a step towards
the possibility of formulating a policy which could serve as a base for further initiatives.
Moreover, a need for a relevant and interesting "Mathematics Users Digest™ with ready
made information, which could bring different mathematical and mathematics-using circles
closer togeiher, was mentioned.

It was generally agreed that there exist several journals which would accept and which
actually already publish articles of the kind desired at the conference. So, it was recom-
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mended to publish certain articles in different outlets, which are attainable at present.

However, in the view.of several participants this was not a good solution, because of the - -

resulting diffusion ‘of contributions. It was thought to be important to have a publication
that would allow an exchange of expericnces and ideas in a systematic way, rather than

accumulating and putting together the various ideas, they will-appear more clear;.and the
character and'strucmre of the underlying "concepts might come through.

2. Several proposals were made with respect to the content of such a publication.. All of

themn seemed to fit well in the scheme (proposed in the workmg paper by Booss) of : presen-
tation of problems, ready-made short introductions, and a- debate section.

As to the possible ways. of presenting some of ‘the information desired, the followmg ‘

suggesllons were made:

‘_ ~ In each issue a list and/or abs(racts or digests of articles of interest to the readers of this

“joumnal”, which were published elsewhere, could be included,

~ Excellent articles, taken from quite a wide range of topics, mlght be-selected in- some

- sort of "yearbook”, This might be coordinated with the prize compemlon menuoned

below, if it were established, _ '

— Original contributions tp ‘the * “journal™ should mainly be short communications. Some
participants wished reports on major conferences and other events of interest, in the

different fields of application and pure research. Similarly it was suggested publishing:

series of reports about the mathematical life in different countries and in individual institu-

 tions of special interest.

‘

" 3. There were no common conclusions on the intended form of organisation of such a

publication. Some participants found that the International Mathematical Union (IMU)

would be the appropriate organisation to run a publication with such broad aims. In’

contrast. to this, other participants suggested starting.in the simplest possible way with
small ambitions and only a minimum' of organisational needs. Along the latter line-several

. ,suggethons were given:

— In the begmmng it might be wise not to aim at publishing such a “journal” rcgnlarly,
but rather on an intermittent basis. .

— The editorial work should be initiated by a local (Danish) group of people, perhaps

-supplemented by correspondents from various countries and/or fields of specmhsanon

not necessarily writing contributors, but rather “observers™ of scientific and “near”

scientific journals published within their respective areas of information, who could send '

copies of relevant materials to the Danish editors,

— Considerable attention should be paid to the way in which publication would be
distributed. In view of the amount of office work that would be entailed, it was suggested

-getting them lost in joumals of different countries and diffesent scientific milicux.-In- .-
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secking a financial system which would allow free publication for, say, the first two years,
and then see what happens,

— It was estimated that if all relevant libraries should receive it, the minimum number of .

coples would be ahout one thousand,

- An animated debate arose conceming the problem of the language of the articles. No
easy solution could be found to the dilemma that, on the one hand, mathematics as a part
of any national culture, in a2 wide sense, should be communicated in the respective
languages, and that, on the other hand, mathematics as a part of the joint scientific effort
of mankind is dependent on easy intemational communication, which requires only one or
a few languages of communication.

— A careful delimitation of the proposed new publication from existing journals would be
necessary.

The proposal of organising further conferences.

It was recommended to organise further conferences in continuation of the Roskilde Work-

shop, to deal in more detail with particular aspects of the problems touched upon. Such
further conferences might allow more systematic investigations and more definitive con-
tributions than were possible when dealing with the complex of problems in its totality!

The proposal of a prize competition. '

A prize competition was proposed in order to stimulate the selection and generation of
articles of the desired kind. The prize could be given for contributions within a wide range
of topics, e.g. survey articles, conceptually new, or practical important applications,
etc. Perhaps funds could be raised from industry: As one condition for receiving the prize,
authors resp. publishers should agree to free reprinting of the awarded articles all over the
world. A sponsorship by the IMU would be welcomed.

Initiatives to be undertaken on a local or national scale.

In accordance with the character of the workshop, the initiation of activities on an inter-

national level was a central theme in the debate. The participants agreed however, that ini- -

tiatives which can and should be undertaken on a local or national scale in order to change
the climate within and outside mathematical circles, are maybe the most essential ones:

— How to develop mathematical activity as a socially involved part of the programme for
understanding and controlling nature?

~ How to defend mathematics against antiscientific offensives? And how to develop the
social responsibility of mathematicians and the true humanistic vigour of mathematics?




Concrete Initiatives m

These questions, raised in the preceding discussions, cannot be answered purely on internal -
mathematical grounds. They need both considerations and actions in a-total social context'—

- . and they need the participation of large numbers of interested people and not only of small

minorities. From this it was argued that in the last instance interational initiatives can.

play only a subsidiary role to the decisive steps which have to be undértaken on a local or
national scale. I ) : R : :
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Ubiratan D’Ambrosio

Mathematics and the Devcloping Countries: Some Basic Issues

This paper will discuss the relationship between mathematics and the socio-
cultural context in which it is placed. We will discuss some basic issues arising
when trying to build up a mathematical research establishment in close re-
lation with national priorities and goals. This brings into the discussion some
questions which everyone working in closing the gap between the haves and
the have-nots, which is at the root of our concern, has to face. These quest-
ions may be summarized as:

1. Is it possible to identify directions of mathematical research related to
national priorities and goals?

2.If so, is it possible to conduct the training of mathematicians in the iden-
tified directions?

3.1s there the danger that the speed with which new problems and new
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needs appear will not allow for the adequate prcpafa!ion or adaptation .
of mathematicians, trained according to. identified priorities and-im-
medlate needs to cope with these new problems and needs?

1t scems that these 3 questions summarize much of what individuals in charge
of science policy must face, and to a great extent they represent a common-
ly identified anguish’among some young mathematicians in developing coun-
tries. It has been long recognized that ‘development gencrates necds never
hitherto felt, and this is particularly true in scientific and technological de-.
velopment. On the other hand, the level of sophistication needed for scientific

“and technological advancement which are meaningful for priorities of develop-

ment requires mathematical training which usually docs not coincide with the
most fashionable lines of research being producced in more developed coun-
tries. To some mathematicians in developing countries this is more appealing
and a more inmediate reward than facing the mathematical prohlcms resulting
from tlie national priorities which, although challenging, are sometimes unre-
lated to those in the top line of research in developed countries. This dis-

- tortion, which sometimes meets the general backing of the cultural establish-

ment, which to a certain extent shares thesc errors, can show some extremes,
wlnch reflects in a branching process which paradoxncally opens the gap be-
tween mathematics, and in general the brain power of a country, and effecti-

" ve national priorities and necds. Although this.is not less true in the developed

world, in developing countries it has a sense of dramatic urgency, since these
countries have to decide about the allocation of badly nceded human and

financial resources to a growing mathematical establishment.

/-

. Assuming that the threc questions listed above have positive answers, and we
- have indications that this is the case just by looking into the way highly deve-

Ioped countries finance ‘their research establishment, we need some strategies .
which may create a background and pllot ground for a deeper insight into
those basic issues.

The strategy will require the following three major steps in the building up of-
a mathematical establishment in close relation-‘with reality: : ,

1. Identification of mathematical pnonhes in an mterdxscxplmanan con-
text and in deep relation to national dcvelopmentnl goals; .

2. planning and implementing the preparation of human resources and faci-
lities to carry on mathematical research leading to identified directions,
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and at the same time organizing the productive sectors of the country to
bring into the scene resulting problematics; . '

3.to build up mechanisms to keep the growing mathematical establish-
ment in permanent renewal for fast absorption of recent mathematical
advances which may contribute to newly identified developmental pro-
blems.

In dealing with strategies we insist on generating interdisciplinarian contexts,
in which the various scientific disciplines are brought into play. The peculia-
rity of our situation calls for a high level of creativity in the application of
existing science to unknown problematics. Scientific, in particular mathema-
tical creativity in full relationship with the cultural environment in which
this creativity takes place and finds its meaningfulness, can hardly be achieved
in a fragmented disciplinary framework.

Bernhelm Booss

Some Ideas on the Launching of a Debate Journal on
“Mathematics and the Real World™*

Motro: »Unite all mathematical efforts towards a better understanding and
governing of our world!” (freely quoted from Fréchet)

Scope: Bring the diffcrent mathematical milieux together. Stress the inter-
disciplinary, character of mathematics. Organize the contact between socially
divided but theoretically interrelated activities. Collect and exchange and
transfer “experience™.

Address: People teaching mathematics, using mathematics, or producing
mathematics with some sense for practical purposes.
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< -

- Style: Entertainment, rapid orientation.

