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Abstract

A prime p congruent to 1 or 3 (mod 8) may be written as
p=22"+¢" ‘

for some integers = and y.
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1 Introduction"'

This note grew out of presenting the theory of euclidean domains and its
application to Fermat’s two-square theorem in a course on abstract algebra at
Roskilde University where we used the excellent textbook of I.N. Herstein (2].
A key ingredient in that presentation is the factorization of X?+ Y over the
complex numbers. Since X?+4Y?+Z? factors into (X +iY +kZ)(X —iY —kZ)
over the quaternions, the hope arose that some kind of three-square theorem
could be had similarly.

A moments experimentation yields numbers like 41 = 42 + 4% + 32 and
17 = 22 + 2% + 32, while neither 23 nor 13 may be written as a sum of three
positive squares. These mysteries are happily resolved by considering prime
(or irreducible) elements and unique factorization in the euclidean domain
{r+yi+yk|z,y integers}, a subring of the real quaternions that is in fact
isomorphic to Z[\/—2], the ring of integers of the field of rationals with /=2
adjoined. Gauss’s lemma implies that —2 is a quadratic residue of primes
congruent to 1 or 3 (mod 8). With these two facts one then proves

Theorem 1.1 For any primep = 1,3 (mod 8) there ezist integers z and y
such that

p=22"+y
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-A-simple consequence of-this theorem -is that-any positive integer that
factors into powers of 2, powers of primes = 1,3 (mod 8), and even powers
of the other primes, is also representable as a sum of three squares, two of
which- are identical. This is a consequence of the identity -

(@ + 28%)(2? 4 24%) = (az — 2by)? + 2(ay + bz)’

Now Lagrange’s theorem states that any positive integer is the sum of
four or fewer nonzero squares. The less well-known Gauss-Legendre theorem
states that numbers not of the form 4%(8n + 7) are the sum of only three or
fewer nonzero squares. Though the theorem above provides more specific in-
formation for the numbers specified in corollary 2.1, it can also be viewed as a
good and easily puchased partial result toward the Gauss-Legendre theorem,
a theorem with a thorny reputation.

This note is intended as a didactic supplement to the excellent textbooks
of Herstein [2] and Hardy-Wright [1]. For example, the abstract and the
corollary in this note could be posed as a problem with lemmas 2.1,2.2,
and 2.3 below given as hints. Then the Gauss-Legendre theorem can be
mentioned as a complete answer to which integers are representable as a sum
of three squares. Although the author is unaware of any mention of theorem
1.1 in the literature, it is a safe bet that it has been noticed a few hundred
years ago and is reaching folklore status by now.

2 Euclidean Rings Strike Again!

Lemma 2.1 Let p be a prime such that p=1,3 (mod 8). Then 22? = -1
(mod p) has a solution. :

Proof. It suffices to show that —2 is a quadratic residue of p, for if y? = —2
(mod p), then an inverse x of y as an element of the field of p elements Z,
satisfies 222 = —1 (mod p).

Now Gauss’s lemma ![1, Theorem 92] implies that —2 is indeed a quadratic
residue of p, since the number of members of the set

~1
—2, —4, ,—6,... ,pT(—z)

1See the appendix for a presentation of Gauss’s lemma compatible with a course on
abstract algebra.




.whose least positive residues (mod p) are greater than p/2 has even parity.
(Write —2=p—2 (mod p), -4 =p—-4 (mod p), etc., and count in the
two cases p of the form 8n + 1 or of the form 8n + 3. O

Remark 2.1 By the same token (Gauss’s lemma), —2 is a quadratic non-
residue of primes p = 5,7 (mod 8).

Lemma 2.2 Lett, j, and k be the unit quaternions, and let { =i+ k . Then
the set R = {a+ b{ | a,b integers) is a commutative subring of the algebra
of real quaternions. Moreover, R is isomorphic to the ring Z[\/=2] and is a
euclidean domain.

Proof. It is routine to check that R is a commutative subring of the quater-
nions containing the integers. Note that (2 = —2, so that the map given by
a+ b( = a 4 b\/=2 is an isomorphism of the rings R and Z[/=2]. Now the
ring Z[v/=2] is known to be a Euclidean domain [1, Theorem 246}, but we
show it directly in an outline.

Note that R is an involutive subring of the quaternions, where (a+ ()" =
a—b(, and that it has norm d defined by d(a+b¢) = a*+2b% = (a+b()(a+5()*,
a positive integer unless a = b = 0. Note that d(uv) = d(u)d(v) for all u and
v in R. To check that one has division with remainder one only has to copy’
the proof of the same for the Gaussian integers 2, theorem 3.8.1]. O -

Lemma 2.3 For any integers a, b, z, and y, we have the identity
(a® + 26%)(2? + 2¢°) = (az — 2by)? + 2(bz + ay)?

