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ABSTRACT:
We consider the stabilization problems for parabolic and hyperbolic partial
differential equations with Dirichlet boundary condition. The systems are

stabilized by a- boundary feedback in

1) the operator equation

2) the boundary condition

3) both the operator equation and the boundary condition

and we prove the existence of feedback semigroups in these cases. The main
tool in the 1investigation is a  pseudo~-differential transformation that
transforms the domains of the feedback semigroup generators into classical
operator domains, where standard resolvent analysis can be employed. The 3
transformations turns out to be a shortcut to some of the stabilization
results of I. Lasiecka and R. Triggiani in [7], [8] and [9] ., and it en- "
lightens to some extent how a change of boundary condition influences the

systems.
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ORIENTATION.

This paper is concerned with boundary feedback stabilization problems for

parabolic and hyperbolic evolution equations associated with elliptic
differential operators. Boundary feedback systems have been studied
inténsivel} during the last tenT}ears, with a monumental contribution due to
I. Lasiecka & R. Triggiani; we refer here only to [7], [8] and [9]

Lasiecka & Triggiani employ a semigroup-rooted method. as related to work of
Washburn [15] and Balakrishnan [1]. This semigroup-integral representation
method is based on the theory of fractional power spaces and second order
operators are considered. We describe here a pseudo-differential operator
method that allow us to work directly in L?(02) and we construct in a
"classical” manner the resolvent of the 2m-order operator of the evolution
equation. The explicit resolvent construction is then used to derive
stabilization results for the boundary feedback semigroup of the problem.

More important, however, is the application of the pseﬁdo—differential
method to characterize various types of feedback systems appearing in the
litterature. Some of the first results on the stabilization of feedback
systems are due to Nambu [11] and Triggiani [12], where the systems are
stabilized by a suitable manipulation (control) in the operator equation.
Such manipulations are covered by what we denote by perturbations of the
first kind. More complicated than manipulating with the operator equation,
is manipulation with the boundary condition. Stabilization of a system by
change of boundary condition is treated in [7], [8] and [9]. It is this kind

of manipulation with the boundary condition that is usually understood as a

boundary control, or as a boundary feedback for systems where the control is
a feedback of the state. We denote this kind of control a perturbation of

the second kind. For both types of perturbations it is most realistic to

assume that the feedback controls are of finite rank.

One of the main results of this paper is that we can, in general, transform
a perturbation of the second kind into the more simple and well understood
perturbation of the first kind, where a '"classical" approach can be taken

for obtaining stabilization results. It turns out that the transformation

can be regarded as a generalized change of coordinates in the space Hm(Q). a
feature that is also of interest when considering optimal control of

systems, but this is not elaborated on in this paper.
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For the sake of generality, we also introduce a mixing of the perturbations.
We manipulate both the operator equation and the boundary condition and call

this a perturbation of the third kind. For such systems it is possible to

construct a system operator that is variational (i.e. associated with a
suitable sesquilinear form), and from calculation of this operator the
linking of "interior terms” and "boundary terms” 1is revealed. The
stabilization procedure suggested for $uch systems with mixed feedbacks is
probably not optimal in any sense, but it is simple, and the theory
elucidates the nature of the boundary feedback systems.

The pseudo-differential approach thus allows us, in a unified setting. to
obtain stabilization results for all three kinds of perturbations and for
parabolic as well as hyperbolic equations. In all cases we conclude that it
is possible to construct finite rank feedback mechanisms that give
exponential decrease of the L?-norm of the state. For perturbations of the
first and second kind this is achieved by means of the pole-assignment
theorem, while for perturbations of the third kind interior and boundary
terms are balanced. ‘

The results on perturba;ions of first-and second kind are contained.in § 5
of the paper, while § 6 deals with the perturbations of the third kind. & 1
is an introduction to the notation used throughout the paper, & 2 introduces
the specific form of the perturbations considered. § 3 and § 4 deals with
some results of pseudo—differentiél calculus, most importantly the

transformation techniques employed.




§ 1. INTRODUCTION AND NOTATION.

Ve consider stabilization of parabolic and hyperbolic differential equations

of the form

,-atu + Au =0 inQQ, for t > O

(1.1) vu=0 onTl, for t >0
Uu=uy inQ, for t =0

and
aiu +Au=0 inQ, for teR
0.2 M
atu =u, inQ , at t=20

Here A is a formally selfadjoint, uniformly strongly elliptic differential

operator of order 2m, of the form

(1.3) A= ) P a,5(x) D%
la], |Bl¢ m

with Cp(ﬁ)—coefficients a on a bounded, open domain Q C R" . n>2 .

aff
with smooth boundary 80 =T . 7 is the Dirichlet trace operator

(1.4) v = {v,} , where
3 0¢j<m
(1.5) T (%-gﬁqju )

(n is the normal, directed inward.)
We denote similarly

(1.6) v = {7.)
I ngj<em

the Neumann trace operator, and we define the Cauchy-data pu as

(1.7) pu = {vu, vu},



moreover we use the multi-indexs notation

a
p* =p*..... D 1,
n
(1.8)
pd o (L2,
j T axJ

The Dirichlet realization A7 of A is the operator acting like A in L) .

and with domain
(1.9) DA = {ueR™ (@ | w=0) =" (@ NH @

where H°(Q) is the Sobolev space of L%(Q)-functions with L?(Q)-derivatives

up to order s. It is well known that A1 is an unbounded, selfadjoint ope-

rator in L?(Q) . and since the embedding HS(Q)-+Ht(Q) is compact for s > t
, the rgsolvent R(A.Aq) of A,7 is a compact operator in L?(Q) for all A
outside the spectrum, sp(AT) , of Aq . Hence A7 has a sequence of real -
eigenvalues A, { A\, €... converging to infinity. Wee see that (1,1) and
(1,2) are the time dependent evolution problems associated with Aq . gene-
ralizing the heat equation, resp. the wave equation. When Ar >0, all
solutions wu(t,x) of (1,1) are exponentially decreasing for t ->® , and
all solutions of (1,2) are bounded; we will call this the stable case. How-
ever, if some eigenvalues are negative, there are solutions both of (1,1)
and (1,2) that blow up in an exponential manner for t - ® . It is therefore
of interest to investigate how one can change the systems to obtain the

stable case, and this is the aim of this paper.



§ 2. PERTURBATIONS OF THE BOUNDARY VALUE PROBLEMS.

~ By a perturbation of the first kind of the system (1,1), we will understand

‘a system of the form

atu +Au+Gu=0 inQQ, for t >0

(2.1) { mu=0 onl , for t >0

u =y in 2, at t=0

1

Here the interior operator A is replaced by A + G where G has finite rank

“and is of the special form G = KT , where

(i) T is a trace operator that maps functions on @ into functions on

I', of the form as a column vector

(ii) K is a Poisson operator that maps functions on I' into functions on

1. of the form as a row vector

" An operator G of this special form is denoted a singular Green operator,
this kind of operator is carefully explained, as well as the trace- and
Poisson- operators, in Grubb [5]. They are all operators entering in the

"Boutet de Monvel-calculus” (c.f. Boutet de Monvel [2]).

Stabilization of the a priori unstable system (1,1) by a perturbation of
the first kind has been studied e.g. in Nambu [11] and Triggiani [14].
and it is shown there that it is possible to choose G of finite rank,
such that (2,1) is stable.

By a perturbation of the second kind of the system (1,1), we will under-

stand a system of the form

atu +Au=0 inQ, for t >0
(2.2) mu=Tuonl , for t >0
u=u in?, at t=0

where the boundary operator v is replaced by v - T' , T' being a trace
operator of finite rank.



Both (2,1) and (2,2) are so called boundary feedback systems, and we

will especially be interested in the case where T' is of the special

form
N
(2.3) Tu= ) (ulw)g
j=1
(here (+|+) 1is the usual L?(2) - inner product, Wy e Cm(ﬁ) ,
g € c(m™ . i=1.,2 ..., N).

For applications, w, can be thought.of as sensor functions and gj as

J

boundary actuaters.

T' defined in (2,3) is called a finite dimensional feedback operator,

and in contrast to v it is of a‘noh—local nature. (One of the major
differences between the perturbations (2,1) and (2,2) is that in (2,1)

the boundary condition is local, whereas in (2.,2) it is non-local).

Boundary feedback systems have been studied in a number of papers by I.
Lasiecka and R. Triggiani (see e.g. Lasiecka & Triggiani [7], [8] and
[9]). One of the main results is fhat. under suitable hypotheses. it is
possible to choose the functions wj and 'gJ appearing in (2.3). such
that the system is stable. Lasiecka and Triggiani take a semigroup
approach to investigate the system (2,2), using developments on the
semigroup approach presented in Washburn [15] and Balakrishnan [1]. (The
basic idea of a semigroup model is presented in Fattorini [4]. where

ordinary differential equations are considered.)

By a perturbation of the third kind of the system (1,1), we will under-

stand a system of the form

atu + Au+Gu=0 inQ, for t >0

T'uonl , for t >0
u inQ2, att=0

- (2.4) “Tu

u

where the operators G and T' are of the types considered above.

We define perturbations of the system (1,2) analogously.
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In the following we present a pseudo-differential operator method to
investigate the systems above, this gives us in an easy way many of the
results of Lasiecka & Triggiani, [7], [8] and [9].as well as similar
results for the hyperbolic problem

8%u + Au =0 inl, for t e R

7ua=T'uonl , for t e R

(2.5) u=uy in2?, att=20
atu=u1 inQ, att=20

(a perturbation of the second kind of (1,2)).

Here we would like to point out that there now exists a quite general
theory that includes all the above perturbations when they have "smooth
coefficients”, namely the theory of pseudo-differential boundary prob-
lems. For these, the solvability of parabolic problems like (2.2) (and
far more general cases) has been discussed in great detail in Grubb [5].
However, in the work that follows, we use only some basic results of the
pseudo-differential methods, but the techniques are crucial for the
simplicity of the proofs, and the theory is very helpful for the under-
standing of the underlying problems.

Our main result is that we can, in general, transform a perturbation of
the second kind into a perturbation of the first kind, whenever the
boundary condition is normal, in the sense described in Grubb [5]. This
includes all "classical” normal boundary conditions, as well as the
feedback boundary condition ~u - T'u = 0 , with T’ given by (2,3). In
this case, however, a special transformation of the systems (2,2) and
(2.5) proves to be very useful. It turns out that the transformation can
be regarded as a generalized change of coordinates, and the resulting.
transformed system operator A + G 1is merely a finite dimensional,
A-bounded perturbation of A. In this case, stabilization theory for
perturbations of the first kind is straightforward, as we can apply the
well known "pole assignment theorem” due to Wonham (see Wonham [16]).



§ 3. NORMAL OPERATOR REALIZATIONS.

Assume that Tu = O is a normal boundary condition in the sense of
Grubb [5]. We will then define a normal realization of the operator A
(1.3) the following way: Let AT be the operator acting like A in L2 ..

with domain

(3.1) D(Ay) = {u e H2(Q) | Tu = 0}
Then the realization AT of A is called a normal realization.