. Production, Distribution, Calculation: Instead of producing the entire journal.

- in one place, one might have matrices produced and mailed to certain distn-.
bution centers. This might diminish the cost of mailing and also would make -

* the pubhcatlon more dynamic. A non profit calculation could be based on

1 § per issue, every issue with 64 pages, and 4 issues per year. The main .
edition should be in English. Satelhte edmons should probably be mulnlmgu-

"al,

Contents: The profile, the shape, and the lay-out should be highly sta'ﬂdardii: ,
ed. (This could facilitate the editorial work and shorten the deadlines for’

publication). I would suggest the following three sections: (1) In the main -

section” (ca. 30 pages) correspondents of the Joumal would present “real”
problems of practical and/or theoretical interest. Such "real™ problems- could -

" consist of the successful prognosis of the water temperature in a river. Deep

problems from theoretical mathematics,.as f.ex. an announcement of new

" -practical” results in the field of spectral synthesis, should also be permitted.

No presentation should cxceed the limit of 2 (two) pages. 50% of that should -

" consist of photographs or other matenal easy to visualize. The problems

might already be solved or still under work. High: priority should be given by
the correspondents to stress conceptual new ideas either in the mathematical )
apparatus, or-in.the field of apphcatlon or.in more general methodologmal

" aspects. -

(2) 'A smaller section (of about -15 pages) should be devoted to present one

"region of the mathematical "folklore” to the general public in every issue.
. That _could be *What erery mathematnuam should know on .optimisation™,

or ... on pattern recognition”, or ... on 3-dimensional manifolds™, or ..

These articles should restrict themselves to the standard knowledge in that
field, i.e. to those pieces of the “working language® usually concealed some-
whcrc between the elementary not sufficiently advanced textbooks, and the
prestigious research reports. They should be. written in the tradition of the
great encyclopednan artlcles but” - of course — more recent and thus more
practical. : : ‘

(3) In the last section (6f some 15 more pages), the “debate™ idea is to be
considered in its true sense, i.e. in the form of a "written panel” section, This
should be the place for a free discussion of highly controversial topics such
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as the strategies of some publication houses or text book series, perspectives -

in the employment situation, experiences with continued mathematical
education for "practitioners™, criticism of and suggestions for the mathe-
matical mass education, philosophical and ethical considerations, etc.

*  Acknowledgements: The project was already discussed (and, after the discussions,
reshaped) with professors U. D'Ambrosio, Campinas; L. Collatz, Hamburg; B.V. Gnedenko,
Moscow; J P, Kahane, Paris; Ph. G. Kirmser, Kansas State Univ.; H. Matzke, Weimar; R. Sel-
ten, Bielefeld; L.D. Spraggs, Montreal. o

Jelto Buurman, Ulrich Knauer

Some Aspects of the Relationship between Mathematicsand Reality

In former times therc seemed to be various philosophical, ideological, and
economic reasons which prevented scientists, and mathematicians among
them, from doing or publishing research. For example, for some time ideo-
logical reasons prevented the development of rationals, of complex numbers,
of non Euclidian Geometries, and of Relativity Theory. On the other hand,
ideological constraints often had a strong connection to reality in the sense
that certain mathematical thoughts which did not seem to correspond with
the given understanding of reality were not accepted. The disposing of such
constraints, which of course is to be considered as progress, may be one
reason for a weakening of the contact to reality. It might even provoke the
view that a lack of connection from mathematics to reality is an advantage.
Today in highly developed countries there doesn’t scem to exist any philo-
sophical or ideological constraints on the use of mathematical techniques.
One exception possibly follows from a strictly intuitionist mathematical con-
cept which, however, is not very influential. The attitude towards the direct-
ions of research activities, however, does not appear to be as free from
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constralnts As for mathematics, there is far too little 1mpetus on rescarch -

detecting further fields. of: applicability of mathematics: We claim- that mathe-
matics is to. be used consciously to.gain knowledge about reality and to do: -
. minate nature. In newer scientific essays like those of Heitschl), Ruzavinl),

Molodschi3) and others, the problem of the relationship between mathemaucs

and reality has been attacked theoretically.

(1) *The subject of mathematics is reality as a discrete and continuously”

structured, mﬁmte variety of different objects.” 4)

Consider the elements of a comphcated system in the real world The smgle
causes- for the phenomena are so.various, that it is impossible to recognize
them all at once; this means that the elements seem to us to be random. It

is interesting, that within the scope: of logical, mathematical con_ccpts‘it is
" possible to draw conclusions on certain relations of the elcmgnts in total
.abstraction from the underlying basic interconnections.”5) The central limit

theorem is a fascinating example which shows that in a general way mathe-

. matical theorems and statements have an empirical contént. On the other

hand, theorems of this type are the foundations for techmcal alg(mlhms

. which are apphed to practical problems

(2) Thesis: Just as technical and natural science are two components of a
uniform process of perceptxon and control of nature, there exist in mathe-
matics two analogous components of the process of perception. The mathe-
matical theorems and-statements reflect reality — in a very general way —

-and the mathematical algorithms are general tools to change and control
nature, .

" But the applicability of mathematics is viewed differently by different indi-
. viduals. Are there any differences in research and results of different mathe-

maticians dependent on their different views? One essential difference seems
to consist in the direction and degree of relatma results to problcms of
society.

Is there evidence that problems of various societies influence the dcvéiopment
of. mathematics? Certainly, highly developed countries can afford to have

. ‘'mathematicians work in any-possible direction, which is presumably what is

to be done. So far there has been no wrong or superfluous matliematics. But

" sometimes there has not been enough mathematics to solve various problems.
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Possibly even the surprising events that, occasionally, pure mathematics all of
a sudden becomes applicable are not just by chance, since mathematics-re-
fleéts general tendéncies of development in reality, as expressed by Riemann:
"According to -the concepts by which we perceive nature we do not only
improve perception at any specific point but also certain future perception
becomes determined as a necessary consequence.”0)

1t would probably be very useful to trace back which pure mathematical fields
became important for application after they had been developed inside mathe-
matics. Why and how did thishappen and who promoted the process?
Comparing mathematics with natural sciences, another question arises. Is-
mathematics a quantitative science only or is it also qualitative? At least our
example, the central limit theorem, is a qualitative statement. If we define
quality as the system of important properties of an object, we have to con-
clude that the concept of quality is nearly the same as the cancept of structu-
re.” Essential for a system-are not only various connections. Speaking of a
system implies to concentrate on the set of relations of its elements (here
properties) and this is structure.”?) But if we regard the process of percept-
jon, we see the following: When we consider an unknown object we first
nctice the phenomenal properties of this object and afterwards we quantify
them in order to make them usable for us. Moreover, we notice that the pro-
cess of developing a mathematical subject in depth is accompanied by a ten-
dential algebraization. Less €laborated theories, that is, theories which so far
developed in width, for example graph theory and even stochastic theories,
are formulated to a smaller extent by algebraic means.

(3) Thesis: After the ancient greek scientists (Pythagoras, Euclid) restricted
mathematics to the study of finite objects and geometry, mathematics has
been viewed as a quantitative science. Since the last century the fields of
application of mathematics were extended and with fornmalization and a
stiong development of structure theories and a tendential algebraization the
old restriction was abolished.

Is there a tendential “probabilization” (stochastification) within mathematics
today? If so, this is certainly influenced by the applications of mathematics.
Research on the professional practice of mathematicians proves that stochas-
tic theories are a general tool which all mathematicians working on practical
problems need. Now we want to draw some “practical” conclusions from
these theoretical considerations.
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(4) Thesis: Because of the continuous growth of information of reality, specia- -
lization is a necessary process. Does this also imply a dmsnon between pure
and applied mathematncs”

(5) Thesxs To maintain_ an overall view, a specialist needs the followmg qua-

lifications:

— wide and basic knowledge of mathematics

— knowledge of how mathematical theories are applied
— sociological and philosophical qualifications to an extent which enables the -
_specialist to interpret his work in the social process.

(6) Thesis: Most of our textbooks do not reflect the process of discovery and
development of mathematics which, of course, is a dialectical process. What
they do is present the final results{ of long developments mostly in a complete-
ly ahistoric way, which, by.the way, may also be a conscquence of thc liberat-
ion from 1deolog|cal constraints.

(7) Thesis: To. populanze theorehcal results and impacts of application, po-’
* pular scientific pubhcatlons on a high but understandable level are needed.

They can help scientists and- practical workers to receive current information
which may even lead them in a particular case to scientific work. This concept
must contain a discussion of the sociological and phxlosoph:ca] nmpluatlons X

T mentxoned above.