Proof. Note that d((a + b()(z + y{) = d((az — 2by) + (bz + ay)()
= d(a + bC)d(z + y(). D
Theorem 2.1 Given prime p = 1,3 (mod 8), there ezxist integers z and y
such that

p=2"+y
Proof. By lemma 1 there is a solution z of 222 = —1 (mod p). Then p
divides 2z% + 1 both in Z and in the larger ring R. Since p divides 2z%2+1 =
(14 z¢)(1 — z(), but p clearly divides neither 1 + z¢ nor 1 — z(, it follows

that p is not a prime element of the euclidean ring R. Whence p factors into
nonunits

p=(a+b)(c+dc) o
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—Now-apply the-norm on-R to both sides-of equation 1 and-obtain—- =

p* = (a® + 26%)(c* + 2d?)
In gene;él, nonunits z + y¢ satisf):r: d(z + yC) > 1, hence p=a?+2b. 0O

Remark 2.2 The alert reader will note that we also have p=c®+2d%in
the last line of the proof above, which seems to give another representation
of p as a sum of three squares. However, ¢ + d{ and a — b{ are associates

by unique factorization in R and applying the involution to equation 1, so
a = *cand b= =d.

Corollary 2.1 Any positive integer

n= 2'”‘p;"2 s p;c""p:r:{"“ . .p?m'
where p; = 1,3 (mod 8) (1 = 2,...,k)
and p; =5,7 (mod8) (j=Fk+1,...,7)
and my,...,m, are positive integers, is expressible as

n =2z?+y?
for some integers x and y.

Proof. First note that 2(2z2 + y?) = 2y? + (2z)*. Now combine the theorem
with lemma 2.3 in a routine induction argument. O

Remark 2.3 Since 22 = 0,1,4 (mod 8) for all integers x, it follows that
z? + 2y? does not assume the values 5 or 7 (mod 8). It is then routine to
show that primes = 5,7 (mod 8) are also prime elements in R. Then unique
factorization in R shows that a product of distinct primes = 5,7 (mod 8)
is not of the form 2z? + y? either. A routine argument then shows that the
integers specified in the corollary exhaust the set of elements of the form
2z% + y2.



3 Appendix: Gauss’s Lemma on Quadratic
Reciprocity

We rewrite the proof of Gauss’s lemma as given in [Ha.rdy-anht] along the
lines of a course in abstract algebra [Herstein).

For each odd prime p we denote the field of residue classes (mod p) by
Z,, and its group of units (i.e., all its nonzero elements) by U,. The natural
homomorphism Z — Z, takes va.lues denoted by n — [n], where [n] is the
residue class of n. The existence of a solution x-to the congruence z? = m
(mod p) means that [m] is a quadratic residue of p; if there is no solution,
[m] is called a quadratic nonresidue.

Definition 3.1 If m is not a multiple of a prime p, deﬁne the Legendre
symbol (%) to equal +1 if there ezists z such that 2> = m (mod p), and
equal to —1 if there is no_solution z.

Proposition 3.1 The quadratic residues of U, form a subgroup Qp of indez
2 and order (p - 1). For any integer m not a multiple of p, we have ‘

e = () (mod p)

Proof. The group of units U, has p — 1 elements and is cyclic [Herstein,
Theorem 7.1.6). If y is a generator,-then U, = {y,3%...,y*"! = [1]}, a
group of order p — 1. It is clear that the subgroup generated by y? is a set
of quadratic residues in Up; it is all of them, since we see that there are only
%( p — 1) quadratic residues by squaring each element in U, and noting that
z? = (p—z)? (mod p). Hence, the quadratic residues of p form a subgroup
of index 2 and order 3(p — 1),

Qr = {¥% ..., yP = 1)}

Given an integer m not a multiple of p, then [m] is either in @, or it
is not. If [m] € @, then [m] is a quadratic residue of p, and has order
dividing the order of Q, It follows that [m]2(P~1) = [1]. If [m] ¢ Qp, it is a
quadratlc nonresidue, and equal to an odd power y?"*! of the generator y.
But y2(°~1) = [—1] since it is a root of 22 — [1] other than [1], and over a field
a polynomial only has as many roots as its degree! Hence,

[m]2®P~1) = (y2n+1)3(e-1) - y"(P=D)y3(p=1) _ [-1] ©




-Lemma 3.1 (Gauss) Given-an-odd primep and an-integer m not a multiple
of p, then 22 = m (mod p) has a solution z (no solution z) if pu is even

(odd), where u is the number of residues (mod p) among

, N |
[m], [Zm], [3m),..., [-2-(p —1)m]
that are equal to residues between —1p and 0.

Proof. Let [~ry],...,[—r,] be the above-mentioned y residues where —1p <

—r; < 0 for each i = 1,...,u. Let [r{],..:,[r}] be the remaining residues

among {[am] | a = 1,2,...,3(p — 1)} with representatives r; chosen where
0 <r} < ip. Notethat A+ p=1(p—1). '

It is easy to check that the integers rj,...,r},r1,...,7r, just form a re-
ordering of the integers 1,2,...,%(p — 1). For example, if r; = r;, then
am = —bm (mod p) for some distinct integers a and b. Then p | (a + b)m,
so p | a + b since p does not divide m. But 0 < a+b < p— 1. The other two
cases are similarly covered.

