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The so-called Herman-Swiatek Theorem, combined with a surgery argument
described among others by Douady, implies the following theorem : The Siegel disk
of a quadratic polynomial P whose rotation number is Diophantine with exponent 2,
has a quasi circle boundary containing a critical point for the k-th iterate of P, where
k is the period of the cycle of Siegel disks.

In this paper the Herman-Swiatek Theorem is generalized to holomorphic selthomeo-
morphisms of quasi circles. The generalized theorem implies a converse to the above
theorem about Siegel disks. In fact it implies the following unpublished theorem of
Michel Herman:

If a Siegel disk or Arnold-Herman ring for a rational map has a boundary component,
which is a quasi circle containing a critical point for the k-th iterate, where k denotes
the period of the cycle of disks or rings, then the associated rotation number is
Diophantine of exponent 2.



On holomorphic critical quasi circle maps.

Carsten Lunde Petersen *

Dedicated to the memory of Michel Herman

Abstract
In this paper the so-called Herman-Swiatek Theorem is general-
ized to holomorphic selfhomeomorphisms of quasi circles. This result
implies an unpublished theorem of Michel Herman: If a Siegel disk or
Arnold-Herman ring for a rational map has a boundary component,
which is a quasi circle containing a critical point, then the associated
rotation number is Diophantine of exponent 2.

1 Introduction

Definition 1.1 A holomorphic quasi circle map on a quasi circle I' ¢ C
is a selfhomeomorphism f :T' — I, which extends to a holomorphic map
f:U — C defined in an open neighbourhood U of I'. If in addition T
contains a critical point for the holomorphic map f, then f is a (holomorphic)
critical quasi circle map.

~ The maiq result in this paper is the following generalization of the so called
Herman-Swiatek Theorem:

Main Theorem 1 Let f : I' — I be a critical quasi circle map with irra-
tional rotation number § € T = R/Z. Then 6 has bounded type (or equiv-
alently is Diophantine of exponent 2) if and only if f is quasi conformally
linearizable on T, i.e. iff there exists a gc. homeomorphsim ¢ : C — C with
#(I') = S! and such that

Vz € S':do fodz) = Ry(z) = e2™2.

*I would like to thank Université de Paris-Sud Mathématiques, Orsay, France for its
hospitality while this paper was conceived and Saeed Zakeri for his careful comments to a
preliminary version of this paper.
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The above theorem contains as a speciaili case the following theorerh of
Michel Herman, a theorem which remained unpublished until his death.

Theorem 1.2 (Herman 89) Let f : U — C be a holomorphic map with
a k-periodic Siegel disk (or Arnold-Herman ring) A of rotation number 6. If
O0A (a component of the boundary of A) is a quasi-circle, contained in U and
containing an f*-critical point, then 6 is of bounded type.

The proof of the above Theorem is based on two main ingredients. One
ingredient is the so called Herman-Swiatek Theorem, [Her], [Pet], [Swi2],
which states that the above Theorem holds in the case where the quasi-circle
I' is a true euclidean circle. The other and new ingredient is a geometrization
of a Theorem of Swiatek. The original Theorem of Swiatek states that under
certain analytic conditions on a circle map a certain cross ratio distortion
inequality holds, even in the presence of a finite number of critical points
[Swil](see also (2) on page 4). The inequality is the main ingredient in the
proof of the Herman-Swiatek Theorem. What I propose here is to replace the
analytic conditions on the circle map near the critical points with geometric
conditions, which are more adequate for surgery applications.

In what follows we shall not destinguish a circle map f : T — T from its
lifts to R under the natural projection map z — exp(i27z). Also Df will de-
note the derivative of f. A map f: U — C, where U C C is some domain,
is called quasi regular, if f has partial derivatives in the sense of distributions
0f/0z,0f [0z € H.,. and if |0f/0z| < k|0f/Dz| for some 0 < k < 1. By the
Morrey-Ahlfors-Bers Integration Theorem for almost complex structures, the
map f is quasi regular if and only if there exists a quasi-conformal homeo-
morphism ¢ : V. — U such that fo¢ : V — C is holomorphic. A critical
point w for a quasi-regular map f is a point where the local degree deg(f, w)
is strictly bigger than one or equivalently, with ¢ as above, a point w = ¢(c),
where c is a critical point for f o ¢. As for holomorphic maps the natural
number deg(f, w) — 1 will be called the multiplicity of the critical point w.