1. Heitsch, Wolfra.m, Mathematik und We!fanschauung. Berlin 1977
2. Ruzavin; G 1., Die Natur der mathematischen Erkenntnis, Berlin 1977

"3, Molodschi, W.N.,-Philosophische Probleme der Mathematik, Berlin 1977
4. Heitsch, 'S. 34: "Die Mathematik hat die Wirklichkeit als diskret und kontinuierlich™ -

strukturicrte uncndhche Manningfaltigkeit \onemander unterschiedlicher Dinge zum Ge-
genstand™ |

5. Leiser, Eckart, Emfuhmng in die statistischen Methoden der Frkenntnlsgcmnnmm, Kéln
78, S. 233: “Interessant daran ist, dass es im Ralunen logisch, mathematischer Konzepte
mdglich ist, bestinmte Oberflichenzusammenhiinge unter volliger Abstraktion von den
ihnen zugrundelicgenden Vermittlungsgliedern abzuleiten.” ,
6. by Molodschi, S. 107: "Nach den Begriffen, durch welche wir die Natur auffassen, wer-
den nicht bloss in jedem Augenblick die \\ahmchmungcn erginzt, sondem auch kiinftige
Wahmehmungen als notwendig ... vorher ... bestimmt.” )
7. Thiel, Rainer, Mathematik, Sprache, Dialektik, Berlin 75, S. 55: “Denn wesentlich an
einem System ist nicht nur, dass da etwas miteinander zusammenhingt. Von einem System
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zu sprechen verpﬂlchtet ja gerade, die Aufmerksamkeit auf dle Menge dcr Bezlehungen der
~ Elemente (hxer Eigenschaﬂen) 0] konzenmeren, also auf Struktur.” - -

J. Casti

Mathenﬁtical Trends in System-Theoretic Research

According to von Neumann, "The origin of mathematics is in empirics”.
Evidence to support this claim is provided by the explosive developments of
the past decade or so in mathematical system theory. Originally motivated by
problems in electrical circuit theory, new mathematical concepts centering
upon notions of feedback control, communication, stability and decision-
making under uncertainty have been introduced. Fortunately, much of the
mathematical foundaticns for these developments had already been laid by
carlier work in linear algebra, matrix theory and differential equations, but
the particular questions relevant to system-theoretic problems resulted in re-
cxamination of this work and in substantial extentions and generalizations.
We note the Kalman filter of optimal estimation theory as a particular examp-
le, as it represents a major theoretical and computational extension of Gauss’
work on least-squares approximations. Other cases include Popov’s extension
of Lyapunov’s stability result to cover certain nonlinear problems, the simplex
method of linear programining, Zadeh’s work on fuzzy sets and Bellman’s
Principle of Optimality in dynamic programming.

The question to now be addressed is whether such a trend of new mathemati-
cal developments can be expected to continue, or has the motivating influence
of systern problems run its course? Happily, all indications point to a continu-
ation of past developments, although at a somewhat more sophisticated
mathematical level. Most of the theoretical advances of the past few years ha-
ve been in the area of linear mathematics, since the principal system-theoretic
paradigm has been classical mechanics and the associated quadratic variational
principles. Thus, the extensive developments in linear algebra, functional



System-Theoretic R~cearch . 87

"analysis, matrix theory and differential equatxons generated by syslem -theore-

tic questions were not totally unexpected. However, the pressure of a nonli- -
near world is now forcing theorists to break away from the above areas ind to
seek more powerful mathematical tools to break through the barrier of non-
linearity. Fommately past work in topology and alpebra seems to be provrd- .
ing the key for such investigations. :

In one dlrection, 19th and early 20th century work by Lie, Levi-Civitta, Chow
and others on the interplay between differential equations and geometry is
providing a substantial basis for deep results on controllability, observability
and realization theory for broad classes of nonlinear processes. From a more

" .combinatorial point of view, major advances in finite semigroup theory by

Krohn, Rhodes, Eilenberg, et al. have provided important insights-into both’
algebra and finite-state machines. Even more recently, work by Atkin based
on combinatorial topology, has been fruitfully employed to study a variety of
situations in the social and urban areas..As another case m point, the recent

work on catastrophe theory is well-documen’ted h

The key point to observe about all of the above-mentioned work is the way

in which past ideas in ’purc” mathematics have been resurrected, extended -
and modified by their employment in applicd systems areas. The unavoidable
conclusion is that the stimulus of even more realistic system-theoretic si-
tuations involving closer approximations to reality will most surely result in
both extensive utilization of existing mathematical tools, as well as the trans-
fonmations of classical pure mathematical 1deas mto new branches of apphed
mathematncs -
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7 Comﬁtg-Re’i\du d'une Dissusion sur""Les M%;fhématiqu‘es et le Monde Réel”™
tenue 3 I'Ecole d’Eté de Probabilités de Saint-Flour (France) le 10 juiliet
1978.

Introduction
Les participants étant presque exclusivement des professionnels des mathéma-
tiques, essenticllement des enseignants-chercheurs, la discussion a ét€ nette-

ment marquée par ce fait.

La plupart d’entre eux ont hésité & s’exprimer; pour beaucoup la raison prin-

. cipale est que la forme choisic pour la discussion n’était pas la meilleure: en

petits groupes informels, au caf¢, les gens parlent plus). Certains ont estimé
quc cette réticence i s'exprimer &tait révélatrice d'un certain malaise, malaise
quelquefois inconscient :sentiment d'inutilit€ sociale, déception dans le choix
de profession, sentiment d'€tre le jouet de forces ocultes, peu de communi-
cation avec le monde extérieur, la production, la société.

Certaines des remarques faites dans la suite ont un caractére plutdt général
dans 'université, d’autres sont plus spécifiques aux mathématiques.

1. Les mathematiques sont-elles un jeu ou un outil issu de la pratique?

A Téchelle historique, les grandes théories mathématiques ¢taient toujours
venues de besoins de I'instant: autrefois les mathématiciens en étaient con-
scients car ils étaient trés pluridisciplinaires (ex: apparition de la g€ométrie,
du calcul infinitésimal ...) Il semble qu’aujourd'hui encore les nouvelles théo-
ries (par exemple: nouveaux développements de la logique, linguistique mathé-
matique) naissent de besoins pratiques précis (automatisation, électronique,
traduction automatique). Mais la grande masse des mathématiciens I'ignore ou
n'en est pas convaincue.

Dire cela n’épuise pas ’ensemble du probléme.
Dautre part, le développement des mathématiques se fait aussi sans pression

de besoins externes: la création ne peut se faire que dans la liberté, on doit
admettre une certaine gratuit€ des acles; P’aspect jeu, plaisir personnel n'est
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pas 2 rejeter et d allleurs permet le dévcloppemonl de I'esprit créatif et 'amé-
‘lioration de la connamance mathemahque et de la pomblhte d uuhsahon de
I'outil mathématique. ‘

Y .. JOR R
. Ces deux tendances sont-clles aussi inconciliables que cela peut-paraitre? Cer--

" tains semblent penser que oui, et qu'il i’y pas A chercher des justifications sur
'1utilité des mathemanques D autres pensent que lorsque 'lé mathématicien,
quelles que soient ses motivations, met au point un certain-nombre de techni-

~. ques ou €lablit des résultats, il serait souhaitable qu'il puisse s’intéresser 2 leur

utilisation éventuelle, qu'un dialogue s'installe avec les utilisateurs potcntlels
Ne serait-ce. pas aussi une compaosante de sa liberté que de pouvoxr maltmer
mieux ’ensemble du processus?

Cette question n'est pas étrangere a celle de savoir qui detient le pouvoir,

comment sont prises les décisions concernant lonentatlon des travaux ma-
themathues et leur utilisation.

2. Enseignement des mathe’ma!iques

“=Les mathemathues Jouent-elles actue“ement le rdle d‘accelerateur de la sélec-

tion (en particulier socnale)" ' -
Pourquol I’ echec en mathemathues barre-t-ll ] acces a des carritres méme trés
€loignées des mathemauques" Les mathemahques som elles un outil de selec-
tion ymiieux adapté que le latin; pourquoi?

" Le caractére sélectif des mathématiques dans I'enseignement est-il di a des -
propriétés intrinséques des mathématiques ou aux conditions dans lesquelles
se sont opérées les réformes de I'enscignement? Des avis parmees sont apparus

) dans la discussion.