Multiplying all listed residue classes in Z, yields

[mlf2m] -+ [5(p = 1ym] =[]+ [rll=ral -+ [=r] =

[1-2302(p = D]~ = [(~1)¥][1 23+ S(p = 1)

so division gives 1
[m)2¢~D = [(-1)]

But m3®-1) = (%) (mod p) by the proposition, so we have shown that
(3)=(=1) O
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73/83 “"EN ENERGIANALYSE AF LANDBRUG"
- gkologisk contra traditionelt.
ENERGY No, S
Specialecpgave i fysik af: Bent Hove Jensen,
Vejleder: Bent S¢grensen.

83/84 "ON THE CUANTIFICATION OF SECURITY":
PEACE RESEARCH SERIES NO. I
Af: Bent Sprensen
nr. 83 er p.t. udgdet

84/84 "NOGLE ARTIKLER (M MATEMATIK, FYSIK OG ALMENDANNELSE".
Af: Jens Hpjgaard Jensen, Mogens Niss m. f1.

85/84" WIJLMURER 0G MATEMATIK".
Specialerapport af: Per Andersen, Carsten Holst-=
Jensen, Else Marie Pedersen og Erling Mpller Pedersen.
Vejleder: Stig Andur Pedersen.

86/84 "SECURITY IMPLICATIONS OF ALTE!FNA’I‘IVE D‘EI‘ENSE OPI‘ICNS
-—= TFOR-WESTERN EURCPE", — -
PEACE RESEARCH SERIES NO. 2
Af: Bent Sgrensen.

87/84 "A SIMPLE MOTEL OF AC HOPPING CONDUCTIVITY IN DISORDERED
- sOLIDS". - = . - g
Af: Jeppe C. Dyre.
88/84 "RISE, FALL AND RESURRECTION OF INFINITESIMALS".
Af: Detlef ILaugwitz.

89/84 "FIJERNVARMBOPTIMERING".
Af: Bjarne Lillethorup og Jacob Mgrch Pedersen.

74/84 "MINIATURISERING AF MIKROELEKTRONIK" - am vi-
denskabeliggjort teknologi og nytten af at lare

Projektrapport af: Bodil Harder og Linda Szko—
tak Jensen.

Vejledere: Jens Hgjgaard Jensen og Bent C. Jgrgensen,

75/84 "MATEMATIKUNLCERVISNINGEN I FREMTTDENS GYMNASIUM"
- Case: Linear programmering.
Projektrapport af: Morten Blomhgj, Klavs Frisdahl
og Frank Mglgaard Olsen. :
Vejledere: Mogens Brun Heefelt og Jens Bjgrneboe.

76/84 "KERNEKRAFT I DANMARK?" - Et h¢ringssvar indkaldt
af milj@ministeriet, med kritik af miljgstyrelsens
rapporter af 15. marts 1984.

ENERGY SERIES No. lo
Af: Niels Boye Olsen og Bent Sgrensen.

77/84 "POLITISKE INDEXS - FUP ELIER FAKTA?"
Opinionsundersggelser belyst ved statistiske
modeller.

Projektrapport af: Svend Age Houmann, Keld Nielsen
og Susanne Stender.
Vejledere: Jg¢rgen Larsen og Jens Bjgmeboe.

78/84 "JEVNSTRAMSLEININGSEVNE OG GITTERSTRUKTUT I
AMORFT GERMANTUM".
Specialrapport af: Hans Hedal, Frank C. Ludvigsen
og Finn C. Physant.
Vejleder: Niels Boye Olsen.

79784 "MATEMATIK OC ALMENDANNELSE".
Projektrapport af: Henrik Coster, Mikael Wenner—
berg Johansen, Povl Kattler, Birgitte Lydholm
og Morten Overgaard Nielsen.
Vejleder: Bernhelm Booss.

80/84 "KURSUSMATERIALIE TIL MATEMATIK B".
Af: Mogens Brnun Heefelt.

81/84 "FREKVENSAFHANGIG LEDNINGSEWNE I AMORFT GERMANTIIM".

Specialerapport af: Jgrgen Wind Petersen og Jan
Christensen.
Veileder: Niels Boye Olsen.

82/84 "MATEMATIK -~ OC FYSIKUNDERVISNINGEN I DET AUTO ~
MATISERELE SAMFUND".
Rapport fra et seminar afholdt i Hvidovre
25-27 april 1983,
Red.: Jens Hgjgaard Jensen, Bent C. J¢rgensen
og Mogens Niss.

90/84 "ENERGI I 1.G - EN TEORI FOR TILREITELAGGELSE".
Af: Albert Chr. Paulsen.

91/85 "KVANTETEORI FOR GYMNASIET".

1. Lerervejledning

Projektrapport af: Biger Lundgren, Hemning Sten Hansen
og John Johansson.