Definition 1.3 Let f : U — C be a quasi-regular map and let v C U be a
quasi arc. A critical point w € v is called a nice critical point (relative to =),
if its multiplicity is even, say 2l, | € N and if there exists two quasi conformal
homeomorphisms ¢ : D — w; CU, ¢ : ws C f(U) — D such that

L 6(0) = w, ¢~ 1,1) C .
2. Yo fog(z) =22+,
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3. The map f is holomorphic on the two ’sectors’ ¢(X+(1, (2_11+T)))’ where
Ti(r,€) = {£se®™|0 < s < 7, |n| < €/2}. (1)

Remark that neither ¢ nor 9 is by any means unique, and that if f(y) C R,
then we can choose % to be affine. In what follows v will be clear from the
context (usually S! or T) and will hence not be mentioned.

By a quasi-regular circle map we shall infer a circle homeomorphism
f: T — T, which is the restriction to T of a quasi-regular map f defined
on some neighbourhood w(T).

Proposition 1.4 Let f:T' — T be a holomorphic quasi-circle map. Then
there exists a quasi regular circle map f : w(SY) — C and a quasiconformal
homeomorphism 1 : C — C, with (I") = S! such that :

1. The restriction Y- conjugates f to ﬁsl.

2. The restriction }?|§1 is real analytic except possibly at finitely many
critical points for f, all of which are nice.

3. If f is a critical quasi circle map, then fca.n be chosen to have at least
one nice critical point on S*.

Proof : We shall suppose f is a critical quasi circle map, leaving the easier
non critical case to the reader. Let f : U — C be a holomorphic extension
of f and let z5 € T be a critical point for the extension. Then at least one
of the two complimentary components of I' intersects f~!(I') in any neigh-
" bourhood of z,. Denote such a component by V and let ¥ : V — D be
a homeomorphically extended Riemann map, say mapping 2z to 1. Define
wy = Y(U) and extend 1 to a quasiconformal homeomorphism ¢ : C — C
by reflection in I and S*. Define a continuous map, quasi-regular in the
interior, f:w; — C by f =1%o foy~'. Extend f by reflection in S! to
a quasi regular circle map defined on w = w; U T(w;), where 7(2) = 1/Z de-
notes the reflection through S!. The maps f and 1 are easily seen to fulfill
the conclusions of the Proposition, with 1 being a nice critical point. q.e.d.

A real four tuple (a,b,c,d) is called admissible if either a < b <c < d
or d < ¢ < b< a. If additionally a,b,c,d € T we shall also infer |d — a| < 1.
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For such a four tuple we define the cross ratio [a, b, ¢, d] = 2=24=¢ and given

a homeomorphism f : R — R we define the cross ratio distortion

D(a, b, C, d, f) — [f(a)7 ]{a(bl); f(;])’ f(d)]

The main new technical result in this paper is the following geometrization
of the Swiatek cross-ratio distortion inequality:

Theorem 1.5 (Geometric Swiatek cross ratio distortion inequality)
Let f : w(T) — C be a quasi-regular circle map. Assume that f is analytic
on T except possibly at finitely many critical points, all of which are nice.
Then

1. There exists a constant C = C(Df) > 1 such that for all N € N and
for all families of admissible quadruples {(a;, b;, ¢;, d;) },c; for which the
covering number sup,cq #{i € I|z €]a;, d;[} is at most N :

HD(aiabiaci7di; f) S CN' | (2)

i€l

2. For any (nice) critical point w € T there exists C',v > 1 (depending on
Df only) such that for all z,y € T with [z —w| < |y — w|:

@) - fw)| _
ﬂw—fWJSC

v
r—w

(3)

y—w

We shall see (Proposition 1.10) that for f as above Df is continuous
with value zero at the nice critical points. Combining this Theorem with the
previous Proposition 1.4 and the following Theorem 1.6 of Herman our Main
Theorem 1 follows as an immediate Corollary.