It is shown in Grubb [5] Lemma 1.6.8 that normal realizations have dense

domains in L%(Q) . According to Grubb, there exists an operator A

(see (4.4)) which is a homeomorphism in HS(Q) for any s 2 O , such

that A defines a bijection

(3.2) A D(AD) > D(A) = H"(@) ] Ho(®)

where A7 is the Dirichlet realization from § i.

Moreover, we have

LEMMA 3.1
Let T’ be given by (2,3) and define

(3.3) T=~-T

Then Tu = O is a normal boundary condition, and the operator realiza-

tion AT of A is a closed, densely defined operator in L3(Q) .

Proof : .
We only have to show that AT is closed.

Let (un) be a sequence in D(AT) converging to u e L?(Q) , and assu-

me that (Aun) converges to v e L%(Q) .

We must show that u e D(AT) with Au = v.
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Since u_-u in L?(Q) . we have that Au_ > Au in D’'(Q) (the dual

space of C:(Q)) ., so v=Auel?Q) and u -“u in the space
1
{v ell?(Q) | Av e L3(Q)} . Now Tu - in TT H 2 (I') (see Lions

& Magenes [10]) and since

N
o= E (unle)g‘j where (unle) - (ule) . j=1,2, ... .N\,
j=1
N N
we see that. L 2 (ule)gJ , SO Tu = 2 (uler)gJ as an element
j=1 j=1
- -k
of TT H (') . Now, since
0<k<m
o 2nk3
ggeC(r)"c I H (ry .j=1,2, ... ,N, we have that
0<k<m
2m-k—
we [ H (r)
0<k<m

But then by the regularity of the Dirichlet problem for A, Au e L%()
2mk— o
and vwawe || H (r') imply that u e H (Q) .

N
Altogether, u € Hzm(Q) with ~u - 2 (ule)gj =0 . so ueD(A) .0
j=1
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§ 4: THE PSEUDO-DIFFERENTIAL TRANSFORMATIONS

Consider for € = 1, 2 the parabolic, resp. hyperbolic perturbation of

the second kind
: e
(4.1) atu + ATu =0, ue D(AT)
with T=+-T", T' given by (2.3).
Using (3.2) this can be transformed into
2. ) _
(4.2) a A v + ALA 'v=0.,ve D(A,)
where v = Au . Acting with A from the left in (4,2) we find

e -
(4.3) dv + AA 'v=0,ve D(A) -

From Grubb [5], Lemma 1.6.8, the structure of A and A™' are as follows

A =1- KbT'

(4.4) '
-1 _ - ] *

AT =1 K6Q6T
where Kb . 0 e J0.605] 1is a family 6f Poisson operators and Q, 1is a
certain 6-dependent pseudo-differential operator, that is bijectiye and
elliptic in T[] Hs_k(ﬂ) . s20.

0<k<2m
Then
-1 . » -

(4.5) AATA = (1 - K6T )AT(l - KGQGT ) = AT + G
where
(4.6) G = KgT'AKsQsT" = AfKGQsT" — K T Ap

is a singular Green operator of finite rank.

Hence (4.3) is a perturbation of the first kind.
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However in the case, where T’ is of the special form (2,3), we can use a

more explicit transformation.

Assume, for the moment, that O is not an eigenvalue of Aq . This is only
a temporary assumption that will be removed later (see after remark
5.3). Let K‘7 be the Poisson operator that solves the Dirichlet problem

for A, i.e. u = wa is the solution of

- { Au
(4.7)

7u=¢ onl

0 in Q

Since K T' has finite rank, the bounded operator 1 - KT is a
Fredholm operator with index O in L?*(Q) , and it maps Hzm(Q) into

H2m(9) . (cf. Hormander [6]. ch. 19.1 for a simple explanation of
Fredholm operators like 1 - KWT')

Since

(4.8) 7(1 - K7T')u = - T'u =Tu
we have that

(4.9) (1 - KT)D(Ap) € DCA)

and moreover, if u e D(AT) and v = (1 - KﬁT’)u ., then
(4.10) Av = A(1 - KqT')u = Au

Now assume that T' can be chosen such that 1 - KvT' is a bijection in

H2m(Q) (this will be done later on., se § 5). Then referring again to the
theory of Fredholm operators, we have that 1 - KqT' defines a homeo-

morphism:

(4.11)  1-KT' : DAY >D(A) (= H"®) N Hy®@) .
Just like the A-operator above.

We have then established the useful factorization

(4.12) Ap=A(1-KT) .
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Now proceeding as above, the problems

(4.13) aiu +Au=0.,ueDA) . 2=1, 2

transforms into

e :
(4,14) dv+(1-KT)Av=0,veDA). =12
where v = (1 -KT')u .

Thus we have transformed the perturbation of the second kind (4.13) into
a perturbation of the first kind (4,14), and we are able to calculate

the system operator in an easy way.
We have

THEOREM 4.1
The boundary feedback systems

atu +Au=0 inQ, fort>O0

(4,15) u=T'u onT, for t >0

u = ug in2,at t=20

and
afu + Au =0 inQ, for t € R
' wu=T'u onT, for t eR
(4,16) {
u = ug inQ2, att=0
atu = u, inQ, att=0

with T' given by (2,3), transform into the systems

atv + Av - KYT'AV O inQQ, fort >0

v
o

(4.15") v =0 onTl , for t

I
(@]

Vv=ve infl, fort




and
[ .2 ,
;atv + Av - KwT Av =0 inQ, for t e R
) , , w =0 onT, for teR
(4,16°) <
=vp inQ , for t =0
, atv =vy, inQ, for t =0 7
) a
Since
N
(4.17) KT'Av = ) (Avlw K g,
j=1

for ve Hzm(Q) . K7T'A has finite rank, and we see that

(4.18) A=A- K T'A

can be regarded as a finite dimensional perturbation of A.

We obviously have (II-IIS is the HS(Q)—norm):
(4.19) K. T'Av][o € cllav]lo < cllavilo + |lvllo

for ve D(Aq) , SO KqT’A is A~bounded. Since A7 is the infinitesi-

mal generator of an analytic semigroup on L?*(Q) ., so is A1 , form the

perturbation result in Zabczyk [17], prop. 1.
We have

THEOREM 4.2

The realization Aﬁ of the operator

(4.20) A=A-KTA

with domain




(4.21)  D(A) = H"@) N HY®@ (= D(A))

is the infinitesimal generator of an analytic semigroup e T ,tyo0

on L3*(Q) . giving the solution to (4.15") as

At
(4.22) v(t.,x) = e v vo(x) . xeQ ., t 20,

when vo € L?(Q) . The solution to the original system (4.15) is then

~

-A t
(4.23) u(t.x) = (1 -KT')"" e T (1 -KT)ue(x) . xel t20

when ug e L?(Q) .0

Remark 4.3
All the semigroup theory used above is covered by [5].
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§ 5. AN APPLICATION OF THE PSEUDO-DIFFERENTIAL TRANSFORMATION TO STA-
BILIZATION.

" We will now show how the transformation from § 4 can be used as a short-
cut to some of the results of Lasiecka & Triggiani ([7].[8].[9]). which

have been a great motivation to us.

The assumed instability of the systems (1,1) and (1,2) is caused by the
negative eigenvalues in the pure point spectrum sp(Av) of A7 , and we
will show:= that we can choose a finite dimensional feedback boundary

condition
(5.1) mu = T'u
where T' is defined by

N

(5.2) T'u = }1 (ulw e,
j=

(see (2,4)), such that the systems

atu + Au = 0 inQ, for t >0

(5.3) ya =T'uinTl , for t >0
u=u inf?, for t =0

and
6:u+Au=0 inQ, for teR
(5.4) ma=T'uonTl , for teR
u=uy inQ , at t=0
atu =u; inQ , at t=0

are stable systems (in the sense described in § 1). We will apply the
pseudo-differential transformation to the perturbations of the second
kind (5,3) and (5.,4) and then apply Wonhams "pole assignment theorem”
(Wonham [16]) on the resulting perturbations of the first kind. This,
combined with a classical resolvent analysis, gives us the desired re-

sults.
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Let the eigenvalues of A7 be arranged in a non-decreasing sequence

(5.5) VRS VF SIS VIR R W S

each eigenvalue repeated according to multiplicity, and let {wj) be
‘ j21

a corresponding set of orthonormalized eigenfunctions of Aq. Now define
Pu and Ps as the orthogonal projekctions of LZ(Q) on the orthogonal

subspaces Xu , resp. Xs , defined by

span {¢,} '
1¢j<K

= span («Pj}

(5.6)

—t—
o ™
| ]

j 2K

Remark 5.1

The results in Lasiecka & Triggiani [7]. [8] and [9] are formulated as
if non-selfadjoint realizations are treated as well, but on the other
hand the treatment is based heavily on the orthogonal projections on the

eigenspaces Xu and XS . Orthogonality of eigenspaces in general re-

quires at least that A,T is normal, i.e. AqA: = A::A,7 . but we know of no

Dirichlet realization Aq satisfying this without being selfadjoint.O

Since Xu and Xs N D(Aq) are invariant subspaces for Aw' we can

define the restrictions
Au = A1|xu

(5.7)
A = A»1|xs N D(A)

Then Au 'is a bounded operator on Xu and As is an unbounded operator
with domain D(A) = X_ [] D(A)) . Notice that P and P_ commute

2
with Aq on D(Aﬁ) . Now writing fu = Puf . fs = Psf for f e L°(Q) .
we have that when ue D(AT) . (see 3.1) and (4.11))., then
vV = (1—K7T')u (3 D(A7) satisfies

Av = Au
(5.8) v X

vV_ e D(AS)
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Now we use the factorization

(5.9) ” AT = A1(1~K7T,)

in the discussion of the resolvent equation
(5.10) ' (A-Au=f , fe L) .

First we consider the case where we are allowed to decouple the feedback

by assuming that
(5.11) Pw. =0, j=1,2, ... ,N

(i.e. the w_, are in Xu ; the "unstable" eigenspace).

J

Then we write (5,10) in projected and factorized form

P : £

S S

which because of (5,11) reduces to
(5.13) Au -APKTu -AN_=f
uu uu~r u u
(5.14) -APKTu +Au_-2Au_=f
ss7v u s s

where we observe that (5,13) is a finite dimensional resolvent equation

for the matrix operator

(5.15) A =A -APKT
u u uu-vy

To this we can apply Wonhams theorem to stabilize the unstable part of
the system. We then have (for m = 1 , one of Lasiecka and Triggiani's

results) ;

THEOREM 5.2

Assume that the Neumann traces {u¢j} are linearly independent, so
1<jJ<K
that

(5.16) dim (X ) = dim(X ) (= K - 1)



and let (cj} be an arbitrary given set of K - 1 distinct, real
1{j<K

numbers.