Vejleder: Torsten Meyer.

92/85 "KVANTETEORI FOR GYMNASIET".
2. Materiale
Projektrapport af: Biger lamdgren, Henning Sten Hansen
og John Johansson.
Vejleder: Torsten Meyer.

93/85 "THE SEMIOTICS OF QUANTUM - NON - LOCALITY".
Af: Peder Voetmann Christiansen.

94/85 "TREENIGHEIEN BOURBAKI - generalen, matematikeren
og &nden".
Projektrapport af: Morten Blamhgj, Klavs Frisdahl
og Frank M, Olsen.
Vejleder: Mogens Niss.

95/85 “AN ALTERNATIV TEFENSE PLAN FOR WESTERN EUROPE".
PEACE RESEARCH SERIES NO. 3

96/85"ASPEKTER VED KRAFTVARMEFORSYNING".
Af: Bjarme Lilletorup.
Vejleder: Bent Sgrensen.

97/85 "N THE PHYSICS OF A.C. HOPPING CONDUCTIVITY".
Af: Jeppe C. Dyre.

98/85 "VALGMULIGHEDER I INFORMATIONSALDEREN".
Af: Bent Sgrensen.

99/85 "Der er langt fra Q til R".
Projektrapport af: Niels Jgrgensen og Mikael Klintorp.
Vejleder: Stig Andur Pedersen.

100/85 "TALSYSTEMETS OPBYQVING".
: Mogens Niss.

101/85 “EXTENDED MOMENTUM THEORY FOR WINDMILLS IN
PERTURBATIVE FORM".
Af: Ganesh Sengupta.

102/85 OPSTILLING OG ANALYSE AF MATEMATISKE MODELIFR, BELYST
VED MODELIER OVER KZERS FOLEROPTACEISE OG - OMSETNING".
ProYjektrapport af: Lis Eilertzen, Kirsten Habekost, Lill Rgn
og Susanne Stender. .
Vejleder: Klaus Griinbaum.



103/85 "@OSLE KOLDKRIGERE OG VIDENSKABENS LYSE ITEER".
Projektraprort af: Niels Ole Dam og Kurt Jensen.
Vejleder: Bent S¢rensen.

104/85 "ANALOGRERNEMASKINEN OG LORENZLIGNINGER".
Af: Jens Jager.

105/85"THE FREQUENCY DEPENDENCE OF THF. SPRCIFIC HEAT AF THE
GASS REANSITIOQ:".
Af: Tage Christensen.,

"A SIMPLE MODEL AF AC HOPPING CONDUCTIVITY".

Af: Jeppe C. Dyre.

Oontributions to the Third Intermational Conference
on the Structure of Non - Crystalline Materials held
4in Grenoble July 1985.

"OUANTUM THEORY OF EXTENDED PARTICLES".
Af: Bent Sgrensen.

106/85

107/85 *EN MYG GPR INGEN EPIDFMI",

- flodblindhed som eksempel pd matematisk modelle-
ring af et epidemioclogisk problem.

Projektrapport af: Per Hedegird Andersen, lars Boye,
CarstenHolst Jensen, Else Marie Pedersen og Erling
Mpller Pedersen.

Vejleder: Jesper larsen.

108/85 “APPLIG\TIQ\'IS AND MOLELLING IN THE mmmcs GJR -
RICULIM" - state and trends -

Af: Mogens Niss.

109/85
studenteroplysninger fra RUC.

- 120/86

"ET ANTAL STATISTISKE STANDARDMUELLER".
Af: J¢rgen Larsen

121/86"SIMULATION I KONTINUERT TID".

122/86

123/86

124/86

125/86 "

126/86

127/86

-

128/86

Af: Peder Wetmann Christiansen.

“ON THE MECHANISM OF GLASS JONIC CONDUCTIVITY".
Af: Jeppe C. Dyre.

"GYMNASIEFYSIKKEN OG DEN STORE VERLEN".
Fysiklererforeningen, IMFUFA, RUC

"OPGAVESAMLING I MATEMATIK".
Samtlige opgaver stillet i tiden 1974-jan. 1986.

- gystamet ~ en effektiv fotametrisk spektral-
klass ikation af B~-,A- og F-stjerner".
Projektrapport af: Birger Lumdgren.

"OM UDVIKLINGEN AF DEN SPECIELLE RELATIVITETSHKR*"
rojektrapport af: Lise Odgaard & Linda Szkotak Jensen
Vejledere: Karin Beyer & Stig Andur Pedersen.

"GALOIS' BIDRAG TIL UDVIILINGEN AF DEN ABSTRAXTE
ALGEBRA".

Projektrapport af: Pernille Sand, leine Larsen &
Lars Frandsen.

~ Vejleder: Mogens MNiss.

"SMAKRYB" - am ikke-standard analyse.

Projektrapport af: Niels Jergensen & Mikael Klintorp.
Vejleder: Jeppe Dyre.