Theorem 1.6 (Herman) Suppose f : T — T is a circle homeomorphism
of irrational rotation number 6. If f satisfies the cross ratio distortion in-
equality (2) and 6 is of bounded type, then f is quasi-symmetrically conju-
gate to the rigid rotation Ry. On the other hand if f is quasi symmetrically
conjugate to Ry, satisfies (2) and has a critical point w which satisfies (3) for
some constants C',v > 1, then the rotation number 8 is of bounded type.
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Proof : See any of the papers [Her],[Pet] and [Swi2]. q.e.d.

The rest of the paper is dedicated to the proof of Theorem 1.5. Any
bounds (bounding constants) that will occur from here on will without ex-
plicit mention be functions of D f only.

Theorem 1.7 Let f:w(T) — C be a quasi-regular circlemap. Assume
that f is analytic on T except possibly at finitely many critical points, all
of which are nice. Then there exists K > 1 such that for any admissible
quadruple (a, b, c,d)

D(a,b,c,d; f) < K.

Theorem 1.8 Let f:w(T) — C be a quasi-regular circlemap. Assume
that f is analytic on T except possibly at finitely many critical points, all
of which are nice. Then there exists lo > 0 such that for any admissible
quadruple (a,b,c,d) € T, for which |a, d[ does not contain a critical point

D(a,b,c,d; f) < exp(lo - | f(d) — f(a)])-

Define H, = {z =z +iy|lz > 0} and D, = DNH,. We need the follow-
ing Julia-Wolf type Lemma.

Lemma 1.9 Let f: D, — H, be a holomorphic function. Then

@)
limsup 5y <2 @

Proof : Let A(2)|dz|, A2(2)|dz| denote the hyperbolic metrics on D,
and H, respectively. Then Ay(z +iy) =1/x and for all z =z +1iy € D,
1> X2(2)/A1(2) = 1 as z — 0. By the Schwarz-Picks Lemma for hyperbolic
domains

W@ - olf @) M)
@) 2@ wE) ©)

Thus (4) follows. q.e.d.
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Proposition 1.10 Let f : U —> C be a quasi-regular map. Suppose w in
Ju,v[CRNU is a nice critical point and f(Ju,v]) CR. Then there exist
6>0,C>1andv, >v_>1 such that

, < Jlw+7) - fw)
Vz,|z| <6 f( T~ Fw —x)SC (6)
zf'(w+ )

fwta) —fw) =™

(7)

It follows that for all z,y with 0 < |y| < and z € ]0,y] :
2\ _ flw+3) = f(w) (a_c)
(y) = Fwry-fw) ~\y/) - ®)

Consequently f is continuously differentiable (as a real function) at w with
derivative 0.

Proof : Note at first that given 0 < z < y < § we obtain inequality (8) by
integrating the logarithmic derivative f'(t + w)/(f(t + w) — f(w)) from z to
y and bounding the integrand using (7).

To prove (6) and (7) note that both inequalities are invariant under both
pre and post composition of f with affine maps. Thus we can start out
assuming that f is order preserving, w = f(w) =0 and that the map ¥ in
the definition of nice critical point is the identity map. Let ¢ : D — w be
the corresponding quasiconformal homeomorphism, so that f o ¢(z) = 22+,
#(0) = 0 and ¢ maps | — 1, 1] increasingly into R. Rescaling f in the domain
and range if necessary, we can suppose ¢(D) =@ is a quasidisk for which
@NR is a closed subinterval of Ju,v[. Inequality (6) immediately follows,
because ¢ is quasi symmetric on the real axis.

Using our fredom to pre compose f by linear maps we can assume that
D C w C Dg for some R > 1. Let Z4 = ¢(Z4(1, (2z+1))) (where .(-,) were
defined in Definition 1.3). I claim that there exists vy > v_ > 1 such that

T1(1,1/vy) CZL C Ea(R,1/v). 9)
In fact as w is a quasi disk with w N R connected we need only show that

TV, < alé?alzr-l-folarg(iz)l’ lim sup |arg(+2)| < m/v. (10)