" Parmi les éléments de réponse po'ssible‘s i cette question, citons: les carences
dans la formation des maitres; Je manque d’information des parents (en parti-
culicr ceux des milicux sociaux les plus défavorisés), I'inadaptation des pro-#
grammes (en particulicr pour les sections et classes autres que terminale C) ...
les &léves doivent apprendre des techriques sans savoir d’ou clles viennent, ni

-qu’en faire, les facult€s d’imagination, le c6té "jeu”, ne sont pas stimulés: les

" mathématiques sont vécues comme “em ... tes”, la coordination entre les dif-

férents enseignements est faible.
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~Les cnscignants du secondaire qui sont intervenus se sont dits doublement
dégus parce qu’ils n ‘ont pas les moyens d’assurer la mlsswn qu 1ls souhaxtent
et se sentent coupes de toute création mathemahque - -

Leur formation et les conditions de leur travail ne leur permettent guére
d'échapper a cette réalit€ qui consiste A enseigner les choses de maniére dog-
matique,

—Les probléemes que souléve ’enseignement des mathématiques avant le bacca-
lauréat ne sont pas seulement inhérents a la matiére enseignée, mais dépendent
d’un grand nombre de facteurs exterieurs (sociaux, économiques ...) sur les-
quels la discussion ne s’est pas appesantie.

Iis sont également li€s a 1a maniére dont sont congus les modes de diffusion
des connaissances entre l’ensengnement supeneur et la population (par exem-
ple A travers la formation des maltres ).

3. Lels) métier(s) de mathématicien

—-Ce qui a ét¢€ le plus ressenti dans la discussion, c’est que les préoccupations
des mathématiciens sont davantage dirigées vers la “recherche” que vers les
utilisations éventuelles ou méme Penseignement.

Ceci est 2 relier au fait que le cloisonnement des filitres empéche les gens
de maitriser le processus, et a la coupure entre 'Université et le monde exté-
rieur. Quelqu'un a remarqué que la politique d'intérét a court terme des indus-
triels frangais en est un élément de responsabilité important.

-Qu'est-ce qui motive les mathématiciens?

Chacun, bien sir, a des motivations lices 3 son histoire personnelle, mais
peut-on dégager quelques idées générales?

Pour la plupart, €tant “bons en mathématiques” dans le secondaire, ils ont
suivi la filiére naturelle qui s’ouvrait devant eux, sans vocation véritable
{(meme si nombre d'entre eux y trouvaient un certain plaisir).
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.La promotion sociale attachée aux fonctions de mathématicien ne semble
pas avoir ét¢ un élément déterminant dans ce choix (peut-étre est-ce discuta- .
ble?). Alors se développe souvent un certain golt pour les mathématiques

' ‘(connaissance, création, diffusion?- ...) mais intervient une part-de routine,

d’obligation professionclle, ct si ce goﬁt s'cstompe on se retrouve dans une

nmpasse due en particulier au clononnement.

—Comment-s'exerce le métier? U

Dans I'enseignement supérieur, plusieurs tiches sont 3 remplir: tiches pédago-
.giques, recherche, formation continue, encadrement, tiches administratives
diverses, contacts avec le monde extlricur, épistémologie, histoire des scicn-
ces ..., seuls I'enseignement et 1a recherche sont officiels, seule 1a rec herghe
sert de crit¢re pour la promotlon mtcme Cet ¢tat de faits engendre vne ten-
ddnce "productn iste’ parfois nuisible 2 un fommnnuncnt phn sain.

1 H est connu qu'un certain malaise est souxem du 3 une m\ufﬁs.m ce de Ten-
‘ cadrement, dont le role est pourtant reconnu fondamental. Mais le malaise
a des origines plus larges (sociales, idfologiques'...) :par exemple. bien que la
recherche procdde largement par méthodes experimentales, la municre dogma-
tique dont elle est diffusée masque cette realitd et contribue a un certain
€cocurement ou & une sensation d'impuissance; dautre part, la “communauté
mathématique™ (le terme scrait A discuter) n'est pas ftrancére aux différents
confilts qui traversent la socicté, 11 est net que tous les participants navaient
pas la méme analyse des causes et du ..amcure |rndmnhlc ou non de ces con-.

-flits. i

Le déroulement des carriéres (ou de carritres) ne satisfait visiblement pérson-
ne: blocages, vieillissement, absence de «débouchds pour les jeunes: la non- .
reconnaissance de la multiplicité des {Aches accroit la rigidit€ du systéme. Sur
les critéres de jugement, I'opposition visible des avis (exprimés ou non) et la
réticence & aborder le sujct de front nont pas dégagé d'idées directrices clai-
res; ‘seul constat: la diversité des aptitudes devrait interdire des expressions
telles que 'mathématicien de seconde zone™.

Sur de probléme des carriéres, il y a aussi des avis diffcrents, par excmiple sur
* la mobilité des personnels et sur les conditions pratiques d'une telle mobilite.



Conclusmn

A ce stade dela discussion, il est apparu que deux questlons devaient etre

creuséces en priorité
— quel avenir pour les mathcmathues et les mathématiciens?

— quelles propositions pratiques peut-on envisager dans I'esprit de ce qm
précéde? .

N.B. Cc¢ compte-rendu a &€ rédigé par Pierre Crépel, Alsin Huard et Daniel
Prévot.

‘George F.D. Duff

The Art of Teaching the Business of Modclling
in Applicd Mathematical Science

Mathematics 1s primarily an art because of its intellectugl, creative, disciplined
. yet spontancous and seif-motivated character. The teaching of mathematics
*must, at the highest level, combine such diverse elements of structure and
psychology that it, too, deserves to be regarded as an art,

The application of mathematics to many problems also embodies many cha-
racteristics of an art, but applied mathematics is governed by numerous inter-
nal laws and external constraints which may often limit severely the scope of
intellectual creativity. Especially when large scale computation is involved, the
use of mathematics in applied or engineering prollems may be subject to li-
mits of time and money that require it to be efficient. Thereby much of the
modcrn work on the modelling of systems must partially take on the aspect of
a business, both technically and administratively through research grant fund-
ing. In such endcavours a satisfactory yield of information or other results is
expected in return for a given investment. A central problem for the teaching
of applied mathematics in its modern model building aspect, therefore, is the
reconciliation of art with business economy. Either one, alone, may be inef-
fective, but blended skilfully together they may succeed. Thus the modeller
should be capable, so to speak, of wearing two different hats, putting on the
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one or the other as occasion demands, and also as we shall see, of wl.anng a
--suit of clothes compatlble with both : , :

Models of physical systems are naturally subject to basic. physical laws. For

the. fine_points of sensitive interactive systems, delicate judgement will be -

‘required as to which effects or special laws can be safely ignored, and which
combinations must be modeclled in detail. Here the investigator must be alert,
“willing to follow the results of his own valculations even when tiey do not
‘conform. to his intuition, as well.as having to check and recheck these resuits

by all lndepcndent methods possible. That is, he and his models must be cor- -

rectly clothed according to‘physical, natﬁral—and logical laws,

Thus the applied mathemahc:an who model% realistic systems must practlse '
many diverse disciplines and slulls of which’ mathematlcs itself, though prima- 4

ry, forms only one part. He will often work as one member of a team contain-

ing diverse. :talents;l,so his skill in communication will be tested. Notwithstand-

.ing such_collaboration, he will still need to sharpen his comprehension and

- critical Judgement over a wide domam of problems techmques and appro- )

) aches

_ That the civilized world has nced of much modelling talent is evident on evéry
‘hand, while many scientific, professional, and governmental organizations al-

: - ready exist devoted to the pursuit and encouragement of such work. The pro-
blem of teaching these skills to the oncoming generation is thus typical of

‘'situations in a highly developed complex system. Many specific avenues of
improvement can be found, and most should-be pursued.

The generatlon reaching maturity in the sixties and scventics has one great ad-
vantage pver its predecessors, to wit a systematic training in means of using

the modern computer. But the blending of effective large scale compuiation

into models is now reaching the limits of diminishing retum in many direct-
ions. A new round of sophisticated systemic, social, cybernetic and uwmxﬁc
concepts such as resilience, pattern search, or entropy, are appearing as pos-
sible tools for the simulation of complex systems, and a future rapid cv olutxon
of concepts and techniques can be antlcnpated

For the teacher and the educational writer, this extraordinary momentum
must elicit the highest degree of technical breadth and expository skill, to out-
" line the sustained evolutionary sweep of modelling technology, both hard and
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soft, to describe it in the round and to diagnose its strengths and limitations.