"C0X I STUDIETIIEN" - Cex's regressionsmodel anvendt pd

129/86

Projektrapport af: Mikael Wennerberg Johansen, Poul Kat-

ler og Torben J. Andreasen.
Vejleder: J¢rgen Larsen.

110/85"PLANNING FOR SECURITY".
Af: Bent Sgrensen

111/85 JORDEN RUNDT PA FLALE KORT".
Projektrapport af: Birgit Andresen, Beatriz Quincnes
og Jimmy Staal.
Vejleder: Mogens Niss.
112/85 "VIDENSKABELIGGZRELSE AF DANSK TEKNOLOGISK INNOVATION
FREM TIL 1950 - BELYST VED EKSEMPLER".
P;ojektrapport af: Erik Odgaard Gade, Hans Hedal,
Frank C. Ludvigsen, Annette Post Nie]_.sen og Finn
Physant.
Vejleder: Claus Bryld og Bent C. Jgrgensen.
113/85 "DESUSPENSION OF SPLITTING ELLIPTIC SYMBOLS 11".
Af: Bernhelm Booss og Krzysztof Wojciechowski.
114/85 "ANVENDELSE AF GRAFISKE METODER TIL ANALYSE
: AF KONTIGENSTARELIFR".
Projektrapport af: Ione Biilmann, Ole R. Jensen
og Anne-Lise von Moos.
Vejleder: Jergen larsen.
115/85 "MATEMATIKKENS UDVIKLING OP TIL RENESSANCEN".
Af: Mogens Niss.
116/85 "A PHENOMENOLOGICAL MODEL FOR THE MEYER-
NELDEL, RULE".
Af: Jeppe C. Dyre.
"KRAFT & FJERNVARMECPTIMERING"

Af: Jacob Mprch Pedersen.
Vejleder: Bent Sgrensen

117/85

.118/85 TILFELDIGIEDEN OG NZDVENDIGHEDEN IFVLGE
PEIRCE OG FYSIKKEN",
Af: Peder Voetmann Christiansen

.119/86 “DET ER GANSKE VIST ~ - EUKLIDS FEMIE POSTULAT
KUNNE NOK SKABE RZORE I ANDEDAMMEN".
Af: Iben Maj Christiansen
Vejleder: Mogens Niss.

130/86

131/86

132/86

133/86

"PHYSICS IN SOCIETY"
Lecture Notes 1983 (1986)
Af: Bent Sgrensen

"Studies in Wind Power"
‘Af: Bent Serensen

"FYSIK OG SAZMFUND" - Et integreret.fysik/historie-
projekt om naturanskuelsens historiske udvikling
og dens samfundsmessige betingethed.
Projektrapport af: Jakob Heckscher,
Andy Wiered.

Vejledere: Jens Heyrup, Jergen Vogellus,
Jens Hojgaard Jensen

Seren Brend,

o

"FYSIK OG DANNELSE"
Projektrapport af:
Vejledere: Karin Beyer,

Seren Brend, Andy Wiered.
Jorgen Vogelius.

"CHERNOBYL ACCIDENT: ASSESSING THE DATA.
-ENERGY SERIES NO. 15.
AF: Bent Sorensen.

134/87

135/87

136/87

137/87

"THE D.C. AND THE A.C. ELECTRICAL TRANSPORT IN AsSeTe SYSTEM
Authors: M.B.El-Den, N.B.Olsen, Ib Hest Pedersen,
Petr VisCor

"INTUITIONISTISK MATEMATIKS METODER OG ERKENDELSES-
TEORETISKE FORUDSETNINGER"

MASTEMATIKSPECIALE: Claus Larsen
Vejledere: Anton Jensen og Stig Andur Pedersen

“Mystisk og naturlig filosofi: En skitse af kristendoammens
forste og andet mode med grask filosofi"

Projektrapport af Frank Colding Ludvigsen

Vejledere: Historie: Ib Thiersen
Fysik: Jens Hojgaard Jensen

"HOPMODELLER FOR ELEKTRISK LEDNING I UORDNEDE
FASTE STOFFER" - Resume af licentiatafhandling

Af:
Vejledere:

Jeppe Dyre

Niels Boye Olsen og
Peder Voetmann Christiansen.



138/87 “JOSEPHSON EFFECT AND CIRCLE MAP."

Paper presented at The International

Workshop on Teaching Nonlinear Phenomena

.at Universities and Schools, "Chaos in
Education". Balaton, Hungary, 26 April-2 May 1987.