Then there exists a number N and a set

(5.17) {(w..g}
I ¢gen

where wj € Xu and gj € Cw(l")m , such that with

N

(5.18) T'u =. 2 (ule)gJ .
j=1

the eigenvalues of the matrix operator
(5.19) A =A -APKT
u’ u uu -

on X , are {c.} .
I ¢k

The number N can be taken as the largest multiplicity of the unstable

eigenvalues {A. } . In particular, N = 1 when the eigenvalues are
I 1¢<K
simple.
Proof:
Assume first that all of the eigenvalues {kj) are simple and take
1<j<K

N =1 . Consider T' of the form

(5.20) T'u = (ulw)g .
In the basis {¢j) of X ., the matrix K; has the form
1<K v
Ay O ..., 0
0 A, : .
(5.21) N R (O



where

M (K gles)

(5.22) ) = | Re(Kssle2)

AK—liK1g|¢K-1)

and Wt is the transposed of the matrix given by
(¢ IW)

(5.23) W= (¢2 IW)
("PK_I IW)

Consider now the control matrix of the pair (Au.W) :

CADERNCALD N2, W)

(5.24) [WAN ... AN 2 W] = (¢2!w) Az(lew) o Ns gz |w)

(o1 10) N1 (o_ I0) o N ey W)

The determinant of the control matrix is computed to be

(5.25) T oyl TT (3 = Ap)
1<{j<K 1<e<k<K

by reduction to a Vandermonde determinant. Since the eigenvalues are
assumed to be simple, we can choose w € Xu , satisfying (wjlw) #0
for j=1,2, ..., K- 1, such that the determinant is different from
0. This implies that the pair (Au.W) is controllable, so by the pole

assignment theorem there exists a matrix

P1
(5.26) p=|P2 .pyeC.g=1.2 ... K-1
Pg-1
for wich the matrix Au - PR® has the set {cj) as eigenvalues.

1<j<K
Now we will choose g e Cm(l')m such that P = P(g) , i.e. such that

(5.27) MK glo) = py



21

Now from the formula (A.10) in the appendix we have that

(5.28) (Kgle,) = ;7;- (sld”*wj)r :

Here #'® is (since A is elliptic) an invertible m x m matrix of dif-

1 1
ferential operators over I', that maps || H2m k'itr) onto TT'Hm+k+§IF).
m<k<2m ‘ O<k<m

and (-|-)r is the L%(I')™ - inner product.
Since the set
(5.29) {ver. vz, ... v )

is linearly independent, so is also the set

3*

»*
(5.30) (o vp,, d* vy, .. o e )}

Hence it is possible to choose g e Cw(l“)m , satisfying

(5.31) (ga*°™ ue)) = Py - j=1.2 ....K-1
and this choice of g provides 'us with the desired P(g) . in wiew of
g (5,28). This ends the proof in the case of simple eigenvalues.

Now assume that one or more of the eigenvalues {Aj} have multi-
: 1{j<K
plicity larger than 1, and let us take o to be the largest occuring

multiplicity. Take N = 0 and consider T’ of the form

o
(5.32) T'u = 2 (ule)gJ
Jj=1




Now A - APKT' can be written
u u-u ¥

A,OL L. O

(5.33) O R - P({g,} )W
: .o 1<{i<o
N

where

)\{(K,ygi l‘Pi) 7\1(qu2|¢2). oo o Al(K‘Yga'i(Pi)
(5.39) P({g;) ) = | MEglee)  MaKgalea) o Ma(K g, lo2)
1<igo .

and
(v4 le) (vy lwz) o (e IWG)
(5.35) W = (¢2|W1) (wzlwz) e . (¢2|Wa)
g .
(‘PK_I Iwi) (‘PK_I lwz) L (‘pK_l Iwa)

Considering the form of the control matrix

(5.36) [w AW ... AK’ZW]
g uo u o
we see that if w,, wo, ..., w_are chosen in Xu such that
(5.37) rank W_ = o ’

then the rank of the control matrix (5,36) is K - 1 (because a regular
(K-1) x (K-1) - submatrix can be extracted, after suitable row-column
operations). Then according to Wonhams theorem there exists a complex

matrix

Py Piz2 . . . . Pto

(5.38) Ea = | P21 Pzz - - - . Pz,

Pg-1,1 Pk-1,2 - * * Pk-1,0

such that the eigenvalues of the matrix Au - ; W are {Cj) .
1<{j<K
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Now (5.28) takes the form

_ Lo qto
In wiew of (5,16) we can choose g, € Cm(l‘)m ,1i=1, 2, ..., o satis-
fying
10% _ _ 1. _
(5.40) (gilsﬂ ““’j)r' Pjj j=1,2, ....kK1;i=12, ..., 0,
and this choice of (gi} provides us with the desired
1<i<o

P({g;} ) .o

1<i<o
Remark 5.3

For the application of the Wonham theorem heré, it is important that the
range of Pqu fills out all of Xu . this is reformulated as the ques-
tion whether the Neumann traces of the Dirichlet eigenfunctions in Xu
are linearly independent. In that case the results are easy to formula-
te and allow N to be very low, otherwise the results become increasingly
complicated and require (in general) higher N, the more linear dependen-
ce there is. Lasiecka & Triggiani have in [8] an upper and lower bound
on the number N of feedback terms necessary in (5,18). once the number
of linearly independent Neumann traces are given, but the discussion of

the size of dim(vXu) for differential operators on general domains in

n .
R" in the litterature is far from complete, as far as we know.O

Let us now dispose of the temporary assumption O € sp(Aq) . Everything
done this far can without changes be done with the translated operator
A7 -56,6>0, so if Oe sp(Aq) , we take a 6 >0 such that
0¢ sp(A7—5). Then after determining the new realization AT - 6 that
moves the eigenvalues Ay =6, A -0, ..., AK—I -6, and leaves
AJ - &6 . j 2K unaffected, we just add & to AT - &6 . Then the moved
eigenvalues will be increased with &, and so will the unaffected

eigenvalues, i.e. they will return to be the eigenvalues of AS .

Let us now choose the set {cj} occuring in Theorem 5.2 such that
' 1<J<K
<y 2 N (>0),3j=12, ..., K-1.

With T' chosen according to the theorem, the operator Pu(l - KwT;) is

injective, hence bijective., on Xu ., and since wj 3 Xu , 1 - KvT' is
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the identity on Xs . Then, as promised in 3 4 , 1 - K1T' is bijective

from H2m(ﬂ) to H2m(Q) (KqT' has Cm-range) and maps D(AT) onto
D(Aq) . This justifies the factorization (4,12).

Def ine R(A.KL) as the resolvent of K; in Xu , for all

A€ {c} and let R(A,A_) be the resolvent of A_ in X_, de-
h] s s s
1<j<K
fined for all A € {AJ)
j2K

We write the solution to (5,13) as

(5.41) u =RMN.A)X ., A€ {c,}
u utu 3 1¢ek

Using that if u e D(AT) . then v = (1 - KqT')u € D(Aq) satisfies

(5.42)

<
I

Ps(l - KqT')u Ps(l - KqT )(uu + us)

u - PKT'u e D(A)
s sY u s
and we write (5,14) as
(5,43) (AS - )\)(us - PsKvT uu) = fs + APquT u, -

Then, for all A € {Aj} :
j2K

(5,44) u, - PK T'u =RAA)(E, +NPK Ty ) .
Inserting (5.41), we find for all A € ({cj} U {7} ) ¢
1<j<K 475K

(5.45) u, = PSK1T'R()\.Au)fu + R()\.AS)(fs + APSKTT’R(A.Au)fu)
so that

(5,46) u = u, +ug

RAWK DE, + PK TRNK)DE, + ROLA)E, + AR(NAPK T'R(NA

(1+PKT +AR(\APK T IR(NK I, + ROVLAE,
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We see that we have

LEMMA 5.3
The resolvent R(A,AT) solving (5,13) - (5.14) is
: £,
(5-47) R(A-AT)f = (Ry1 Ry2) f
s
where
Rey = (1 + PKT + NR(NAPK T') R(NA)

(5.48)

Rz = R(AA))

so R(A.AT) is well defined for all A outside the spectrum

(e} U

; . of AT ., and maps L?(Q) into Hzm(ﬂ) .0
1<j<K 5K

LEMMA 5.4
The resolvent R(A.AT) satisfies the inequality

(4]

(5.49 ROVADM L2 12 <
) lIRAAD ]2 ¢ dist(h, co(sp(Ap)))

as an operator in L?(Q) . Here c > 0 is a constant independent of

A, and co(sp(AT)) is the convex hull of the spectrum of AT .

Proof :

Note that co(sp(AT)) = [AK.m[ .

AS is a selfadjoint, positive operator on;)Xs f] D(Aq) , satisfying:
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Heag = Nullollullo 2 1((A, - Mulu)]

= [((A; - Re Mulu) - 1 Im A ||u]]d

= (((Ag - Re Nulu)® + (In A[[u]]0)*)/2

{ [Im A] |Ju||& ~if Re A > "
2

(O = Re N)Z+ (In N)Y2 [[ull& 1F Re n <y
2 dist (A.co(sp(AT))) [Ju]lé hence

(5.50) HROVAD ] 2 2 € (dist (A.co(sp(Ap)))) ™" .
R()\.xu) isa (K-1) x (K- 1) matrix of the form
(5.51) R(A.K;) = (det(K; - A)"p(k,zh)

where p(?\.xu) is a polynomium in A (this follows easily from the in-

version formula for matrices), and

(5.52) det(A - A) = constant + ] (A -c,) .
u 1<3<K J

Therefore HR(?\.XU)HLz Lz 1s o(|n - cj|'1) in a neighbourhood of

c, € {CJ}K'(K . For |A]| »© we write
8J

(5.53) K; -A=-A(1 - x"K;)

and we see that R()\.A_u) is  O(IA]"') for IA\] » » , since
(1 - A"Ku) can be inverted by a Neumann series for

Al > ”Xu”Lz.Lz . We can then conclude that

(5.54) [IRAAD ] 2 12 ¢ M(dist(h.co(sp(R ))))™*

where M is a constant, independent of A .
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Obviosly co(sp(xh)) C co(sp(A;)) . and since sp(K;) is bounded ,
||AR(A.K;)||L2 L2 is O(1) for IA\] » @ ; moreover, PSK1T' is bounded
and the decomposition f - fu + fs is bounded and fixed. Then, from the

form of R(A.AT) (5.47) - (5.48) . we find that

(5.55) |IROVAD Il 2 12 ¢ . ;
, ’ dist(k.co(sp(Au))) dist(k.co(sp(AT)))

C

dist(A.co(sp(Ar)))

< o

Using Lemma 3.1, Theorem 5.2 and Lemma 5.4 we find

THEOREM 5.5

There exists a finite dimensional boundary condition

(5.56) 7u=T'u onT'l
where
N
5.57 Tu= ) g, .
(5.57) u (ulw e,
j=1
w‘j € Xu . gj € Cw(F)m ., j=1,2, ..., N, such that the realization AT

of A, with domain

(5.58) D(Ap) = {u e H™(@)|Tu = v - T'u = 0)

~-A..t
is the infinitesimal generator of an analytic semigroup e , t 20
on L?(Q) . giving the solution to the Dirichlet boundary feedback para-

bolic system (5,3) as

~AL.t
(5.59) u(t,x) = e up(x) . xe?, t 20,
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when u, e L?(Q) . The solution (5,59) satisfies the damping estimate

=A,,t
(5.60) - [lu(t.*)[lo < Me L [luollo vt 20, H>0,

where AK is the first positive Dirichlet eigenvalue of A. Moreover,

the operators

(5.61) cos(A%lzt) and sinéA%lzt)

are well defined, and we can write the solution to the hyperbolic prob-

lem (5.4) as

(5,62) u(t,x) = cos(A%lzt)uo + A;l/z sin(A%/zt)ui(x)

xeQ, teR, when up.u; € L?(0) .0

Remark 5.6

One of the slightly mysterious facts about the perturbation of the se-
cond kind, is that the operator AT can never be semibounded (i.e.
satisfy an inequality

(5.63) Re ¢'®(Aqulu) 2 cfful|o?

for some c and 0), when T’ # O . This is a consequence of Proposition

1.7.11 in Grubb [5]. in particular, AT can never be selfadjoint. Since
~Ant
AT is never semibounded, the semigroup e , t 20 1is never a con-

traction semigroup, hence the constant M in (5,60) is always greater
than 1. This is also noticed by Lasiecka & Triggiani, who consider the
translated Laplacian in [8].