--A significant-instance of a case history, for example, might be the global
.models developed for the Club of Rome, and the critical analyses that these
‘have stimulated. : : - :

In. alimost every educational system, the perspectives and horizons of succeed-
ing generations of teachers are limiting factors in the flexibility of the whole
system. The system of higher education in mathematics and the natural and
social sciences should find in itself the adaptability to educate talented under-
graduate students in the many new dimensions of the modern trade of mo-
delling in applied mathematics. The hardest part of such an adaptation is the
laying aside of favourite theories and approaches and their replacement by
less well tried topics and more recent techniques. But these steps must be ta-
ken, if the younger generation is to be reached at a formative age. We can
then be confident that the oncoming generation will carry the development of
applying mathematics to a still further evolutionary stage.

Should such a perspective scem too ambitious, we can remember that mathe-

" matics itself has taken in this century giant strides of structural generalization.

Consider for instance the evolution from the theory of equations to the theo-
ry of categories. Whole thcories became elements in wider structures, new
analogies appeared, and existing methods were subsumed as special cases of
new techniques. The teaching of applications of mathematics should reflect
this wider and more powerfuld repertory, as well as the potentialities of the
computer and the wider range of topics, problems and systems now accessible
to quantitative study. The formidable challenge to teachers of applied mathe-
matics is so to present the new powers and wider dimensions of their craft,
that a comparable growth can be achieved in its systematic application.
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Herman Dupare - - - . : :

Educational Aspects of Pure and Applied Mathematics

. The role- of mathemattcs in our present world differs essenttally from the
situation about half a century ago. Contrary to then there is hardly a problem -
where'in some way mathematics and its related discipline informatics do not
contribute either to a better understandmg or.to a better solutnon of our pro-

. blems .

From this statement we have to draw our conclusions both on the educational
and the research ~aspects of mathematlcs We no longer. believe that \ery spe-
cialised research is an every day affair in our mathematics curncula it may
even be doubted whether it should be a part: of it at.all.

The nature of mathematics v induccs t_wo*arguments to make the choice-
whethe'r a chapter in mathematics should beiong to such a curriculum or not: -
. the use of such a chapter for further subjects which must be taught'in
the curriculum; :
ii. the use of that chapter in other dlsc1plmes or rather in some fields ofhfe

* From this pomt of view the ﬂow of mathematlcal knowledge may be divided »
in threc parts: -~ . - . ; ) ‘

A. secondary school 'rnath'ci'natics 1o be tdaught to students between 12 and
18 years approximately; '

B. tertiary- (umvemty) mathematics, to be taught to students between 18
and 24 yecars approximately. This part of mathematics furnishes. the
major help in the applicational field. :

C.post-graduate mathcmatical studies, which might fill sonte peoples
complete further life. Here applications — if -any — may help both.in
complicated and in some unexpected future fields of socicty.

Of course this division is valid for most educational activities, but here we
want to emphasize the educattonal and applicational aspects of four flows in
related developments:

i. pure mathematics; ,

ii. applied mathematics and informatics;
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i, disciplines which make use of mathematics and informatics;
. +7iv. real world problems which ask for scientific help. ~ N B 3
Itis interésting to analys;e the matrix M,::the elements mjj of which measure in
some way the contributions of aspect i to aspect j (i j run through the set 1,2,

3.4).

The element m12 indicate§ the inevitable and valuable help of pure mathe-
matics to applied matherqatics and informatics.

A, ﬂ VB, ’C, _N PURE MATHEMATICS j
M
A, % B, ____92__’{ APPLTED MATHEMATICS J
m ' :
A, _’: B, ,-i_’[ 6THER DTSCTP’LTNES ]
™M
C

A B .
P ———§{ THE REAL woriD )

/
i

The clement myy deals with the influence of applications to pure mathe-
matics. Nowadays this influence is important, it has been so in the past as
well: from olden times to the present a good deal of mathematics has owed its
development to this aspect. : '

The element m93 indicates the above mentioned important role of applied
mathematics in other sciences, whereas m39 deals with the difficult problem
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of building the proper mathematieal model for problems in those otherscien-'_‘_ '
ces. S -

.The element m34 measures the possibility of help from science to.improve ..
~our woild. In relation’ to m73. we sce how mathematics contributes to this

noble activity. The element my43 deals with the direct demands for scnentxﬁc.

help in everyday problems of our world

The elements mu w:th ti -j1»2 indicate. more vague relahons maybc statistics

comes in the plcture when studying mg42. ’

In the diagram below the interrelations M ‘were placed at the end of phase B
'With the help of the phase C knowledge a new relation matrix M at a higher
level might be obtamed :

One might further estimate the rclative values of all elements m;; in order to
‘construct a good cumculum of pure and applied mathematics' and infor-"~
.matics. It is not advisable to overemphasize one aspect or interrelation, this
might -spoil the balance. From this point of view a good university mathe-
matics curriculum should contain most of the applicational aspects and only
a limited number of theoretical aspects. A proposal in Holland, started in
1968, to split up university curricula into.those two parts was unfortunately

" disapproved even by a good deal of university staff.. We might-hope that one
arrives at'a better conclusion in the next decade.

Geoffrey Howson

- Mathematics and the Real World: Some Consequences for Teacher Training

"Anxious inquiry into ... mathematical problems leads away from the things -
\ of life, and estranges men from a perception of what conduces to the
. commen good”’ ‘ “ .

' ' ' ’ Juan Luis Vives -
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"Mark all mathematical heads which be wholly and only bent on these scien-
ces, how solitary they be themselves, how unfit to Iwe with others, how unapt’
to scrve the world" - : s

- . . Roger A vcham

"It is well ascertained fact ... that mathematicians ... do of all men show the
least judgement for the practzcaI purposes of life, and are the most helpless.
and awkward in common life”

Prince AIbert'

These comments by tutors to two English queens and by the husband of a
third illustrate a view of mathematics and its practioners that has been com-
monly held for many centuries: a view which would not have persisted so long
had it not contained an element of truth!

One purpose of our short seminar is to investigate the temptation to which
Vives referred and how jt might be overcome. In this paper my concern is how
society’s attitudes towards mathematics can be changed. I take it as "axio-
matic” that in general a person’s attitude to the subject is largely bascd on the
mathematics teaching he receives. Consequently, the first step towards foster-

ing a new appreciation of mathematics is to reappraise the education of future

tcachers (at all levels) and to see what view of mathematics it is designed to
inculcate and what experience it provides of the subject and of its applicat-
ions.

This idea is by no means novel and accounts can be found of attempts to
design new courses for intending teachers (see, for example, [2], [4]} It is
significant to warn, however, that these courses depend considerably on the
staff of, and the opportunities offered within, particular institutions. They are
largely “material-free” and as such will not be easily replicated elswhere. A
feature of the two schemes to which I refer is the emphasis placed on mo-
delling — a-form of mathematical activity on which considerable attention is
currently being focussed. Its importance and significance is not to be denied.
Yet, if we are not to sce yet another false dawn, it must be emphasised that
innovators have a duty not only to develop courses within their own institut-
.jons, but also to spell out their philosophy and aims carefully and in detail,
and to provide teaching materials, ideas and/or training for others. If this is
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not done, then the process of diffusion may be disastrous and the message will »
reach less gifted colleagues in a garbled, valueless form. In particular, it. will be -

nccessary to distinguish clearly between the aims of developing the ability to
model, and to appreciate the art of modeclling. We.must also take care to

* determine whether. our primary concern is to demonstrate how mathematics .

can be used to solve real problems, or to find *“real-life- motivation** = often
of a dubious nature — for teaching pure mathematics.

Perhaps one example will suffice to demonstrate that there'is, indeed, a pro-
blem of teacher training. ““Mathematics as a-Second Language* [3] is a book
‘written “for use in courscs. for liberal arts students and for prospective
elementary school teachers*. 1t sets out “‘to show how mathematics affects
almost every aspect of our lives** and is remarkably succesful in attaining its
aims: there are some well written chapters on applications of matrices, game

- theory, linear programmmg, probability and statistics. However, and here’s -
“the rub, the proposed two-semesier course for prospective leachcrs omits these
" chapters. The teachers are offered a diet of sets, logic, number bases, the real -
_ number system, mathematical systems (groups) geometry and number theo-
1y. To adopt the authors? metaphor, it appears to suffice for teachers to know
- the grammar of mathematics, its literature need not concern them! )

As mathematicians we glory (and perhaps take refuge) in the fact that unlike.
educationists, social scientists and others, we teach students "o do™ and not
"to appreciate”..Yet when onc talks of the.place of mathematics in society
and even within the curriculum, one is forced back on appreciation rather

than action.’Such an appreciation will not come mercly via a course on mo-
delling, or even through the industrial experiece provided by some teacher-

training institutions. A careful study of a few applications may also fail to

provide a wide perspective: depth plus perspective would seem desirable. Yet

how is this to be achieved? Some key questlons to be consudercd would
appear to be:

1. How can one design a course (or a textbook) leading to an “appreciation”
of the role of mathematics in socicty? (Can one, in fact, "appreciate’ mathe-

_ matics without doing it: are the analogics of music and art inappropriate?)