T4z
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for some constants v/, > v > 1, which depends only on the degree 2{ +1
and the dilatation of ¢. Moreover we need only prove the first of the two
inequalitites in (10) because =, and =_ are disjoint. Finally by symmetry we
need only prove the inequality for =,. By the assumptions on the geometry of
w we have a quasi conformal restriction ¢ : D \ [0, 1[— D(R) \ [0, R[. Such a
map expands hyperbolic distances by at most a bounded amount depending
only on the dilatation of ¢ and the distance. We have ¢(] — 1,0[) C] — R, 0|
and for z € D(r) \ [0, r[ := B, with arg(z) = n the hyperbolic distance in B,
dg,(z,] —r,0]) converges to logcot(|n|/4) as z = 0. Thus the bounds (10)
and hence (9) follows.
Suppose z > 0 (the case z < Oissimilar). Applying the Julia-Wolf Lemma 4

v
=2

to the two functions f (27’2:)5 and (f~1(22)) we obtain

L f! L f!
v_ <lim infx fz) < limsup z-f'(z)
250 f(z) 20 f(2)
Thus increasing v, slightly and decreasing v_ > 1 slightly, if necessary there
exists 6 > 0 such that the inequality (7) holds. Finally (7) and (8) imply
that f is continuously differentiable (as a real function) at w with derivative
0. q.e.d.

S v,y.

Proof of Theorem 1.5: First, 1. of Theorem 1.5 follows immediately from
the combination of the two Theorems 1.7 and 1.8. Simply take C = K™ - el°,
where n is the number of critical points. Secondly 2. of Theorem 1.5 follows
immediately from the two inequalities (6) and (8) in Proposition 1.10, and
the 1-periodicity of f. q.e.d.

Thus we are left with the task of proving Theorems 1.7 and 1.8.
To facilitate the proof of Theorem 1.7 we introduce, just as Swiatek did,
the half cross ratio distortion : Given a real triple (a, b, ¢) with b €]a, c[ we

define
f(b) —fla) c—a
b—a  f(c)~ f(a)
The half cross ratio distortion is handy, because it is still invariant under pre

and post composition by affine maps and it can be used to compute the cross
ratio distortion:

D(a)b,c)d;f) = Dh(a’bac; f) 'Dh(dacab;f)'

Dh(aa b? Lo f) =
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Proposition 1.11 Suppose f:]w —6,w+ 66— R, é > 0 is a continuous
injection, satisfying (6) — (8) for some constants C,v*,v™, as in the conclu-
sion of Proposition 1.10. Then there exists a constant C; > 1 depending only
on C,v*, v~ such that for all triples (a,b,c) with b € Ja,c] C|lw — 6, w + 4] : .

Dn(a,b,¢; f) < Ci. (11)

Proof : We can suppose w = f(w) =0 and we can further normalize so
that given a point z # 0 we have say z = f(z) = —1. Let z_ = %"%1 and
z, = C7-1. If f(-1) = —1 then
Vr < ~1 f(
Vz,-1<z<0 f(
Vz,0 <z <z_ f(z) < =z,
VY >z, f(

moreover
f
Vr,—-1<z<0 1<
For instance if x > z, then

1 1
f(z) > ———f(— ) > —C—:r:c" -l mei =1
By symmetry and using the freedom to normalize, it suffices to consider the
following four different cases :
1. c< —1=b= f(b) < a £0, where we obtain

a—c _f(a)+1<f(a)+1<y+
f@)=fc) e+1 — a+1 —

Dh(aa ba c, f) =

2. =1=a= f(a) < b<c<0yielding :

+1 | f(B)+1 f(b)+1 +
Dh(a,b,¢, f) = o+ br S by SV

3. ¢ = f(c) = =1 < b €0 < a, where we obtain D = Dy(a,b,c, f) =

—f(b
sty [0SO 1f f(a) < athena < 74 and D < #Hs <zy + 1.

And if f(a) > a then a > z_ and D < & < 2=t < 2=H1 where the
middle inequality stems from the fact that the Mobms transformatlon
a — % is decreasing on the interval [b, 00] O R,.
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4. 'a = f(a) = =1 < b < 0 < ¢, where we obtain D = Dy(a,b,c, f) =
7ty L Tf f(c) > cthen D < {8 <+, And if f(c) < ¢ then
c<zyand D<vt - (z,+1).

This completes the proof. g.e.d.

Proposition 1.12 Let f be a C* circle homeomorphism with at most finitely
many critical points w,, ... w, each satisfying the inequalitites (6) - (8) for
some constants 6; > 0,C; > 1, and vi > v >1. Then there exists K > 1
such that for any admissible quadruple (a, b, ¢, d)

D(a,b,c,d; f) < K.