This phenomenon is not encountered in the Neumann feedback Problem.O

Remark 5.7
Comparison of eqs. (5,59) and (4,23) show that for the semigroups we

have

~

-At -A t
(5.64) e M =(1-KT' )% 7 (1- KT).
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This justifies the term "generalized change of coordinates” from § 2.0

Now it is straightforward to extend the theory to include more general

cases where Psw # 0 . The operator T’ considered above can be writ-

J

ten

N
(5.65) Tu= ) (ulPw ey -
j=1

so if we define the operator T'' as

N

(5.66) T''u = 2 (ulPgw e, -
j=1

we see that the decoupled case considered above corresponds to the case
where T'' =0 .

The operator T, , defined as
(5.67) Tiu =90 -T'u-T""u

defines a normal boundary condition T,u =0 (in the sense of Grubb

[5]). hence the operator realization AT of A, with domain
1

(5.68) . D(A; ) = {u e H"(2)|T,u = 0)

is a densely defined, closed operator in L?(Q) . Here T, can be regar-

ded as a perturbation of the trace operator T =~ - T' since
(5.69) Ty =~-T" -T"'"'=T-T"

Let KT be the Poisson solution operator defined by u = KT¢ , where u

-is the solution of

Au
(5,70) {
Tu

0O inQ

¢ onT
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We use here that AT is made bijective, so KT is well defined. Obser-

ve also the estimate

N
(5.71) kT ullo = 1) (ulpgwKe, o
j=1
N
<Hullo ) 1Pgwllo 1kg,llo -
3=1
LEMMA 5.8
There exists a constant ry >0 . such that for
[[Pgwillo ¢ ry . §=1.2 ....N the operator
(5.72) 1 - KT

is a homeomorphism in Hzm(Q) , and, in particular, defines a bijection

5,73 1-KT" :D 5 D(AL) .

(5.73) K (Ar,) = D(Ap)

Proof:

Let r, >0 be chosen, such that for
* e 1

||PSWJHo <{ry, , Jj=1,2, ..., N, we have ||KT IILz,Lz < 5 - This

is possible by (5,71). Now 1 - KTT" is a bounded operator in L?*(Q)

and is inverted by a Neumann series

(5.,74) (1-KT )" =2 (KTT")m .
m=0

converging in the operator norm in L?*(Q) .
Since KT has range in Hzm(ﬂ) , we see that 1 - KfT" is a homeo-

morphism in H2m(Q) . (see also § 4, where 1 - K7T was discussed) and,

since
(5.75) T(1 - KfT")u =Ta -T'"'u =Tu,

1 - KfT" defines a bijection from D(AT ) onto D(AT) .0
1
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By Lemma 5.8 we have that if ue D(AT ) . then
1
v={(1- KTT")u 3 D(AT) , and Au = Av in this case.

We wil now study the resolvent R(A.AT ) of AT ., and we start out
1 1

with the equation

{ (A - Au
(5.76)
. Tuu=0 onTl

f inQ

Using (5.73) with v = (1 + KTT")u we get

{(A—)\)(V+KTT"u)=f in Q
(5.77)
Tv =0 onT
so that
A-ANv="F=+ T in Q
(5.78) { ( Y AKT .
Tv = 0 onT
or
= R(A. f + T''u) in Q
(5.,79) { v AT)( AK T 'u)  in
' Tv =0 on I

where the resolvent R(A.AT) of AT is used.

Then
(5.80) v=u - KT 'u=RAA)E + NKGT "u)
so that

(5.81) (1 - (KT + ARQLADKT ))u = ROVADE .

For € >0, 0 <8< % we define the sector

= {zeClz = (AK - €) + reiw , T 20, g-- 0 Cw (< 2% + 6}

WKK.G.G

and from the estimates (5,49) and (5,71) we see that for any € > 0 ,
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any 8 e ]O,g{ , there exists a constant r>0 such that for

wJ € LZ(Q) , satisfying IIPswjllo <r¢r, , J=1,2, ..., N, we have
L . ' 1

(5.82) ||KTT + AR(AAL)KT IILz 2<s3

for all AN e W

P& €8

With ,the wj »J=1,2, ..., N, chosen this way, the resolvent

R(A.AT ) of AT is a well defined, bounded operator in L3*() , given
1 1

by (see (5,73))

(5.83)  RAAD = (1= (KT + NROLADKT ")) ™ R(AAD)

2 (T + NROVALKT' )™ ROVAL)

m=0

satisfying the estimate

Cy

N - n

(5.84) IROAL )2 ) = <

for all A e W > 0 1is a constant, depending only on

AK,é.B ., where c,
€ and 6 .

We have now

THEOREM 5.9

Let € > 0 be given, and assume that P w and gy - j=12, ..., N

J
satisfy the hypothesis of Theorem 5.5.

Then there exists a constant r > O , such that for arbitrary choises of

Pswj with IIPSWJIIO {r , the finite dimensional Dirichlet boundary
feedback condition

(5.85) u=Tu+T 'us= (ule)gJ
j=1
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defines a realization AT of A , with domain
1

(5.86) D(Ap ) = {u e HZ™(@) |T,u = wu - T'u - T''u = 0}

that is the infinitesimal generator of an analytic semigroup

- t
e AT‘ , t 20, on L?(Q) ., giving the solution to the Dirichlet boun-
dary feedback control system

(8,u+ Au=0 in?, for t >0
N
(5.87) < Tu = 2 (ule)gj onl , for t >0
j=1
L u = up inQ, at t =0 .
as
: At
(5.88) wu(t,x) =e ' up(x).t20,xeQ, uye L%Q) .
The solution (5,88) satisfies
—(AK-e)t
(5.89) [lu(t. ) {]o < M'e [luollo . t 20

where AK is the first positive Dirichlet eigenvalue of A ., and M’

is a constant, depending only on € and 6 ; 6 defining the sector of

analycity WAK.e.B .0

Remark 5.10
According to the proof of Lemma 5.7 , we have a factorization

(5.90) Ar, = A1 -KT) o

We will now use the factorization (5,90) in the investigation of the

hyperbolic problem for AT
1
The boundary value problem

(5.91) aiu +A u=0.ueD(A;)
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transforms by (5,90) into
(5.92) (1 - KTT")" aiv +Av =0, veDA)
~where v = (1 - KTT'j)u .

Acting with (1 - KTT") from the left in (5,92) we find

(5.93) aiv + (1 - KT ')A =0, v e D(Ap)
- If the ¥ are chosen such that 1Pswj [3 D(A;) s J=1,2, .... N, then
for ve D(AT) :

N
T agvllo = 1) (AvIPgw ke, o
LT

J:
N
]
=11) a7 PwKe,llo
j=1
N
3
<livile ) 1A Powillo |IKge, 1o
j=1
i.e. KTT"AT acts like a bounded operator on D(AT) , for

Py, D(AD) . d=1,2 ..., N.

Therefore, (5.93) and with it (5,91) is nothing but a bounded perturba-

tion of the equation

Biv +Av =0 inQ, for teR

Tv=0 onl , for t e R

(5.94) v=ve infl,at t=0
atv =vy, inQ?,at t=20

treated in Theorem 5.5, in this case. Since the spectrum of AT is
assumed to be contained in R+ , we find from standard bounded perturba-
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tion theory (see e.g. Sova [12] and Fattorini [3]) that the operators
(5.95) cos((AT - KTT"AT)t)

(5.96) sin((Ap - KT "Ap)t)

are well defined, bounded operators in L?(Q) for

Pswj 3 D(A;) . j=1,2, ..., N, and teR . From Theorem 1.6.11 in
Grubb [5] we find that

(5.97) D(AY) = {u e H2"(q)| ¢ 2% u = 0}
where 1° is the "reflection" of the index set, replacing {k} by
| 0<k<m
{2m - k - 1} , and o°' is the m x m - matrix differential opera-
0<k<m

tor, appearing in Greens formula ((A.4) in the appendix) for A, it is

invertible since A is elliptic. We see from ex. 1.6.12. in Grubb [5]

that the action of the realization A; is of the form A + G , for a

certain singular Green operator G of finite rank. But the condition of

being in D(A;) is then simply to be in Hzm(Q) N Hg(ﬂ) , that is

(5.98) D(A;) =D(A) -

We have now

THEOREM 5.11

Let the set ({w,.g.} be chosen according to Theorem 5.9, and as-
I 1gen

sume furthermore that Pswj . j=1,2, ..., N, are chosen in

D(A.) = H™(2) ] H)(®) .

Then the operators

(5.99) C(t) = cos((AT - KTT"AT)t) and

1/2t)

(5.100)  S(t) = (Ap - KTT--AT)'1’2 sin((Ap - K T""Ap)
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"on L3(Q) , are well defined for t e R , giving the solution to the

system
’a§v+(1—xTT")Av=g ,in @, for t e R
(5.101) 4 - AV = 2 (vJPuwj)gj .onTl , for t e R .
, j=1
VvV = Vo , inQ , at t=0
L atv = Vv, ,in2,at t=0
as
(5.102) v(t.x) = C(t)vo(x) + S(t)vi(x) . x e 2. t € R, vo.v, € L*(Q) .
The solution to the original system
[ aiu + Au =0 inQ ., for t e R
N
(5.103) ) T = z (ule)gj onl , for t e R
j=1
u = ug inQ, at t=0.
L atu=u1 in?,at t=0
is then by (5,90)
(5.104) u(t.x) = (1 - KT'°)™ ' c(t)(1 - K T "Juo(x) +

(1 - KTT")" S(t)(1 - KT" Jus(x). x e 2. t e R, uo.uy € L?() .o
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§ 6. STABILIZATION BY PERTURBATIONS OF THE THIRD KIND.