What level of mathematical knowledge is required to “appreciate™ an applicat--
ion of mathematics? (Expericnce of history essays in which students are clear-

" ly ignorant of the mathematics whose significance they are discussing, makes
. me have some rescrvations.) Is “appreciation” the wrong word.—~ does one
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“appreciate” the clarity or subtlety of a proof, but “understand” an applicat-

Y,

ion? How docs one assess a student’s apprecnatlon

(The difficulties are formidable; yet, unless they are overcome, teachers are
likely to continue to have an ill-balanced view of mathcmatics and problems -
of ill-designed curricula will remain.)

2. Is there a need to ensure that all student-teachers have some contact with
creative mathematicians (either from industry or educational institutions) and
an opportunity to learn of their motivation and methods?

3. If courses of the kind I describe plus, perhaps, industrial experience or
simulations/case studies (see, for example, [1]) are included in teacher-train-
ing, what traditional components are we willing to omit in order to make
room for them?
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. Mogens Esrom Larsen

As'pe'ctsf dffbnlpléméntnrity in the Application of Mathematics.

The use of the concept of complementarity requires two objects.In this con-
text the first object is ‘the reality, and the second one is our model.- The
question is how do these two objects interact? : :

I should"like to consider the reality as-a set of events furnished with some
stochastic variables. These stochastic variables are what we can see. They must
obey some simultaneous distribution” which we do not know. Our model
claims that a function from the stochastic variables into some space has some
properties. More generally .a model could be any statement about the
dnstnbutlon mentioned above.

The philosophy in phyéicé is (or wés) that the behavior of thé'\'ariables'is

independént of the existence of our model. The complementarity came into

physics with the remark that the variables are somehow dependent on
whether we look at them or not.’ :

If we want to consider the real world of human activities, it seems that other
ways of ‘model- dependcnce may appear. As the events are influenced by de-

_ cisions, these events are influenced by consideration of the world which may

"be-our.model. In a pre(hctwc model we may choose our behaviour in relation
-to predictions. And in a descriptive mode! we can use the dcscnptlon {o sub-,
stitute for more elementary <at|$f1ct|on

As an example of thc last possnbnhtv 1 should like to pomt to the comepl of
balance of payments. Some economic models lead the government lo believe
that we will be most happy exporting more than we import. As a consumer 1
should feel more happy in the opposite situation.

As an example of the first possibility I want to take the stock market. Let us
suppose we offer a predictive model with the conclusion, that the rate of-
exchange is going to increase. If the model is accepted by stockholders, they
should decide to buy more stocks, and prices are likely to increase. It seems
not to matter what the substance of the model is. But-further, we could

" exchange increase with decrease (and buy with sell). This means that even if
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we take the fixpoint aspect, claiming that a good predictive model must .
predict the behavior, which is going to happen when the model is known we
canniot choose the better model. :

The conclusion is that any model of reality affects this in several ways and -
among those also such ways that make statistical tests absurd.

Rangaswami Narasimhan

Matheinatics and the Study of Complex, Information-Processing Behaviour

1. Historically, many of the formal systems that have now become classical in
mathematics have had their onigins in the study of the physical world. The re-
lationship between science (i.c., natural philosophy) and mathematics can be
bricfly outlined in these terms. Through controlied interactions with the en-
vironment a scientist is often able to delimit a certain class of events, He then
tries to construct a formal theory of this class of cvents through suitable ab-
stractions, simplifications and assumptions. When these abstractions, simplifi-
cations, and assumptions are formulated as axioms, there results a formal sys-
tem suitable for study by mathematicians. They can then investigate what
kinds of thcorems such an axiom system gives rise to, the relationship be-
tween this axiom system and other axiom systems, and similar problems,

‘This manner of interaction between science and mathematics during the last
two or three centuries has paid rich dividends when it has been applied to the
study of physical systems. But attempts to extend this methodology to the
study of biological systems have been far less successful. I think it is impor-
tant to understand the reasons for this failure. The spectular accomplishments
of the physical sciences in predicting and controlling physical events have led
scientists trying to study biological/behavioural systems to assume that pre-
diction and control are the essence of scientific activity, and quantifi catlon
and measurement are the most important methodological tools.
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However, the characteristic aspect of organismic behaviour consists in the fact .
“that an Orgahism has a-repertoire of actions which it uses to interact with its
_environment and to manipulate it to satisfy its needs. It is-this fact, that a bio-

logical .organism is capable of functioning as an agent- and.not merely. as an
-object wholl) subservient to- the manipulations of extemal agencres thatisof -
- central concern to behavnoural studles / :

! . In trying to model the agentive aspect of agents, the behavioural sciences have
X to cope with three categories of explanations, in general. Firstly, there are the
" explanations that are concerned with the nature of any given action belonging
to the action repertoire of an agent. A satisfactory explanation would, pre-
sumably, try to account f{)r a given action in terms of a set of sub-actions suit- -
ably sequenced and related. Actions can only be accounted for'in térms of in-
formation processing -systems; For actions manipulate the external environ-
) ment and, hence, call for the sensing and analyzmg of thé state of this en-
"y . vironment, and require the deployment of appronnate control actions to ar-
-—- -rive at the desired state of. affairs. Information processing systems endowed
-with’the. appropnate sensors and effectors are desngned precnsely to accompllsh
“such tasks -

;'/',w.f‘-—""l'he second class of explanations in the behavioural sciences would then be
concerned with the physiological realizability of such information processing
systcms Such explanations would concern themselves with the kinds of build-
mg -blocks used and their mterconncctlons as well as with the properties.of

Loot o eidding blocks and the developmcnt'd aspects of “these ph) smlomcal

e e e S

e —n.,

The third class of exblanations arises when one-seeks 10 accu.. N
_occurrences of actions or states of agents. This particular aawnt is at thismo-
_ment doing this; it is in this state. At some specified previous time it was in
another specific state and doing something else. Such specific events call for
explanations: why these events at these moinents and not otliers? A scientific
theory, we normally assume, should be able to postulaté a set of behavioural
laws on the basis of which the occurrences of such specnﬁc events could be
predicted or accounted for.’ . : %

Even assuming that a science of behaviour is ultimately concerned with pre- -
diction and control, one cannot hope to cope with thése without first coming -
to grips with the first two categories of explananons Knowledge of the be-
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: havnoural acis and of the mechanisms that underlie bchavxour is a prerequnsne .
- to any attcmpt at control or shapmg of behaviour, -
2. 'Ihoee famlhar with thc opuratlon of digital computers are only too pain-.
fully aware of the limitations and inadequacies of currently available mathe-
matical formalisms and techniques to deal with complex information process-
ing systems that can interact with their environments and are capable of de-
scribing and manipulating them. Consider, for example, a time-sharing com-
puting system that can service a large number of users interacting with it from
terminals employing a varicty of languages. There is, as yet, no general mathe-
matical fogmalism available which would enable us to design such interactive
information-processing systems systematically and efficiently. Digital com-
puters of this kind are perhaps the most complex man-made information pro-
cessing systems, Yet, even the simplest naturally occurring organism is vastly
more complicated compared to the most complex digital computers in ope-
ration today. We do not have an appropriate mathematical formalism to’
characterize the dimernsions of complexity of these naturally occurring or-
ganisms.

Studies that computer scientists have been carrying out during the last two de-
cades or so in simulating the behaviour of man-made and paturally occurring
information processing systems secem to show conclusively that computational
approaches to modelling these systems are likely to be the most appropriate
and viable. Notions like syntax, semantics and pragmatics of behaviour play
an essential role in articulating these approaches. Naturally-occurring or-
ganisms seem to possess yet another mode of behaviour that finds no counter-
part in the operation of digital computers at all. This is the perceptual (senso-
ry-motor-level) mode of behaviour. Concepts like intuitive, informal, tacit, pa-
radigmatic, etc., relate to this mode of behaviour. Our current understanding
at the computational-level of this mode of behaviour is next to nothing.

3. I beligve that the creation of formalisms and techniques to cope with the
behaviour of complex infonmation-processing systems — systems with sensory
modalities and an action repertoire which can interact with their environ-
ments and manipulate them — is likely to pose the greatest challenge to ma-
thematics and mathematicians of the future.
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Tim Pos‘ton'f

‘Structure and A_pplic""ltioh.