Proof : It suffices to prove that there exists K; > 1 such that for every
triple (a, b, ¢) with b €a, [

Dh(a" ba Caf) S Kla

because D(a,b,c,d; f) = Di(a,b,c; f) - Dp(d, c, b; f). Write 26; in place of 6;
and let

M = sup{f'(z)|z € T}, m = inf{f'(2)|z € T\ U ]w; — &, w; + &[}.
We consider three possible cases separately:

1. There exists ¢ such that |a, ¢[C [w; — 26;, w; — 26;]. The conclusion then
follows from Proposition 1.11.

2. For every 14, la,c[N[w; — 6;,w; + 6] = 0. Then by the Mean Value
Theorem Dy(a,b,c, f) < M/m.

3. Neither 1. nor 2.. Then there exists 4 such that either jw — 24;, w — §;[C
la, ¢ or Jw + &, w + 26;[Cla, ¢[. In either case Dy(a,b,c; f) is bounded
by

M 1 1
e {f(w,- — &) — flw; —26;)" fw; +28;) — f(w; + &) }

q.e.d.
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Proof of Theorem 1.7: By assumption f is analytic except possibly at
the nice critical points w;. By Proposition 1.10 it is continuously differen-
tiable at those points, thus f is C*. Moreover also by Proposition 1.10 each
of those critical points satisfies the inequalitites (6) - (8) for some constants
6 >0,C; > 1,and v > vy > 1. Thus the hypotheses of Proposition 1.12 is
satisfied. This completes the proof. q.e.d.

Finally we prove Theorem 1.8. To this end we shall transform the cross
ratio distortion bound into a bound on contraction of hyperbolic length.
For a bounded open interval J C R we define the doubly slit plane with
gap J by C; = (C\R) U J. For R > 0 we define the slit R-neighbourhood
as
QJ(R) = {Z € CJl diSt(Z, J) < R}

(dist(-, -) being standard euclidean distance). For a hyperbolic domain U c C
write the infinitessimal hyperbolic metric as Ay (z)|dz|. Moreover let dy (-, )
and [(-) denote the hyperbolic distance and arclength repsectively. However
in the case of U = C; we reduce the notation to d;(-, ) and I;(-) respectively.

Lemma 1.13 There exists a strictly increasing function L : R, — R, such
that for any R > 0 and any bounded nonempty open interval J =]a,d[C R
and any pair of points b,c € J

J
layry((b,c]) < Uy([b,c]) + L (%) . (12)
Moreover, the function L satisfies
L(ry=0(r) asr—0". (13)

Proof : Fix J and R as above and note that Aq,(r)(z) > As(z) for any
z e QJ(R) Thus

i, () = () = [ O, (@) = Ar(e)de
d
< / (M, () = As(z))dz = /, (A, (z) — Ay (z))dz.

We need to prove that the latter integral is finite and depends only on the
ratio |J|/R. Let the open interval J' and R’ > 0 satisfy |J'|/R = |J|/R or
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equivalently |J'|/|J| = R'/R=a > 0. Then there exists 8 € R such that
the affine map A(z) = az + 8 maps J onto J', C; biholomorphically onto
Cy and Q;(R) biholomorphically onto Q5 (R'). In particular A acts as a
hypebolic isometry between both pairs of domains. Thus

/ (/\QJ/ (IL‘) - )‘J’(‘T))dx = /(/\QJI (A(.’L‘)) - )‘J'(A(x))) : AI(.’I))d.’II
J! J
= [ Oa,(@) = As(@))de. (14)

Which proves that (14) depends on |J|/R only. Denote the common value in
(14) by L(%'). By Schwartz Lemma L is increasing given that the integrals
defining L are bounded. Thus it suffices to consider the case J =] — 1, 1{ with
|J| = 2, which we shall do here after. Recall that, if V C W are hyperbolic
domains, then

VzeV:  1<i(@)/iw(2)< coth(% dw(z,8V)).  (15)

Suppose 7 : [0,{] — V is an arc which is parametrized by hypebolic W-
length and which satisfies

Vee[0,0]: dw(y(t),0V)>t+k (16)

for some k > 0. Then by integration of (15) :
: !
0<tv(n) = w) = [ Owl®)Dw(r(0) - 1)
0 1
< /0 (coth §(t + k) —1)dt