We want to stabilize the systems (1,1) and (1,2) by changing both the boun-

dary condition and the system operator. The stabilized systems will then

take the form

N/
o

atu + Au + Gu=0 inQ , for t 2
(6,1) u=T'u onl', for t 20
u = ug inQ? ., at t= 0
and
aiu + Au + Gu =0 in, for t e R
(6.2) Nt ol teo:
=0

atu = u, in1, at t

and we say that the systems (6,1) and (6.2) are associated with the reali-

zation B, where

(6.3) B = (A+C)
(6.4) D(B) = {u e HZ™@Q)| Tu = 0}
(6.5) T=v-T

We will now determine operators G and T' , such that (6,1) and (6,2) are
stable systems of feedback type. Moreover, we will make B a selfadjoint

generator of an analytic contraction semigroup.

As in the preceeding paragraph, let {¢j)j21 be an orthonormalized set of
eigenfunctions for A7 , enumerated according to the ordering of the eigen-

values (5.,5), but define now the boundary feedback operator T' as

K-1
(6.6) Tu= ) (uleyh,
=1

where K - 1 1is the number of negative eigenvalues of A,7 , repeated accor-

ding to multiplicity, and




(6.7) hy e cr™, j=1.2, ... .K-1

are chosen linearly independent, with no other conditions on them. Moreover,

define the operator G as
(6.8) G=Kv +G

where v is the Neumann trace operator (1.6) and

{K' X o
(6.9)

-+ (¥ - c)v

Co

Here ¢ is a positive constant to be determined later, #°' is the upper right
corner in the coefficient matrix (A,3) in Greens formula (see the appendix),
wheras ¥ is the coefficient matrix appearing in the boundary term in the
"halfways"” Greens formula for a convenient sesquilinear form a(u.v) asso-
ciated with A (see (A,6)). Here we will point out that the following
construction is not very "economic", as we typically use a large number of
feedback terms, but the construction clarifies to a great extent the

interaction System operator equation « boundary equation.

Let a(u,v) be chosen such that it is H?(Q)-coercive. then it is well

known how ‘Aq is the variational operator associated with the triple
(a, Hg(ﬂ). L?3(Q)) (see e.g. Grubb [5], & 1.7). Let us define the sesqui-

linear form a,(u,v) on Hm(Q) by

(6,10) a,(u,v) = a(u,v) + c(T'uIvv)r .
Let U be the space

(6.11) U={ueH(Q)]w = T'u} .

and observe that U is dense in L?(Q1) , since T =~ - T' defines a normal

boundary condition Tu = O .
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Let B, be the operator associated with the triple (ai,U.LZ(Q)) , defined

as follows

{ D(B,) = {u e U|3f € L?(2) so that a,(u.v) = (f]v) for all v e U}
(6.12)

Biu=f

We will show that B =B, . where B is the realization defined in
(6.3) - (6.5) .

LEMMA 6.1
(6.13) | B C B,

Proof:

For ue D(B) , ve U we have (see appendix)

a,(u.,v) = a(u,v) + c(T'u|1v)r

(Aujv) - (£%'vu + yvulvv)r + c(T'quv)r

(Au|v) - (£°'vu + QvuIT'v)r + c('vulT’v)r

(Au - T'“(? - ¢c)m - T do’uu[v)

((A + Gulv) .

This shows that u e D(B,) with Byu=(A+G)u,., so it follows that
D(B) C D(B,) with Byu = Bu there.nO

For & e N we define the subspace We of H?(Q) by

(6.14) W, = span" {ey} (H™(Q2) - closure)
hp1
LEMMA 6.2
There exists a linearly independent set of functions {VJ} in U\WK .
1<j<K
such that
(6.15) U = span {v,} W




Proof
According to Grubb [5]. lemma 1.6.8 (see our § 3) we have

(6.16) | U=A"t HY(Q)

where A and A~! are bounded operators in HS(Q) , for all s > O .

Choose a linearly independent set {z.} in HE(Q) such that the ma-
I 1¢¢k
trix
PR
(6.17) C= ((Zi|(A ) ey )
i, j 1<1,3<K

. is regular, and define
(6.18) v
this is clearly a linearly independent set in U.
Moreover, for 1 ¢ j <K

K-1

-1 -1
(6.19) vvj = 7A zj k} (A zjlwk)hk
=1

K-1
) (21 )y # 0
k=1

since C is regular, so none of the vj lie in Hg(ﬁ) .

Since
Vi hy
Va2 hy
(6,20) ¥ . =C .
VK-1 b1
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K-1
the set {vvj} is linearly independent, so 7( 2 a.,v.) = 0 implies
1<<K 1 i3
that ay = 0, j=1,2, ..., K-1. '
Hence span{vj} N WK = {0} .
1<j<K
Since WK CU and span(vj} : C U the inclusion
= 1<{j<K
(6.21) span{v_} +W.Cu
: 3T 1¢ ¢k

is evident.

To show the inclusion the other way, let u e U and invert (6,20) to get

K-1 K-1 K-1
(6,22) T = z (u|¢j)hj = 2 ((u|¢j) 2 ajkvvk) Loy € C .
j:l J:l k=1
K-1
The last term quals E ﬁkvvk , where
k=1
K-1
(6.23) B, = 2 (ul«pj)ajk .k=1,2, ..., K-1.
j=1
If we define
K-1
(6.24) w=u- ) By,
j=1
then
K-1
(6,25) TW = 7u - z vy = o,



hence
K-1
(6.26) - 0= w= } (wlo )n; -
j=1
But the set {hj} is linearly independent, so (6,26) implies that
1<{j<K
(6.27) (wle) =0, j=1,2, ..., K-1.

Then, from (6,24)

K-1
(6,28) u = } B.v. + w e span{v_} + W, .0
JJ J . K
. 1<{j<K
j=1
' _o ' ' _o |
Since WK (i.e. the L*(Q)-closure) has a L®-complement (WK )~ of dimen-
- o]
sion K-1 , we can assume that the vJ are chosen outside K - Then we have
a decomposition of ue U as
(6.29) u=v+w
__O
where v e span{v.,k} , v, € (W,) j=1, 2, ..., K-1, and we WK , and
J . J K
1<j<K
the projections
u-=v
(6.30)
u-w

are then continuous in LZ(Q) so we have en inequality
(6.31) [Ivlilo + llwllo < Cllullo
with a constant C > O .

LEMMA 6.3

a(u,v) is m - coercive on U
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Proof:
Let ue U and write u =v + w as above
Then
a(u,u) = a(w,w) + 2Re a(v,w) + a(v.v) .

For any € > O we can find constants C,, C; > O , such that

(6.32) 2la(v.w)| < 2| Iwll ) vl

2

[ 74N

1
vl + = vl

I

2 2 Cz 2
Elhl1z + el

because of (6,31) and the fact that the norms are equivalent on a finite

dimensional space.

Since a(u,v) is Hg(ﬂ)—coercive. again using (6,31) we find
2 2

(6.33) a(w,w) 2 Callwllm = C4||W||o

2 2
2 Callwllm = Csll?'lo
with constants C,, C,. Cs > O .

Moreover, since
2 : o2 2
(6.34) a(v.v) ¢ Cel‘vllm < C7||V||o < Ce'lullo
with Cq, C;, Cg > O , we have that
. 2 2 C2 2
(6.35) a(u.u 2 (Co - €)|Iwll] - (= + Cs + Ca) [ lullo
€ .

Since the norms of v are equivalent, we have positive constants C' and C'’

such that




(6.36) c'lvlle < vl < c " llvllo
so for all €' > 0 :

. 2 ) 2 2
(6.37) Il 2 Tl = 20011 Hall +lel

2 , 2 1 2 » 2
> Halll + ¢2lIvlla = ( 2= 1wl + €2 [lull)
. €’

, 2 , ) P 2
2 (1 -¢€?) [|ul] + (c? -—C %) lIvlle
e'

2 2
> (1-€2?) |l - @©?-==c?)cllullo
€’ ]

Choosing 0 < € < C; and O < € <1 and inserting (6,37) in (6.35), we
get

2 2
(6.38) a(u.u) 2 Co |lull - kllullo
with constants C, and k , C, being positive.O

LEMMA 6.4

Proof

Since for ue U

(6,39) a,(u,u) = a(u,u) + c(Tul'ru)r

a(u,u) + c(TuITu)r 2 afu,u) .,

a, is m-coercive on U. Then B, is the variational operator associated with

the triple (a,., U, L?(2)) . and since a,(u.v) is symmetric on U,

B, = B,® . (See e.g. Grubb [5]. & 1.7) O

Now we notice that the boundary value problem

Au + Gu
(6.40)
Tu =0

f . fe L)
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is elliptic, since the Dirichlet problem for A

Au
(6.41) {

yu = 0

£ . f e L?(Q)

is elliptic and G has the form (6.8) - (6.9) where T and T' obviously

are integral operators with Cﬁ—kernels. hence of order - @ . ((6,40) and

(6.41) have the same principal symbols.) We can then use Theorem 1.6.11 and

ex. 1.6.12 from Grubb [5] to show that B = B . It is shown there that when
(6.42) B=(A+ G)T
is an elliptic realization of a formally selfadjoint operator A, with

{ G=Kwv+G
(6.43) '

T=~-T"

then B =B if

(6.44)
¢ =67+ T A

{To - _(9401*)—1 Ki*

Using that K’ = 7% oo (see (6.9)) and that «°° = ¢ - ¢ (see appendix,

Lemma (A.1)) we compute

(6.45) N LRI N VLU RERVLLI S
and
(6.46) G+ T %% = - T )y + T ()
= - T'*(Q—c)v
=G' .

B* . according to (6,44).




We have now
THEOREM 6.5

Proof

B CB, implies that B,  CB" . But B = B' and B, = B, .O
We have shown that the realization
(6,48) B = (A+G)

is the variational operator associated with the triple (a,.U,L?(2)) .

THEOREM 6.6

Given ( < 1 , there exists a constant ¢ > O such that the sesquilinear
form

(6.49) as(u,v) = a(u,v) + c(Tulwv)r

satisfies, for all ue U :

2
(6.50) a;(u.u) 2 O] fullo -
Here AK is the first positive Dirichlet eigenvalue of A.

Proof

We write ue U as u=v +w as in (6.29).
Then

as(u,u) a(v+w,viw) + c(T(v+w)|1(v+w)r

[ulls (v4w |[v+w)

a(vew.viw) + c(T(v+w) [T(v+w))

(v+w |v+w)

2
a(w,w) + 2Re a(v,w) + a(v,v) + c||Tv]|o

lwllg® + 2Re (vIw) + ||v]lc
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Now since

2 2
(6.51) a(w.w) 2 CylIwl| - Collwllo . Civ C2 >0,

we have, for all € > O :

» 2 C, 2
(6.52) 2|?(Y-W)| < €|lwl] + = LIvll,

I~

2 2 2
linll, + = IIvlle

2 1 C2 2 C4 2
(€ (aa(W-W) ‘oo wllo) + (—:_2- Ivlle
'Cz 4 2
2,1 1 = -
S. € (C1 + )\K Cl) a(w.w) + €2 IIVIIO
with constants C;, C, > O .
Moreover, for all €' > 0 :
» 2 1 2
(6.53) 2|(vIw) | < 2[lvllo [lwllo < €2|lwllo + — llvllo
x
so we find that
2 1 1 C2 CQ 2 2
a, (u.u) (1-¢€ ((—31-‘” Q . 51')) a(w,w) - (g* Cs) |Ivlle + cllTvl]o
(6.54) 2 - 2 2 1 2
Hullg (1+e?) Jwlle + 1+ =) llvlls
e.