1 query the assumptlon in much of the ”Catalogue of queshons , that'the gap
between mathematics and its application is wld\.nmg At least as good a-case

could be made for the view that the “lead fime™ between a imathematical de- KR

velopment and its application is shrinking steadily. The number V=T was in-
troduced for “pure” reasows centuries before a physics and electronics for
which it was essential appeared; Hilbert’s spectrum of an operator took decades
to become the spectrum of an atom; while from Thom’s coneeption (long
predating proof) of his classification of the elementary catastrophes, to the
first experimental confrmatlons of new physxcal and bmlog:cal predxcuons
~ from it, was less than ten years

These cxamples aré not wholly representative: the theory of ”degrees of undc—
‘cidability” currently looks as far from application as that of nowhere-differ-
rentiable curves (now central to diffusion-theory) looked last century but in
either dlrectlon there is at least a case to answer. '

AFurthcm\ore, the distaste.for'even the possibility of application ‘current carlier
this century (archetypified by G.H. Hardy) is losing ground. The positive hun-
ger for application is illustrated by such incidents as an algebraic geometer,
wholly "pure” in background, turning up at a biology department with a wish

_to apply catastrophe theory. Nothing resulted (it is not that easy -- and some
bad science has resulted from supposing it is), but the mathematical mood is .

_back to marvelling at the real world. This conference is a symptom of a trmd
not a vo:ce crying in the wﬂdcrnms

The problcm, then, is how to do berter something that is being done — if not
well ---at least not impossibly badly: to bring mathematical developments into”
contact with potential applications. The .development of “appropriate mat-
hematics™ does not require separate measures — contact once made, feedback
will stimulate new. mathematics (as planetary monon problems crea(cd ‘cal-
culus and topology). :

-Such contact requireé a certain frame of mind, in both teaching and research.
Suggestions for institutional or regulatory measures should be considered with
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care and caution, ‘lest they prove as counter-productive as Nixon’s "War on

Cancer” at the experise of basic research. Indeed, the British-institution of
"Applied Mathematics Departments™ is just such a mistake: in too many there
is neither mathematics done of any conceptual integrity (let alone awarcness .
of new developments in mathematics proper), nor real application to pro-
blems where experiment could answer back. (Cf. the Royal Society report
"Postgraduate Training in the UK 4: Applied Mathematics”). Certainly, if
trained in one I could not have become equipped to write a book ranging over
naval architecture, fluid mechanics, scattering theory, buckling, lasers, ecology
— and be told by a scientist to whose work one chapter is devoted that it
taught him new things about his own subject. This resulted not from personal
cleverness but from attitude; attention to the central mathematical vision,
which a "purc” education taught me, followed by sustained contact with
users of mathematics addressing scientific problems.

In a world looking more and more to organisational structure, both for
description and prescription, it is perhaps unfashionable to preach the value of

. personal example. But I suggest that any proposed institutional fix should be

measured rather against "Will it permit — not hinder — good teaching with
awareness of the unity of mathematics and its applications?” than against de-
lusory hopes that it might produce these good results. No scheme will produce -
them, just as no syllabus is usefully "reformed” when filtered through prima-
ry school teachers with high anxiety scores over their own elementary mathe-
matics. But many of the students of a good teacher will communicate well
themselves — if they are allowed to.
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G. S Ramaswamy

: 'The Role of Mathematics in the Engmeermg Sclences
" Present Status and Future Possibilities

(l) Objects of the workshop

The workshop, as I see it, is expected to create an interface betwecn the genc-
rators and users of mathematlcs so that the two groups can think tonclher and
identify:

i) Areas of mathematics which. have already demonstraled their usefulness in

the service of the sciences, and '

ii) New areas with promising potentialities for apphcatlons in Science and
..Engmeenng, in the foreﬁeeable future
' ) Incidentally, the workshop may- also servé the very useful purpose of bridging
the chasm that often separates mathematicians pursuing their specialized areas
of interest more or less in isolation. o

Obviously, the first objective is very much easier to accomplish than the

second, This does not mean that all engineers and mathematicians are fully.
aware of the areas of méthcmatics that are already being utilized in the service '
of tlié sciences. Only an elite group of mathematically trained engineers and

mathematicians working in close association with engineers-have explored

these possnbllmes to some extent on an ad hoc basns Even herc much remains

" tobe donel , T

- Thé second objective is certainly more ambitious and is in the nature of

crystal-gazing but is certainly worth undertaking. These efforts to foresee fu- .
ture apphcatlons for specialized branches of mathematics are characterized by

Stanislaw Ulam1) as “patrols” sent out in all directions in the hope that some

of them will produce useful results.
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(2) Inhibiting Factors

The following inhibiting factors create a comhmnication barrier between the
community of applied scientists and engineers on the one hand and mathe-
maticians on the other.

i) The mathematician is looking for “clean problems to which he can readily
apply the techniques he knows, Or in other words, the engineer or the scien-
tist has to pick up the problem from the factory floor or the field, idealize it
and offer it to the mathematician in a form that he can comprehend.

Practical problems will have to be shorn of confusing details before they can
be reduced to mathematical form.

A parable will best illusirate this situation. A passer-by sees a drunk searching
for something on a well-lit pavement.
*What are you looking for?” asks the passer-by.
1 am looking for a lost ten dollar bill,” says the drunk.
*Did you lose it here?”
”No,” says the drunk, 1 lost it in the garbage heap.”
»Don’t you think that it is more logical to look.for it there?™ asks the
passer-by.
"No,” says the drunk, “The garbage heap is full of broken glass. It is easier
to-look for it here.”

Practical problems are far from clean and clear and for this reason, one pre-
fers the well-lit pavement to the garbage heap. The question is: Who will
clean them up? This task can be undertaken only by a community of “go-
betweens” who are either mathematically-trained engineers or mathematicians
with sufficient knowledge of other sciences or engineering. Their tribe must
increase.

ii) Even now, we have such go-betweens”, although their number tends to be

- small, But what often happens is that they become fascinated with the techni-
qués and tools themselves and a situation soon develops when we have techni-
ques in search of problems (reminding one of Lugi Pirondello’s play "Char-
racters in Search of an Author”).

iii) The “gem-finders” are few but the gem-polishers arc many. The “gem-
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finders™ are the trail-blazers who have. the skill to idealize problems and find

" suitable mathematical tools and techniques to solve them. When once. the

trailes-blazers have done "their job, others make a bee-line to” that. area.and.
overwork: it and ‘make’ endless refinements instead of going into new un-.
*“charted areds’ which will be more worthy of (heu’ efforts, An example will:
best 1Ilustrate this mtuahon Co .

- For - ‘carrying out the stress analysis of complex engineering strictures (in-
cliding .the human skeleton in bio- mcchamcs) engineers were obliced to
develop mathematical mpdels which are suitable for computerization. By a
pragmatic process, the finite element technique for discretization of continua -
was developed for this purpose. This was something of a break-through and:
this versatile technique has found applications in solving problems in structu-
ral analysis, fluid mechanics, rock-mechanics and bio-mechanics during the
past decade. The result has been that in the recent past almost every graduate”

_ thesis in the engmeenng sciences has been devoted to this technique.

(38 X

3) Suggesti'ons for Breaking down the Cqmmun-icationl Barrier

- i) This workshop is'a good beginning: It needs to be followed up by similar

periodic workshops arranged for each arca of microspecialization of enginecr-
ing and science to provxde meeting grounds for scientists, engineers and .
athematncnans ’

ii) Thc co_'ntent of mathematics taught to scicntists and engineers needs to be -

~ continually up-dated. The mathematics taught to undergraduates in science
““and engincering has remained practi’cally’s'tatic and stagnant during the past -
twenty years. The task of up-dating needs to be entrusied to a "brainstrust™

of the ablest mathematicians, engineers and scnenmts interested in the future
.of mathematics and its applluatxons :

(4) Sdme Thoughts on the Future Role of Math.ematics in

the Engineering Sciences ,
4.1 Possibly, I may start this survey by mentioning areas of- mathematics
which in my personal experience have already demonstrated thexr usefulness
to engineers:
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_ 1) Laplace Transforms =
2) Matrix Algebra
= 3) Stochastic Processes
4) Linear, non-Linear and Dynamic Programmmg
§5) Optimazation Techniques
6) Discretization Techniques for Modelling Continua with infinite degrees
of freedom by systems with a finite degree of freedom. The Finite
Element Techniques are examples. ' '
7) Numerical Methods of Integration
8) Solution of Boundary Value Problems by Integral Equations.
9) Markov Processes
10) Graph Theory

4.2 The scope for future applications of mathematics can to some extent be

anticipated if forecasts can be made of the possible directions of growth of the

engineering sciences. 1 will try to do this for Structural Engineering which is

my discipline. Similar exercises need to be carried out for each scientific and
" Engincering discipline.