1~ e—(k+l)

1—ek (17)
To prove boundedness of L(|J|/R) = L(2/R) it suffices to prove that for
some 0 < z < 1 the two geodesic segments | — 1, —z] and [z, 1] satisfy (16) for
some k > 0 (here C; = W, Q;(R) =V and [ = 00). Moreover by symmetry
it suffices to consider the arc [z, 1] only. Similarly to prove that L(r) = O(r)
for r = 2/R small, we shall prove that there exists ¢ > 0 such that for R big
enough [0, 1] satisfies (16) with k > log(R/c). From this (13) follows.
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To produce these hyperbolic bounds on distances, it is convenient to
change coordinates using M(z) = zi;} This degree two rational map re-
stricts to an isomorphism M : H, — C;, and it maps R, increasingly onto
J. For R > 0 let AL(R) denote the two connected components of the preim-
age of C\ Qs(R) centered at +i. Let p= p(R) > 0 denote the smallest
radius such that AL(R) C I(+:, p(R)). Set k =1+1logp. Then the map
v(t) = et** . [0, co[—> [eF, 0o is a parametrization of the latter interval by
hypebolic length in H, and it satisfies (16). This proves boundedness of
the integral in (14) and hence the existence of the function L. To prove the

asymptotic behavior (13) of L we note that
+: 1
M(z+i) = 7’ +5+0(z)  for small |2].
It follows that p(R) = O(1/R). As above 7(t) =€ :[0,00] — [1,00] is a
parametrization of the latter interval by hypebolic length in H, and it satis-
fies (16) with k(R) = —log p(R). That is there exists By > 0 and ¢ > 0 such
that for R > Ry: k(R) > log(R/c). Thus completing the proof. q.e.d.

An elementary calculation shows that the cross ratio [a, b, ¢, d] is related
to the hyperbolic distance between b and c in the doubly slit plane G, 4; by

dje,q1(b, ¢) = —logla, b, ¢, d].
Hence the cross ratio distortion D(a, b, ¢, d; f) can be calculated as

D(a,b,c,d; f) = exp (dja,g1(b, €) — djs(a), £y (f (B), £(€)))

and the cross ratio distortion inequality (1) on page 4 becomes

Z d}ai,di[(bi7 C,) - d]f(ai)af(di)[(f(bi)7 f(cz)) < NlOg C.

i€l
Thus the cross ratio distortion inequality implies that the map f only short-
ens the hyperbolic length of [b,c] C Cjo g by a finite amount. In this per-
spective the Swiatek cross ratio distortion inequality can be viewed as a real
pre decessor of the Carleson-Jones-Yoccoz bound for the distortion of proper
analytic maps of simply connected domains [CJY].

Proposition 1.14 Let f: J' — J be a real analytic diffeomorphism and
suppose that f extends to a univalent map f :U — Q;(R), where R > 0
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and J' CU C Cy. Then there exists ly > 0 such that for any admissible
quadruple (a,b,¢,d) with Ja,d] C J'

D(a,b,c,d; f) < exp(lo - | f(d) — f(a)]).

Proof : It follows from (13) that there exists I, > 0 such that for any !
with0 <1< |J|: L(I/R) <1y -l/R. Define ly = |, /R and let (a, b, ¢, d) be an
admissible quadruple with I’ =]a,d[ C J'. Define moreover I = |f(a), f(d)|
and note that Q;(R) C Q;(R). Define Up to be the preimage of Q;(R) inside
U. Then we have

log (D(a, b, ¢, d; f)) = dr(b,¢) — d;(f(b), f(c))
< dy,, (b, ¢) — di(£(b), f(c))
= da, (&) (f(0), £(c)) — di(£(b), f(c))
< L(I|/R) < bl = lo - |f(d) = f(a)]-

q.e.d.

Proof of Theorem 1.8: Let w,w' € T be a pair of neighbouring critical
points bounding an open interval J = Jw, w'[. Then there exist R = R(J) > 0
and an open neighbourhood Uy of J, such that f : U — Q4 (R) is biholo-
morphic. This is because f is real analytic except possibly at the critical
endpoints, both of which are nice. Thus Proposition 1.14 proves Theorem 1.8
for J. As f is assumed to have only finitely many critical points, we are done.

q.e.d.
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