2 2
where we also used that |a(v.v)]| ¢ C5||v||m < Cellvllo . Cs. Co > O .

Then

2 1 1 C, 2 C, 2 2
oy S s NI o o) vl el vl

(6.55) 2
Hulls

. 1
(1 +¢€ 2)"“": +(1 + ;T;) Ilvllg



T is injective from span{v to span{h_ }

}

I 1¢5¢x I ¢k
’ - 2 2

(6.56) - - - : ”T\’Ho 2. Cv”"”o -

with a positive constant C, .

Hence
2 2
a(uw)  axllwllo * BlIvlle
(6.57) p >
[ ulls ullwlle +8llvllo

where

. so we have that

) C, C, .
d:l—G(C —XI-(- C_,)'B=°C7“€_2"6
p=1+¢€?32 0 =1+

€-2
Considering the function
_ aAKs +p
(6,58) f(s) = TR s >0,

which is decreasing for AKaG - uB <0, we see that

a(uw)
(6.59) — 2
TS
if
(6.60) B > -—-AK
so if
C

(- '17\,: N+ e%) Co G

(6.61) c > + + 6;

C.(1 + €'3?) c,€?
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then
C
1 € (C, + AK o N
(6.62) as(u,u) 2 Ao |luf]
1 + €2 K o
C
2,1 1 z
1 -¢€ (C + AK Ci)
With € and €' chosen such that > = { and c chosen
A 1 + €
such that (6,61) holds, we see that
2
(6.64) a;(u.u) 2 Ol lullo

as claimed.O

We have now

THEOREM 6.7

Given any ( < 1 , there exists a constant c¢ > O such that the operator
realization '

(6.65) B=(A+ G)T (see (6.3) - (6.5))

has its spectrum in the halfline [ckx'm[,' and is the infinitesimal gene-

rator of an analytic semigroup e_Bt , t 20, on LZ(Q) . giving the solu-

tions to the parabolic system

atu +Au + Gu =0 inQ, for t >0

(6.66) 7u =T'u onT , for t > O
u = ug inQ,at t=20
as
(6.67) u(t.x) = e Bl ug(x) . x e 0 t 20 . ug e L3(Q) .

The solution satisfies

_g t
(6.68) [Hu(t.*)|lo < e AK |fuollo . t 2 0.



Moreover the operators

: o { c(t) = cos (B?r)
(6.69) ,
- : s(t) = B2 sin (B!

/2t

)

are well defined for 't e R . giving the solution to the hyperbolic problem

[ aiu + Au + Gu=20 in Q ,

) 7 B ) vu=T'u onl ,

(6.70) u = ug in Q ,
as

(6.71) u(t,x) = C(t)ug(x) + S(t)u,(x) . x

when ug, u, e L?(Q) .o

Remark 6.8

for
for

at

at

e 1

In the light of Proposition 1.7.11 in Grubb [5], it

that the realization constructed above is weakly

t
m

[ad
m
©O O B9 =

is of interest to notice

semibounded, because we

compensate for the non-localness in the boundary condition by non-local

terms in the system operator equation, satisfying

(6.72) QL L

Moreover, we can notice that B is selfadjoint and is m-bounded, that is

(6.73) |(Bulv)| < Collull Tlvll, for

Example 6.9

u, v e D(B) .0

Let us calculate the operator G in the case where A = -4 .

Since

K-1
(6.74) T'u =
j=1

(u'«pj)hJ .
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we have that
K-1
*
6.75 T ) ().
(6.75) v (vl r;
j=1
hence
(6.76) Gu = -T"" &®* vu - T*(¢ - c)n
K-1
= - } (£°* vu - (¥ - c)wulhj)r¢j .
j=1

Now the terms in Greens formula (see appendix (A.4)) are particularly simple

since
(6.77) d =i [ ? : ] .
(6.78) (~au|v) - (ul-av) = i(vul‘w)r + i(1u|uv)r .

Then (6,76) reduces to

K-1
(6.79) Gu = - 2 (ivu + c*rulhj)r(pj .o
j=1
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APPENDIX: GREENS FORMULAS.
For the formally selfadjoint operator A (1,3) we have
(A.1) (Aulv) - (ulAv) = (dpulev)y

(see 1.7). Here o is a skew-triangular 2m x 2m - matrix of differential

operators over the boundary I' , of the form

SR I [
(A.2) o =o° + o' = fz Som 0 +

S ° 0 0 0 0
where sk0 is of order 2m - k (See Grubb [5], & 1.3).
We usually yrite 4 in m x m - blocks as

' [ 4°° 4O

(A.3) o = [ o g ]
and we have the following version of Greens formula
(A.4) (Aulv) - (u]av) = (#°*vu + d°°1u|1v)r + (d‘°7u|uv)r

for u, ve H2m(Q).

Now consider a symmetric sesquilinear form

(A.5) a(uv) = ) (35 0Pu|p%)

lal. [B] <m
associated with A. For such a form we have a "halfways” Greens formula, for
ue Hzm(Q) and v e Hm(ﬂ) :

(A.6) (Au|v) - a(u.v) = (£°'vu + 91u|1v)r

where the operator ¥ is of the same type as #°° in (A.3). Since

' = 4'° yhen A is formally selfadjoint, we have
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LEMMA A.1.
(A.7) 4° =9 - ¢
Proof .

For u,v e H2m(Q) we have:

(Au|v) = a(u,v) + (°'vu + 9;u|7v)r

(u]Av) = (Av|u) = a(u.v) + (°'vu + 97v|7u)r
= a(u,v) + (d°1*1u|vv)r + (9*7u|1v)r

so that

(A.8) (Au|v) - (ulav) = (°'vu + (9—9*) 7u|7v)r + (4*° 7ulvv)r

Comparing (A.8) with (A.4) gives us (A.7).D

Now let K7 be the Poisson solution operator to the Dirichlet problem for

A, i.e. u = wa . where

V { Au
(A.9)

yu=y onTl

0O inQ

We can then specify the action of Kw the following way:

PROPOSITION A.2.
The Poisson solution operator Kw to the Dirichlet problem for A satisfies

2L g lato
(A.10) | (K wle) = X (vl ey g2l

Proof .
Just insert u = qu and v = ?; (the eigenfunctions of A7) in (A.4) ., and

use that ~v = 0 . Moreover, Aj = A, since A‘7 is selfadjoint.O

J
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og Finn Physant.
Vejledere: Stig Andur Pedersen, Helge Kragh og Ib
Thiersen. .
Nr. 38 er p.t. udgdet.

39/81 "TIL KRITIKKEN AF VEKSTUKONCMIEN".
Af: Jens Hpjgaard Jensen. -

40/81 "TELEXRCMMUNIKATICON I DANW\RK oplag til en tekno-
logivurdering”.
Projektrapport af: Arne Jgrgensen, Bruno Petersen oa’
Jan Vedde.
Vejleder: Per Ngrgaard.

41/81 "PLANNING AND POLICY CONSIDERATIONS RELATED TO THE
INTRODUCTION OF RENEWABLE ENERCY SOURCES INTO ENER-
GY SUPPLY SYSTEMS". -
ENERGY SERIES NO. 3.
Af: Bent Sgrensen.

42/81 "VIDENSKAB TEORI SAMFUND - En introduktion til materialis-
tiske videnskabsopfattelser”.
Af: Helge Kragh og Stig Andur Pedersen.

43/81 1."COMPARATIVE RISK ASSESSMENT OF TOTAL ENERGY SYSTEMS".
2. "ADVANTACES AND DISADVANTAGES OF DECENTRALIZATION".
ENERGY SERIES NO. 4.

Af: Bent Sgrensen.

44/81 "HISTORISKE UNDERS(GELSER AF DE EXSPERIMENTELLE FOR-
UDSETNINGER FOR RUTHERFORDS ATOMMODEL".
Projektrapport af: Niels Thor Nielsen.

Vejleder: Bent C. Jorgensen,

45/82 Er aldrig udkommet.

46/82 "EKSEMPLARISK UNDERVISNING OG FYSISK ERKENDESE-

1+11 ILLUSTRERET VED TO EKSEMPLER".
Projektrapport af: Torben 0.0lsen, Lasse Rasmussen og
Niels Dreyer Sgrensen.
Vejleder: Bent C. Jgrgensen.

47/82 "BARSERACK OG DET VERST OFFICIELT-TANKELIGE UHEID".
ENERGY SERIES NO. 5.
Af: Bent Sgrensen.

48/82 "EN UNDERSOCELSE AF MATEMATIKUNDERVISNINGEN PA ADGANCS-
KURSUS TIL K@BENHAVNS TEKNIKUM".
Projektrapport af: Lis Eilertzen, Jgrgen Karrebzk, Troels
lange, Preben Ngrregaard, lLissi Pedesen, laust Rishdj,
Lill Rgn og Isac Showiki.
Vejleder: Mogens Niss.

49/82 “"ANALYSE AF MULTISPEKTRALE SATELLITBILIEDER".
Projektrapport af: Preben Ngrregaard.
Vejledere: J@rgen Larsen og Ragmus Ole Rasmussen.

50/82 "HERSLEV - MULICHEDER FOR VEDVARENDE ENERGI I EN
LANDSBY".
ENERGY SERIES NO. 6.
Rapport af: Bent Christensen, Bent Hove Jensen, Dennis
B. Mpller, Bjarne Laursen, Bjarne Lillethorup og Jacob
Mgprch Pedersen.
Vejleder: Bent Sgrensen.

51/82 "HVAD KAN DER GJRES FOR AT AFHJALPE PICGERS BLOKERING
OVERFOR MATEMATIK 2"
Projektrapport af: Lis Eilertzen, Lissi Pedersen, Lill
Ron og Susanne Sterder.

52/82

53/82

54/82

55/82

56/82

"DESUSPENSION OF SPLITTING ELLIPTIC SYMBOLS"
_Af: _Bernhelm Booss. og. Krzysztof ] Wojciecl'mski

"THE CONSTITUTION OF SUBJECTS IN ENGINEERING
EDUCATION".
Af: Arme Jacobsen og Stig Andur Pedersen.

"FUTURES RESEARCH" - A Philosophical Analysis
of Its Subject-Matter and Methods.
Af: Stig Andur Pedersen og Johannes Witt-Hansen.

"MATEMATISKE MODELLER" - Litteratur pa lbskilde
Universitetsbibliotek.

En biografi.

Af: Else Hpyrup.