By: Peder Voetmann Christiansen

13987 "Machbarkeit nichtbeherrschbarer Technik
durch Fortschritte in der Erkennbarkeit
der Natur”

Af: Bernhelm Booss-Bavnbek

- -— -Martin Bchle-Carbonell — == -

140/87 "ON THE TOPOLOGY OF SPACES OF HOLOMORPHIC MAPS"

By: Jens Gravesen

141/87 "RADIOMETERS UDVIKLING AF BLODGASAPPARATUR ~
ET TEKNOLOGIHISTORISK PROJEKT"
Projektrapport af Finn C. Physant
Vejleder: Ib Thiersen

142/87 "The Calderdn Projektor for Operators With
Splitting Elliptic Symbols”

by: Bernhelm Booss-Bavnbek og
Krzysztof P. Wojciechowski

143/87 “"Kursusmateriale til Matematik pd& NAT-BAS"

af: Mogens Brun Heefelt

144/87 “"Context and Non-Locality ~ A Peircean Approach

Paper presented at the Symposium on the
Foundations of Modern Physics The Copenhagen
Interpretation 60 Years after the Camo Lecture.
Joensuu, Finland, 6 - 8 august 1987.

By: Peder Voetmann Christiansen

145/87 “"AIMS AND SCOPE OF APPLICATIONS AND
MODELLING IN MATHEMATICS CURRICULA"

Manuscript of a plenary lecture delivered at
ICMTA 3, Kassel, FRG 8.-11.9.1987

By: Mogens Niss

146/87 “BESTEMMELSE AF BULKRESISTIVITETEN I SILICIUM"
- en ny frekvensbaseret milemetode.
Fysikspeciale af Jan Vedde
Vejledere: Niels Boye Olsen & Petr ViSdor

147/87 "Rapport am BIS pd NAT-BAS"
redigeret af: Mogens Brun Heefelt

148/87 "Naturvidenskabsundervisning med
Samfundsperspektiv"

af: Peter Colding-Jergensen DLH
Albert Chr. Paulsen
149/87 “In-Situ Measurements of the density of amorphous
germanium prepared in ultra high vacuum"
by: Petr ViESor
150/87 "Structure and the Existence of the first sharp

diffraction peak in amorphous germanium
prepared in UHV and measured in-situ"

by: Petr Vik&or

151/87 "DYNAMISK PROGRAMMERING"

Matematikprojekt af:
Birgit Andresen, Keld Nielsen og Jimmy Staal

Vejleder: Mogens Niss

152/87 "PSEUDO-DIFFERENTIAL PROJECTIONS AND THE TOPOLOGY
OF CERTAIN SPACES OF ELLIPTIC BOUNDARY VALUE
PROBLEMS"

by: Bernhelm Booss-Bavnbek
Krzysztof P. Wojciechowski

153/88 “HALVLEDERTEKNOLOGIENS UDVIKLING MELLEM MILITERE
0G CIVILE KREFTER"

Et eksempel pd humanistisk teknologihistorie
Historiespeciale

--— -Af: Hans Hedal— = T = -
Vejleder: Ib Thiersen

154/88 "MASTER EQUATION APPROACH TO VISCOUS LIQUIDS AND
THE GLASS TRANSITION"

By: Jeppe Dyre

155/88 "A NOTE ON THE ACTION OF THE POISSON SOLUTION
OPERATOR TO THE DIRICHLET PROBLEM FOR A FORMALLY
SELFADJOINT DIFFERENTIAL OPERATOR"

by: Michael Pedersen

156/88 "THE RANDOM FREE ENERGY BARRIER MODEL FOR AC
CONDUCTION IN DISORDERED SOLIDS"

by: Jeppe C. Dyre

157/88 " STABILIZATION OF PARTIAL DIFFERENTIAL EQUATIONS
BY FINITE DIMENSIONAL BOUNDARY FEEDBACK CONTROL:
A pseudo~differential approach."

by: Michael Pedersen
158/88 "UNIFIED FORMALISM FOR EXCESS CURRENT NOISE IN

RANDOM WALK MODELS"
by: Jeppe Dyre

159/88 "STUDIES IN SOLAR ENERGY"

by: Bent Serensen

160/88 "LOOP GROUPS AND INSTANTONS IN DIMENSION TWO"

by: Jens Gravesen

161/88 "PSEUDO-DIFFERENTIAL .PERTURBATIONS AND STABILIZATION
OF DISTRIBUTED PARAMETER SYSTEMS:

Dirichlet feedback control problems"

by: Michael Pedersen

162/88 "PIGER & FYSIK - OG MEGET MERE"
AF: Karin Beyer, Sussanne Blegaa, Birthe Olsen,

Jette Reich , Mette Vedelsby

163/88 "EN MATEMATISK MODEL TIL BESTEMMELSE AF
PERMEABILITETEN FOR BLOD-NETHINDE~BARRIEREN"

Af: Finn Langberg, Michael Jarden, Lars Frellesen

Vejleder: Jesper Larsen

164/88 "Vurdering af matematisk teknologi
Technology Assessment
Technikfolgenabschatzung"

Af: Bernhelm Booss-Bavnbek, Glen Pate med
Martin Bohle-Carbonell og Jens Hejgaard Jensen

165/88 "COMPLEX STRUCTURES IN THE NASH-MOSER CATEGORY"

by: Jens Gravesen



166/88 "Grundbegreber i Sandsynligheds-.
regningen"

Af: Jorgen Larsen

167a/88 "BASISSTATISTIK 1. Diskrete modeller"

"Af: Jorgen Larsen

167b/88 "BASISSTATISTIK 2. Kontinuerte
modeller”

Af: Jergen Larsen

168/88 "OVERFLADEN AF PLANETEN MARS"
Laboratorie-simulering og MARS-analoger
undersegt ved Mossbauerspektroskopi.