Shapes of Structures
In the past, it has been the practice in the design process to assume the shape
- of structures to start with, without reference to the material of which they
are made. Or, in other words, the geometry and topology are arbitrarily
chosen as the point of departure. A stress-analysis is then carried out. This
unnatural process often leads to lengthy and tedious calculations. Sometimes
ill-continued equations result, indicating an inappropriate choice of shape.
There are many advantages to be gained in reversing this process. A desirable
state of stress that the material will sustain can be selected. We may then ask
for the appropriate shape of the structure to achijeve this state of stress. An
example will best illustrate this statement. Suppose the structure is to be built
of concrete. It is known that concrete can carry high compressive but neg-
ligible trensile stresses. It is then logical to look for a structural form which will
carry loads in pure compression. For example, I had demonstrated 2) that it
can be done if the structural shape chosen is a funicular shell. In effect, we
have rcversed the normal sequence followed in design practice. T/he stress has
been chosen and the shape found. 1t can be rigorously demonstrated that
the resulting shape is optimal. In future, stress-analysis is likely to be supp-
lanted by this process structural synthesis. The development of mathematical
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-tools and lechni.quves hegded for finding optimal 'shapes; given the loads and -
. the properties of materialsis an area that is likely to prove important.

~Loads and Propertles of Malcnals . :
The current practices. relating to design of structures are. based on a deler- .
ministic ‘philosophy. So are the currently employed concepts of safety. The
maximum loads that are likely to occur are-given in the Codes of Practice. So
are the allowsble stresses. These have a deterministic format. There are some
attempts at present to specify loads and stresses in a semi-probabilistic format
but these are not thorough-going enough. Similarly, the calculations of re-.
sponses of structures-under loads — deflexions, stresses, etc. are also'done on
a deterministic basis. But the loads on structures are subject to variability. So
are thc material prop’erties. In future, a stochastic approach is-likely to replace
this deterministic approach. This trend is also likely to be accentuated by the
new materials that are around the corner - fibre reinforced composites,
po]y.m'er concrete, etc. A few stlldies.have already appeared using Monte Carlo
methods to predict résponses of structmjes. Systematic and ccherent ap-.
proaches to such problems are a practical hecessity. The rheology of materials
"and means of incdrporatine them in design and the modelling of real materials
are other challenges that structures of the future will present. The ageing of
'_structures and the consequent changes in their responses are problems tl.at,f
await mathematical analysis. The analysis of structures right up to collapse -
. after they have cracked also opens up new avenues for study ' '

. (1) Ulam, S., "The Application of Mathematics™. In: “The Mathematical Sciences”,
Collection of Essays edited by COSR[MS (Committee on Support of Research in the Ma-
thematical Sciences), M.L.T. Press, 1968.

(2) Ramaswamy, G.S., "The Theory of a New Funicular Shaliow Shell of Dnuhle-Cur-
vature™, Indian Concrete Journal, September.1960. ..



12

i

Mohamnmad El Tom

— - + = =

On Future Mathematics in Underdeveloped Countries .

1. The share of world trade in the hands of underdevcloped countries is about
207 1 suspect that the contribution of these countries to the mathematical
literature is much smaller?

With the exception of a few of the larger countries, graduate education in
mathematics is extremely weak in this part of the world. Therefore, it is hard-
Iy meaningful to speak of dominant trends in the mathematical activity of the
arca. However, more indizenous Ph. D.’s are continuously flowing into these
countries and important steps have or are being taken to strengthen graduate
programs in mathematics. The time scems to be right to inquire about the
characteristics of future (1990's and ownwards) mathematics in underdevelop-
ed countries. .
I want to briefly discuss a number of (external and internal) factors which I
believe will play an important part in shaping future mathematics in a large
number of underdeveloped countrics.

I1. External factors

~The centre of mathcmatical activity lies in the industrialized nations; and ma-
thematics being what it is, a universal science, third world mathematicians are
bound to be influenced to a greater or lesser extent by what goes on in the
centre.

1. This influence exerts itself primarily though training. Although I have no
statistics, I would guess that about 70% of third world* Ph.D)'s in mathe-
matics either received their doctorate degrees or did a post-doctoral
training in U.S.A., UX,, or France. This situation is not likely to be
qualitatively altered in the near future. Even if heretofore the majority
of younger mathematicians receive all their training locally, the weight
of the ‘older and Western-trained mathematicians is not likely to be ap-
preciably diminished in the near future.

The effect of training is most visible in the similarity of structures of
third world university mathematics institutions and corresponding oncs
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in the West. These structures include forms of orpanization, ¢ourses of”
study; graduate-edycation dnd systenis of promotion and recognition:

"~ . 2.Animportant and obvious source of influence are publications, conferen-
.. -~ ces and organizations. In research and mathematics educatiori, dominant
trends and fashions in the centre are most likely to prevail elsewhere.

| In the absence of other strong factors, the combined effect of these two
' and related secondary factors is to generate a mathematical activity
which, while probably well-integrated in the mainstream of mathematics,
has very little impact on third world socicties**. Mathematics will even-
tually stagnate. Fortunately, however, there are some other nmpon.mt
factors, which are likely to greatly weaken this tcndem\ ‘
1L Intemal forces

The forces described below mﬂuence the dg\nl(\pmt‘nt of all the mv.ncw
However it sccms lhat thclr mﬂuence is Lrutcsl on mathcm.xms T

1. Developing nations have lona been-convine cd of the nccc«sn\ of lndlL-
enous science to “(matcrial and cultural) development. A pre requisite for
the establishment of. a national scicnce capability is thé achievement of
self-determination in science. The realization of this condition implics
that local scicntists must bear full nsponsil\ilit) for thee developmint of

. their disciplines and it allows for crmc.ﬂ asse uvmnt of achie venents (or
lack of them), . : o

Ont:e achieved, however, self-determination in science docs riot by it- -

science. Indeed, the relationshin between the two concepts is in many
ways similar to that between “national self-determination™ and “deve-
lopment”,

2. Perhaps, the source of the strongest influence on the activitics of third
world intellectuals is ‘their awareness of the phcnorhcn’on of under-
development. Contrary to-the widely-leld belief that poor job oppor-

. tunities and low salaries provide a satisfactory explanation of the ob-
served “scarcity of talent” in mathematics, I believe that this “aware-
ness of underdevelopment” often leads brilliant students to choose for *
their studies those disciplines which are seen by them to be relcvant to

- self -neccssarily -lead to- the -attainment-of "the ohucctne ‘of indigenouse -
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their societies. The nmphcauons of relevance on the orientation of ma- .
=+ thematics are obviously considerable... - . . . .

3. The difficulty and urgency of development on the one hand, and the -
scarcity of resources on the other hand, lead to the adoption of planning,”
at various levels, as a tool for accelerating development. An important
instance of aspects of this activity is the Chinese National Science Con-

* ference held in March, 1978,

Science policies usually put much greater emphasis on those areas of
science which scemn to be of importance to major developmental pro-
blems. The clarification and solution of these problems is unlikely to be
appreciably advanced outside an interdisciplinary framework. Morcover,
the production quality of scientists necessary for tackling these problems
poscs in turn enonnous educational ones.

The combined effect of these internal factors is to encourage team work,
deemphasize pure mathematics and foster research in problems of ma-
thematical education, interdisciplinary studies and in those areas whose ~
range of applicability is relatively wide.

1V. Conclusion

Future mathematical activity in a large number of underdeveloped countries
will be partly shaped by the interplay of the external and internal factors
discussed above. Recent activities on national. regional and intcmational
levels strongly indicate that the internal factors will dominate. Consequently,
1 foresce the fellowing as important characteristics of future mathematics in
these countrics.

a. A smaller proportion of mathematicians who are active in major areas
of pure mathematics;

b. The emergence of statistics, applied probability, operations research,
computational mathematics, computer scicnce and mathematical educat-
ion as strong areas.

¢. Tlie (relatively slower) emergence of interdisciplinary studies such as
mathematical economics and biomathematics as active areas of research.

d. A larger proportion of mathematicians involved in collaborative research
effort.
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All this, however, depends on the éxistence of sufficiently enlmhtened and -
. stable political systems in these countries. ‘ :

7

+ Of about 1500 journals listed in the Mathematical Review, about 8% are published in
third world countries and of these 30% are. ‘Indian. S

India is probably an exception.

* I view mathematics as a human social actmty that mtcracls with the socio-cultural

mxlleu in which it takes place.
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