Vedr, tekst nr. 55/82 se ogsd tekst nr. 62/83.

"EN - TO - MANGE" -

En undersggelse af matematisk gkologi.
Projektrapport af: Troels Lange.
Vejleder: Anders Madsen.

57/83

58/83

"ASPECT EKSPERIMENTET"-

Skjulte variable i kvantemekanikken?
Projektrapport af: Tom Juul Andersen.
Vejleder: Peder Voetmann Christiansen.
Nr. 57 er udgaet.

"MATEMATISKE VANDRINGER" - Modelbetragtnin—
ger over spredning af dyr mellem smabiotoper
i agerlandet.

Projektrapport af: Per Hammershpj Jensen og
Lene Vagn Rasmussen.

Vejleder: Jgrgen Larsen.

59/83"THE METHCDOLOGY OF ENERGY PLANNING'.

60/83

61/83

62/83

63/83

64/83

65/83

66/83

67/83

68/83

ENERGY SERIES NO. 7.
Af: Bent Sgrensen.

"MATEMATISK MODEKSPERTISE"- et eksempel.
Projektrapport af: Erik O. Gade, J¢rgen Kar-
rebak og Preben Ngrregaard.

Vejleder: Anders Madsen.

"FYSIKS IDBOLOGISKE FUNKTION, SOM ET EKSEMPEL
PA EN NATURVIDENSKAB - HISTORISK SET".
Projektrapport af: Annette Post Nielsen. .
Vejledere: Jens Hgyrup, Jens Hpjgaard Jensen
og Jgrgen Vogelius.

"MATEMATISKE MODELIER" - Litteratur pd Roskilde
Universitetsbibliotek.

En biografi 2. rev. udgave.

Af: Else Hgyrup.

"GREATING ENERGY FUTURES:A SHORT GUIDE TO ENER-
GY PLANNING".

ENERGY SERIES No. 8.

Af: David Crossley og Bent Sgrensen.

"VON MATEMATIK UND KRIEG".
Af: Berhelm Booss og Jens Hgyrup.

"ANVENDT MATEMATIK - TEORI EIIER PRAKSIS".
Projektrapport af: Per Hedegird Andersen, Kir-
sten Habekost, Carsten Holst-Jensen, Annelise
von Moos, Else Marie Pedersen og Erling Mpller
Pedersen.

Vejledere: Bernhelm Booss og Klaus Griinbaum.

"MATEMATISKE MODELIER FOR PERIODISK SELEKTION
I ESCHERICHIA QOLI".

Projektrapport af: Hanne Lisbet Andersen, Ole
Richard Jensen og Klavs Frisdahl.

Vejledere: J¢rgen Larsen og Anders Hede Madsen.

"ELEPSOITE METODEN -~ EN NY METODE TIL LINEER
PROGRAMMERING? "

Projektrapport af: Lone Biilmenn og Lars Boye.
Vejleder: Mogens Brun Heefelt.

"STOKASTISKE MODELIFR I POPULATTIONSGENET:

- til kritikken af teoriladede modeller.
Projektrapport af: Lise Odgird Gade, Susanr>
Hansen, Michael Hviid og Frank Mglgard Olsen.
Vejleder: J¢rgen Larsen.



69/83 "ELEVFORUDSEININGER I FYSIK"

\

70/83

71/83

72/83

73/83

- en test i 1.g med kammentarer.
Af: Albert C. Paulsen.

YINDIZRINGS - OG FORMIDLINGSPROBLEMER I MATEMATIK
PA VOKSENUNDERVISNINCSNIVEAU".

Projektrapport af: Hanne Lisbet 2Andersen, Tor-
ben J. Andreasen, Svend Age Houmann, Helle Gle-
rup Jensen, Keld Fl. Nielsen, Lene Vagn Ras-
missen.

Yejleder: Klaus Grimbaum og Anders Hede Madsen.

"PIGER OG FYSIK"

~ et problem og en udfordring for skolen?

Af: Karin Beyer, Sussanng Blegaa, Birthe Olsen,
Jette Reich og Mette Vedelsby.

"VERDEN IFVILGE PEIRCE" -~ to metafysiske essays,
om og af C.S Peirce.
Af: Peder Voetmann Christiansen.

*4EN ENERGIANALYSE AF LANDBRUG"

~ gkologisk contra traditionelt.

ENERGY SERIES No. 9

Specialeopgave i fysik af: Bent Hove Jensen,
Vejleder: Bent Sgrensen.

74/84

75/84

76/84

77/84

78/84

79784

80/84

81/84

82/84

"MINIATURISERING AF MIKROELEKTRONIK" - am vi-
denskabeliggjort teknologi og nytten af at lere
fysik.

Projektrapport af: Bodil Harder og Linda Szko—
tak Jensen.

Vejledere: Jens Hpjgaard Jensen og Bent C. Jgrgensen.

"MATEMATIKUNTERVISNINGEN I FREMITDENS GYMNASTUM"
- Case: Line®r programmering.

Projektrapport af: Morten Blomhgj, Klavs Fnsdahl
og Frank Mglgaard Olsen.

Vejledere: Mogens Brun Heefelt og Jens Bigrneboe.

"KERNEKRAFT I DANMARK?" - Et hgringssvar indkaldt
af milj¢ministeriet, med kritik af miljgstyrelsens
rapporter af 15. marts 1984.

ENERGY SERIES No. lo

Af: Niels Boye Olsen og Bent Sgrensen.

"POLITISKE INLEKS - FUP ELLER FAKTA?"
Opinionsundersggelser belyst ved statistiske
modeller.,

Projektrapport af: Svend Age Houmann, Keld Nielsen
og Susarnne Stender.

Vejledere: Jgrgen Larsen og Jens Bjgrneboe.

" JENSTREMSLEININGSEVNE OG GITI‘ERSTK]KTU’I‘ I
AMORFT GERMANIUM".
Specialrapport af: Hans Hedal, Frank C. Ludvigsen
og Finn C. Physant.
Vejleder: Niels Boye Olsen.

"MATEMATIK OC ALMENDANNELSE".

Projektrapport af: Henrik Coster, Mikael Wenner-—
berg Johansen, Povl Kattler, Birgitte Lydholm
og Morten Overgaard Nielsen.

Vejleder: Bernhelm Booss.

"KURSUSMATERIALE TIL MATEMATIK B".
Af: Mogens Brun Heefelt.

Y FREKVENSAFHENGIG LEININGSEVWNE I AMORFT GERMANIUM".

Speclalerapport af: Jgrgen Wind Petersen og Jan
Christensen.
Vejleder: Niels Boye Olsen.

"MATEMATIK - OCG FYSIKUNDERVISNINGEN I DET AU’IO -
MATISEREDE SAMFUND".

Rapport fra et seminar afholdt i Hvidovre

25-27 april 1983.

Red.: Jens Hgjgaard Jensen, Bent C. J@rgensen
og Mogens Niss.

83/84 "ON THE QUANTIFICATION OF SECURITY":
PEACE RESEARCH SERIES NO. T
Af: Bent Sgrensen
nr. 83 er p.t. udgdet

84/84 "NOGLE ARTIKLER (M MATEMATIK, FYSIK OG ALMENDANNELSE".
Af: Jens Hpjgaard Jensen, Mogens Niss m. fl.

85/84 "CENTRIFUGALRECULATORER OG MATEMATIK".
Specialerapport af: Per Hedegdrd Andersen, Carsten Holst-
Jensen, Else Marie Pedersen og Erling Mpller Pedersen.
Vejleder: Stig Andur Pedersen.

"SECURITY IMPLICATIONS OF ALTERNATIVE DEFENSE OPTIONS
FOR. WESTERN EUROPE".

PEACE RESEARCH SERTES NO. 2

Af: Bent Sgrensen.

A SIMPLE MODEL OF AC HOPPING CONDUCTIVITY IN DISORDERED
SOLIDS".
Af: Jeppe C. Wre.

"RISE, FALL AND RESURRECTICN OF INFINITESIMAIS".
Af: Detlef Laugwitz.

86/84

87/84

88/84

" FJERNVARMEOPTIMERING" .

89/84
Af: Bjarne Lillethorup og Jacob Mgrch Pedersen.

"ENERGI I 1.G - EN TEORI FOR TILREITELAGGELSE".
Af: Albert Chr. Paulsen.

90/84

"KVANTETEORI FOR GYMNASIET".

1. Larervejledning

Projektrapport af: Biger Lundgren, Henning Sten Hansen
og John Johansson.

Vejleder: Torsten Meyer.

91/85

"KVANTETEORI FOR GYMNASIET".

2, Materiale

Projektrapport af: Biger Lundgren, Henning Sten Hansen
og John Johansson.

Vejleder: Torsteén Meyer.

92/85

"THE SEMIOTICS OF QUANTUM ~ NON - LOCALITY".
Af: Peder Voetmann Christiansen.

93/85

"TREENIGHEDEN BOURBAKI - generalen, matematikeren
og anden".

Projektrapport af: Morten Blomhgj, Klavs Frisdahl
og Frank M. Olsen.

Vejleder: Mogens Niss.

94/85

“"AN ALTERNATIV DEFENSE PIAN FOR WESTERN EUROPE".
PEACE RESEARCH SERIES NO. 3
Af: Bent Sprensen

95/85

96/85"ASPEKTER VED KRAFTVARMEFORSYNING".
Af: Bjarme Lilletorup. .
Vejleder: Bent Sgrensen.

97/85 "N THE PHYSICS OF A.C. HOPPING OCONDUCTIVITY".
Af: Jeppe C. Dyre.

98/85 "VALGMULIGHEDER I INFORMATIONSAIDEREN".
Af: Bent Sgrensen.

99/85 "Der er langt fra Q til R".
Projektrapport af: Niels Jgrgensen og Mikael Klintorp.
Vejleder: Stig Andur Pedersen.

100/85 "TALSYSTEMETS OPBYQVING".
Af: Mogens Niss.

101/85 "EXTENDED MOMENTUM THEORY FOR WINDMILLS IN
PERTURBATIVE FO! .
Af: Ganesh Sengupta.

102/85 OPSTILLING OG ANALYSE AF MATEMATISKE AIVDDEI.IER, BELYST
VED MODELLER OVER KZERS FODEROPTACELSE OG ~ OMSEINING".

ProYjektrapport af: Lis Eilertzen, Kirsten Habekost, Lill Rgn

og Susanne Stender.
Vejleder: Klaus Griinbaum.




103/85 "@DSIE KOLDKRIGERE QG VIDENSKABENS LYSE IDEER".
-—Projektrapport af:.Niels.Ole Dam-og-Kurt Jensen. .
Vejleder: Bent Sgrensen.

104/85 "ANALOGREQEMASKINEN OG IDRENZLIG\IINCER"
Af: Jens Jeger.

105/85"THE FREQUENCY DEPENDENCE OF THF SPRCIFIC HEAT AF THE
GLASS REANSITION".
Af: Tage Christensen.

"A SIMPLE MODEL AF AC HOPPING CCMIJCI'IVITY"

Af: Jeppe C. Dyre.