Fy
Bi

sikspeciale af:

rger Lundgren

Vejleder: Jens Martin Knudsen

Fys.lab./HC®

169/88 “CHARLES S. PEIRCE: MURSTEN OG M@RTEL
TIL EN METAFYSIK."

Fem artikler fra tidsskriftet "The Monist"
1891-93.

Introduktion og oversattelse:

Peder Voetmann Christéansen

170/88 "OPGAVESAMLING I MATEMATIK"

Samtlige opgaver stillet i tiden
1974 - juni 1988

171/88

"The Dirac Equation with Light-Cone Data"
af: Johnny Tom Ottesen

172/88 “FYSIK OG VIRKELIGHED"

Kvantemekanikkens grundlagsproblem

i

gymnasiet.

Fysikprojekt af:

Erik Lund og Kurt Jensen

Vejledere: Albert Chr. Paulsen og
Peder Voetmann Christiansen

173/89

174/89

175/89

176/89

177/89

"NUMERISKE ALGORITMER"

af: Mogens Brun Heefelt

" GRAFISK FREMSTILLING AF
FRAKTALER OG KAOS"

af: Peder Voetmann Christiansen

" AN ELEMENTARY ANALYSIS OF THE TIME
DEPENDENT SPECTRUM OF THE NON-STATONARY
SOLUTION TO THE OPERATOR RICCATI EQUATION

af: Michael Pedersen

" A MAXIUM ENTROPY ANSATZ FOR NONLINEAR
RESPONSE THEORY"

af : Jeppe Dyre

"HVAD SKAL ADAM STA MODEL TIL"

af: Morten Andersen, Ulla Engstrom,
Thomas Gravesen, Nanna Lund, Pia
Madsen, Dina Rawat, Peter Torstensen

Vejleder: Mogens Brun Heefelt

178/89 "BIOSYNTESEN AF PENICILLIN - ‘en matematisk model"

af: Ulla Eghave Rasmussen, Hans Oxvang ﬂorténsen.
Michael Jarden

vejleder i matematik: Jesper Larsen
biologi: Erling Lauridsen

179a/89 "LERERVEJLEDNING M.M. til et eksperimentelt forleb
om kaos"

af: Andy Wiered, Seren Brend og Jimmy Staal

Vejledere: Peder Voetmann Christiansen
Karin Beyer

179b/89 "ELEVHEFTE: Noter til et eksperimentelt kursus om
kaos"

af: Andy Wiered, Seren Brend og Jimmy Staal

Vejledere: Peder Voetmann Christiansen
Karin Beyer

180/89 "KAOS 1 FYSISKE SYSTEMER eksemplificeret ved
torsions- og dobbeltpendul".

af: Andy Wiered, Seren Brend og Jimmy Staal
Vejleder: Peder Voetmann Christiansen

181/89 "A ZERO-PARAMETER CONSTITUTIVE RELATION FOR PURE
SHEAR VISCOELASTICITY"

by: Jeppe Dyre
183/89 “MATEMATICAL PROBLEM SOLVING, MODELLING. APPLICATIONS
AND LINKS TO OTHER SUBJECTS - State. trends and
issues in mathematics instruction )
by: WERNER BLUM, Kassel (FRG) og
MOGENS NISS, Roskilde (Denmark)

184/89 "En metode til bestemmelse af den frékyensafhzngige

varmefylde af en underafkelet veske ved glasovergangen"

af: Tage Emil Christensen

185/90 "EN NESTEN PERIODISK HISTORIE"
Et matematisk projekt
af: Steen Grode og Thomas Jessen

Vejleder: Jacob Jacobsen

186/90 "RITUAL OG RATIONALITET i videnskabers udvikling"
_redigeret af Arne Jakobsen og Stig Andur Pedersen

187/90 "RSA - et kryptografisk system"
af: Annemette Sofie Olufsen, Lars Frellesen
og Ole Meller Nielsen

Vejledere: Michael Pedersen og Finn Munk

188/90 “FERMICONDENSATION - AN ALMOST IDEAL GLASS TRANSITION"
by: Jeppe Dyre

189/90 “DATAMATER I MATEMATIKUNDERVISNINGEN PA
GYMNASIET OG HQJERE LAREANSTALTER

af: Finn Langberg



“FIVE REQUIREMENTS FOR AN
APPROXIMATE NONLINEAR RESPONSE
THEORY"

190/90

by: Jeppe Dyre

"MOORE COHOMOLOGY, PRINCIPAL
BUNDLES AND ACTIONS OF GROUPS - -
ON C*-ALGEBRAS"