Contributions to the Third International Cbnfenence
on the Structure of Non - Crystalline Materials held
in Grencble July 1985.

106/85 "QUANTUM THEORY OF EXTENCED PARTICLES".
Af: Bent Sgrensen.

107/85 "EN MYG GZR INGEN EPIDIMI",
- flodblindhed som eksempel pd matematisk modelle—
ring af et epidemiologisk problem.
Projektrapport af: Per Hedegadrd Andersen, Lars Boye,
CarstenHolst Jensen, Else Marie Pedersen og- Erling
Mgller Pedersen.
Vejleder: Jesper larsen.

108/85 "APPLICATIONS AND MODELLING IN THE MATEMATICS CUR -
RICULIM" - state and trends -

Af: Mogens Niss.

109/85 "COX I STUDIETIDEN"
studenteroplysninger fra RUC.

-~ Cox's regressionsmodel anvendt B
p%.29/86 "PHYSICS IN SOCIETY"

120/86
121/86

122/86

123/86
124/86

125/86
126/86

127/86

128/86

Projektrapport af: Mikael Wennerberg Johansen, Poul Kat=—

ler og Torben J. Andreasen.
Vejleder: Jgrgen Larsen.

110/85"PLANNING FOR SECURITY".
- Af: Bent Sgrensen

111/85 JORDEN RUNDT PA FIADE KORT".
Projektrapport af: Birgit Andresen, Beatriz Quinones
og Jirmy Staal.
Vejleder: Mogens Niss.

112/85 "VIDENSKABELIGGJRELSE AF DANSK TEKNOLOGISK INNOVATION
FREM TIL 1950 - BELYST VED EKSEMPLER".
Projektrapport af: Erik Odgaard Gade, Hans Hedal,
Frank C. Ludvigsen, Annette Post Nielsen og Finn
Physant.
Vejleder: Claus Bryld og Bent C. Jgrgensen.

113/85 "DESUSPENSICN OF SPLITTING ELLIPTIC SYMBOLIS 11°".
Af: Bernhelm Booss og Krzysztof Wojciechowski.

114/85 "ANVENDELSE AF GRAFISKE METODER TIL ANALYSE
AF KONTIGENSTABELIER".
Projektrapport af: ILone Biilmann, Ole R. Jensen
og Arne-Lise von Moos.
Vejleder: Jérgen Larsen.

"MATEMATTKKENS UDVIKLING OP TIL RENESSANCEN".
Af: Mogens Niss.

115/85

116/85 "A PHENOMENOLOGICAL MODEL FOR THE MEYER-

117/85 "KRAFT & FJERNVARMEOPTIMERING"
Af: Jacob Mgrch Pedersen.

Vejleder: Bent Sgrensen

n

118/85 TILFALDIGHEDEN OG NJDVENDIGHEDEN IFPLGE
PEIRCE OG FYSIKKEN". ‘
Af: Peder Voetmann Christiansen

119/86 "DET ER GANSKE VIST - - EUKLIDS FEMIE POSTULAT
KUNNE NOK SKABE RRE I ANDEDAMMEN".
Af: Iben Maj Christiansen
Vejleder: Mogens Niss.

130/86

131/86

132/86

133/86

Af: Jgrgen ] Larsen B o e

YSIMUIATION I KONTINUERT TID".
Af: Peder Voetmann Christiansen.

"ON THE MECHANISM OF GLASS IONIC OONDUCTIVITY".
Af: Jeppe C. Dyre.

"GYMNASIEFYSIKKEN OG DEN STORE VERIEN".
Fysiklzrerforeningen, IMFUFA, RIC

"OPGAVESAMLING I MATEMATIK". -
Samtlige opgaver stillet i tiden 1974-jan. 1986.

"UVBY,@ ~ systemet - en effektiv fotametrisk spektral-
klassifikation af B-,A- og F-stjemex".
Projektrapport af: Birger Lundgren.

"OM UDVIKLINGEN AF DEN SPECIELLE RELATIVITETSTEORI".
Projektrapport af: Lise Odgaard & Linda Szkotak Jensen
Vejledere: Karin Beyer & Stig Andur Pedersen.

"GALOIS' BIDRAG TIL UDVIILINGEN AF DEN ABSTRAKTE
ALGEBRA" .

Projektrapport af: Pernille Sand, lleine Larsen &
Lars Frandsen.

Vejleder: Mogens Miss.

"SMAKRYB" - om ikke-standard analyse.
Projektrapport af: Niels Jergensen & Mikael Klintorp.
Vejleder: Jeppe Dyre.

Lecture Notes 1983 (1986)
Af: Bent Sgrensen

"Studies in Wind Power"
Af: Bent Sorensen

"FYSIK OG SAMFUND" - Et integreret fysik/historie-
projekt om naturanskuelsens historiske udvikling
og dens samfundsmessige betingethed.
Projektrapport af: Jakob Heckscher, Sg¢ren Brend,
Andy Wiered.

Vejledere: Jens Hoyrup, Jorgen Vogelius,

Jens Hejgaard Jensen.

"FYSIK OG DANNELSE"
Projektrapport af: Seren Brend, Andy Wiered.
Vejledere: Karin Beyer, Jorgen Vogelius.

"CHERNOBYL ACCIDENT: ASSESSING THE DATA.
ENERGY SERIES NO. 15.
AF: Bent Sorensen.

134/87

135/87

136/87

137/87

"THE D.C. AND THE A.C., ELECTRICAL TRANSPCRT IN AsSeTe SYSTEM"
Authors: M.B.El-Den, N.B.Qlsen, Ib Hpst Pedersen,
Petr Viscor

"INTUITIONISTISK MATEMATIKS METODER OG ERKENDELSES-
TEORETISKE FORUDSETNINGER"

MASTEMATIKSPECIALE: Claus Larsen
Vejledere: Anton Jensen og Stig Andur Pedersen

"Mystisk og naturlig filosofi: En skitse af kristendammens
forste og andet mpde med gresk filosofi"

Projektrapport af Frank Colding Ludvigsen

Vejledere: Historie: Ib Thiersen
Fysik: Jens Hejgaard Jensen

"HOPMODELLER FOR ELEKTRISK LEDNING I UORDNEDE
FASTE STOFFER" ~ Resume af licentiatafhandling

Af: Jeppe Dyre

Vejledere: Niels Boye Olsen og
Peder Voetmann Christiansen.




. .138/87 “JOSEPHSON EFFECT AND CIRCLE MAP."

Paper presented at The International .

Workshop on Teaching Nonlinear Phenomena

.at Universities and Schools, "Chaos in
Education". Balaton, Hungary, 26 April-2 May 1987.

By: Peder Voetmann Christiansen’

139/87 "Machbarkeit nichtbeherrschbarer Technik
durch Fortschritte in der Erkennbarkeit
der Natur" -

Af: Bernhelm Booss-Bavnbek
Martin Bohle-Carbonell

140/87 "ON THE TOPOLOGY OF SPACES OF HOLOMORPHIC MAPS"

By: Jens Gravesen

141/87 "RADIOMETERS UDVIKLING AF BLODGASAPPARATUR -
ET TEKNOLOGIHISTORISK PROJEKT"
Projektrapport af Finn C. Physant
Vejleder: Ib Thiersen

142/87 "The Calderdn Projektor for Operators With
Splitting Elliptic Symbols"

by: Bernhelm Booss-Bavnbek og
Krzysztof_ P. Wojciechowski

143/87 "Kursusmateriale til Matematik pd NAT-BAS"

af: Mogens Brun Heefelt

144/87 “"Context and Non—;.ocality - A Peircan Approach

Paper presented at the Symposium on the
Foundations of Modern Physics The Copenhagen
Interpretation 60 Years after the Como Lecture.
Joensuu, Finland, 6 - 8 august 1987.

By: Peder Voetmann Christiansen

145/87 "AIMS AND SCOPE OF APPLICATIONS AND
MODELLING IN MATHEMATICS CURRICULA"

Manuscript of a plenary lecture delivered at
ICMTA 3, Kassel, FRG 8.-11.9.1987

By: Mogens Niss

146/87 "BESTEMMELSE AF BULKRESISTIVITETEN I SILICIUM"
- en ny frekvensbaseret milemetode.
Fysikspeciale af Jan Vedde
Vejledere: Niels Boye Olsen & Petr ViSdor

147/87 "Rapport om BIS pad NAT-BAS"
redigeret af: Mogens Brun Heefelt

148/87 "Naturvidenskabsundervisning med
Samfundsperspektiv'

af: peter Colding-Jergensen DLH
Albert Chr. Paulsen
149/87 "In-Situ Measurements of the density of amorphous
germanium prepared in ultra high vacuum"
by: Petr Viscor
150/87 "Structure and the Existence of the first sharp

diffraction peak in amorphous germanium
prepared in UHV and measured in-situ"

by: Petr Vib¥or

151/87 "'DYNAMISK PROGRAMMERING"

Matematikprojekt af:
Birgit Andresen, Keld Nielsen og Jimmy Staal

Vejleder: Mogens Niss

152/87 "PSEUDO-DIFFERENTIAL PROJECTIONS AND THE TOPOLOGY
OF CERTAIN SPACES OF ELLIPTIC BOUNDARY VALUE
PROBLEMS" :

by: Bernhelm Booss-Bavnbek
Krzysztof P. Wojciechowski

153/88 '"HALVLEDERTEKNOLOGIENS UDVIKLING MELLEM MILITERE
0G CIVILE KREFTER"

Et eksempel pA humanistisk teknologihistorie
Historiespeciale

Af: Hans Hedal ’ '
Vejleder: Ib Thiersen

154/88 "MASTER EQUATION APPROACH TG VISCOUS LIQUIDS AND
THE GLASS TRANSITION"

By: Jeppe Dyre

155/88 "A NOTE ON THE ACTION OF THE POISSON SOLUTION
OPERATOR TO THE DIRICHLET PROBLEM FOR A FORMALLY
SELFADJOINT DIFFERENTIAL OPERATOR"

by: Michael Pedersen

156/88 “"THE RANDOM FREE' ENERGY BARRIER MODEL FOR AC
CONDUCTION IN DISORDERED SOLIDS' .
by: Jeppe C. Dyre

157/88 ' STABILIZATION OF PARTIAL DIFFERENTIAL EQUATIONS
BY FINITE DIMENSIONAL BOUNDARY FEEDBACK CONTROL:
A pseudo-differential approach."

by: Michael Pedersen

158/88 “UNIFIED FORMALISM FOR EXCESS CURRENT NOISE IN
RANDOM WALK MODELS"

by: Jeppe Dyre

159/88 "STUDIES IN SOLAR ENERGY"

by: Bent Serensen

160/88 "LOOP GROUPS AND INSTANTONS IN DIMENSION TWO"

by: Jens Gravesen

161/88 "PSEUDO-DIFFERENTIAL PERTURBATIONS AND STABILIZATION
OF DISTRIBUTED PARAMETER SYSTEMS:

Dirichlet feedback control problems'

by: Michael Pedersen