191/90

by: Iain Raeburn and Dana P. Williams

"Age-dependent host mortality in the
dynamics of endemic infectiocus diseases
and

SIR-models of the epidemiology and natural
selection of co-circulating influenza virus
with partial cross-immunity"

by: Viggo Andreasen

193/90 *“Causal and Diagnostic Reasoning"

by: Stig Andur Pedersen

"DETERMINISTISK KAOS"

Frank Olsen

194a/90
Projektrapport af :

194b/90 “DETERMINISTISK KAOS"
Kerselsrapport
Projektrapport af: Frank Olsen

195/90 “STADIER PA PARADIGMETS VEJ"
Et projekt om den videnskabelige udvikling
der forte til dannelse af kvantemekanikken.
Projektrapport for 1. modul pd fysikuddan-
nelsen, skrevet af:
Anja Boisen., Thomas Hougérd. Anders Gorm
Larsen, Nicolai Ryge.
Vejleder: Peder Voetmann Christiansen

196/90 “ER KAOS NODVENDIGT?"
- en projektrapport om kaos' paradlgmatlske
status i fysikken.
af: Johannes K. Nielsen, Jimmy Staal og
Peter Boggild
Vejleder: Peder Voetmann Christiansen
187/90 "Kontrafaktiske konditionaler i HOL
af: Jesper Voetmann, Hans Oxvang Mortensen og
Aleksander Hest-Madsen

Vejleder: Stig Andur Pedersen

198/90 ‘'Metal-Isolator-Metal systemer"

Speciale
af: Frank Olsen

19%9/90 "SPREDT FAGTNING" Artikelsamling
af: Jens Hejgaard Jensen

"LINEAZR ALGEBRA OG ANALYSE"

Noter til den naturvidenskabelige basis-
uddannelse.

af: Mogens Niss

200/90

203/90

201/90 "Undersegelse af atomare korrelationer i
amorfe stoffer ved rentgendiffraktion”

af: Karen Birkelund og Klaus Dahl Jensen
Vejledere: Petr visdor, Ole Bakander

®TEGN OG KVANTER"
__ Foredrag og artikler, 1971-90.

af: Peder Voetmann Christiansen

202/90

"OPGAVESAMLING I IATZHATIK" 1974-1990

"7 afleser tekst 170/88

204/91 *ERKENDELSE OG KVANTEHEKANIK'
et Breddemodul Fysik Projekt
af: Thomas Jessen
Vejleder: Petr viscor

205/91 "PEIRCE'S LOGIC OF VAGUENESS"

by: Claudine Engel-Tiercelin
Department of Philosophy
Université de Paris-1
(Panthéon-Sorbonne)

206a+b/91 “GERMANTUMBEAMANALYSE SAMT
A - GE TYNDFILMS ELERTRISKE
EGENSKABER"

Eksperimentelt Fysikspeciale
af: Jeanne Linda Mortensen
og Annette Post Nielsen
Vejleder: Petr Viscor

""SOME REMARKS ON AC CONDUCTION
IN DISORDERED SOLIDS"

207/91

Jeppe C. Dyre

"LANGEVIN MODELS FOR SHEAR STRESS
FLUCTUATIONS 1IN FLOWS OF V1SCO-
ELASTIC LIOUIDS"

208791

by: Jeppe C. Dyre

209/91 "LORENZ GUIDE" Kompendium til den
danske fysiker Ludvig Lorenz,

1829-91.

af: Helge Kragh

"Global Dimension, Tower of Algebras,
and Jones Index of Split Seperable
Subalgebras with Unitality Condition.

210/91

by: Lars Kadison

211791 "I SANDHEDENS TJENESTE"

- historien bag teorien for de komplekse tal.

af: Lise Arleth, Charlotte Gjerrild,
Jane Hansen. Linda Kyndlev, Anne
Charlotte Nilsson. Kamma Tulinius.

Jesper Largen og Bernhelm
Boosg-Bavnbek

Vejledere:

212/81 'Cyclic Homology of Triangular Matrix

Algebras”

by: Lars Kadison

"Digease~induced natural selection in a
diploid host
by: Viggo Andreasen and Freddy B.Christiansen

213791




21491

215|91

216|91

“"Hallej i 2teren” - om
elektromagnetisme. Oplag
til undervisningsmateriale
i gymnasiet.

Af: Nils Kruse, Peter Gastrup,
Kristian Hoppe, Jeppe Guldager

Vejledere:‘Petr Viscor, Hans Hedal

"Physics and Technology of Metal-~
Insulator-Metal thin film structures
used as planar electron emitters

by: A.Delong, M.Drsticka, K.Hladil,
V.Kolarik, F.Olsen, P.Pavelka and
Petr Viscor.

"Kvantemekanik p& PC'eren"

af: Thomas Jessen

217/92

218/92

"Two papers on APPLICATIONS AND MODELLING
IN THE MATHEMATICS CURRICULUM"

by: Mogens Niss

"A Three-Square Theorem"

by: Lars Kadison




