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Abstract:

We consider a generalized controlled diffusion model with an
associated quadratic cost functional. The Fourier coefficients
of the optimal control with respect to the eigenbasis of the
system operator are calculated by solving a Riccati operator
equation, and the (time dependent) spectrum of the solutioh
P(t) is investigated numerically, and we show how the spectral
range of P(t) is connected with the spectrum of the system

operator.
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1. Introduction. _
We consider the generalized diffusion problem

-c%z(:z:,t) + Az(z,t) = u(z,t) for z€Q,0<t<T,

(1.1) 2(z,0) = z9(z) for =z € Q,
Tz(z,t)=0 for zeT,0<t< T

Here A is a formally selfadjoint, uniformly strongly elliptic differential
operator of order 2m, with C*(Q)-coefficients on a bounded, open do-
main 2 C R", with smooth boundary 2 = I'. Assume furthermore
that the boundary condition Tz = 0 is chosen, such that the operator
réalization Ar, which is the operator acting like A in L?(§), with domian

(1.2) D(Ar) = {v e L(Q) | Av € L), Tv = 0},

is the infinitesimal generator of an analytic semigroup S(t);>o on.L*(2),
see [FR], p. 101. This is of course the case when T equals the Dirichlet
‘or the Neumann trace operator, but also non-local boundary feedback
operators are included, as shown in e.g. [PE]. Much can be done with
less regularity assumptions but this is not the purpose of this paper.
The inspiration to consider this case comes from [C-P], ex. 14.5, p. 326,
and the following can be considered as an easy exercise, elaborating this
example. -

The function u(z,t) in (1. 1) is a control (we w1ll sometimes write y(t)
for the function £ — y(t,z) in the following), and we will choose thls
control so the quadratic cost functional

T
(1.3 I(u) = / (O + 21 e,

is minimized. Here |- is the usual L%(Q)-norm, stemming from the
inner product

(1.4) (v, w) = [)v(x)w(:ﬁ)dr,

(only real valued functions are considered). Moreover, we will determine
the optimal control u* as a state feedback, i.e. u*(¢) = —P(t)z(t), where
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z(t) is the state of the system. This means that the feedback system

%z(z,t) + [A+ P(t)]z(z,t) =0 for z€Q,0<t<T,

(1.5) 2(z,0) = 2¢(z) for z € Q,
- Tzz,t)=0 = for zeT,0<t<T -

is designed in an optimal manner, in the sense that J(d*) is minimal.
We will calculate the operator P(t) explicitly.

2. Semigroup Representation and the Riccati Equation.

The operator At has a complete (see e.g. [KA]) set of orthonormal-
ized eigenfunctions denoted by {¢;};>1, with corresponding eigenvalues
{Aj}i>1, repeated according to multiplicity.

The solution of the equation (1.1) has the semigroup-integral repre-
sentation

(2.1) z(z,t) = S(t)zo(z) + /0. S(t - s)u(z, s)ds,

for u(t), zo(z) in L2().
Denote by L(u,z) the map

(2.2) L(u, zo)(a:,t) = z(:z,t),
where z is given by (2.1).
Then
T
(2.3) J(u) = / I + L, 20) (O,
]

and a simple calculation (see Appendix) shows that the Frechet deriva-
tive dJ(u) is the mapping-from L?(0,T; L?()) to R, given by

T ,T
(24) dJ(w)h= 2/0 (/ S(r — s)z(r)dr, h(3)) + (u(s), h(s))ds.
Thus dJ(u)h equals zero for all A € L?(0, :T; L*(Q)) when
T
(2.5) u(t) = — [ S(s — t)2(s)ds,
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and since T
J(u) 2 / le(O)lPdt = [|ull?

where W = L%(0,T; L*(Q)), J(u) has a umque minimum (and obvxously
no maximum) given by (2.5).
We denote by P(t) the operator

T
(2.6) P(t)z(t) = -/; S(s — t)z(s)ds,

and a formal calculation, see e.g. [LI} (or [BA] for an approach using
stochastic partial dxfferentml equations), shows that P(t) is the umque
(positive) solution to the Riccati operator equation

0
5 (P(t)y1,v2) — (Ays, P(t)yz) ~ (P(tyys, Ayz)+
27 (v1,32) = (P(O)ws, P(tua),
P(T) =0,
for all y1,y, in D(AT).
Consider now a matrix representation

o0 oo
(2.8) P(typ =Y > pi(t)b, ;)0
’ i=1 j=1
of P(t), with respect to the complete orthonormal system {p;};>; of
L*(§). Here p;; = pji since P(t) is real and positive. Inserting the
cigenfunctions ¢ = ¢;, j=1,2,---,(2.8) reduces to the infinite system
of ordinary differential equations for the matrix elements p;;(t):

i) = O+ A (0) + 655 = 3 pin(t)pa o)

p,'j(T) = 0.
Since P(t) is unique, the solution to the system (2.9) must be unique,
hence all off-diagonal contributions to P(t) must equal zero. (An off-
diagonal element # 0 will lead to mﬁmtely many solutions to (2.9)).
Then (2.9) can be written

(2.9)

%Pﬁ(t) —2\ipii(t) +1 = pi(t) i=1,2,--
p,’,‘(T) = 0.
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Thirs 1S iﬁtegrated anrd we find that

(2.11) pii(t) = - (’\" + \/;-;T?tanh(\/l—'*'—)\?t * ki))’

whe}re B ) ) ) .
, 1 Vv1+ A — A )
2.12 ki == —T4/1+4 X%
(212) =3 <\/1 + A2+ )
Then, if the state 1s
(213) 2(z,t) = Y 7()p;(2),
Jj=1

we have that the optimal control is given by

(2.14)
1u'(x, t) = 2 [A,- + \/T:A—gtanh(mt + k,)} 2(t)p; ().

ExXAMPLE 2.1

Let us consider A = —A on Q =|0, 1{, with zero Dirichlet boundary
condition, i.e.

2(0,t) =2(1,t) =0
Then the set of eigenfunctions is
pj(z) =sin(jrz), j=12, -,

with eigenvalues

Aj = (jn)?,
hence
putt) = () + VIF G tanh (VIF Gt + 1) ),
with

. V14 (ir)t (m')2 T I
b= (\/1+(z1r)4+(z7r)2) L (i)
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. The Time Dependent Spectrum of P(t).

ance P(t) is dmgona.l in the eigenbasis {¢;};>1, we are interested in
the maximum and minimum values of p;;(t). We see that p;; is decreasing
in t, hence we will consider the A; (eigenvalue)-dependence of p;;(0). We
set T =1 in the following.

By expansion of p;;(0) in powers of );, we see that for A; < -1, we

have that

and for A; > 5,

(3.2) | pi(0)~0 (<A

If we order the eigenvalues {Aj};>1 of Ar in an increasing sequence
A1 £ Ay S -+- — 00, we see that the spectral range of P(t) is connected
with the lower bound Ay of Ar in the followmg ma.nner For ), < -1
we have - .

(3.3) sp (P(t)) € [0,2|A1] +¢l.

Here ¢ ~ 0.1 will do.

This is of course only interesting when Ar has negative (unstable)
eigenvalues. We will finish this analysis with some plots of pii(t, A; )
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APPENDIX: Calculation of dJ(u).
We have that, for u, h € L*(0, T; L*(f2)),

Ju+h)-Jw)=
T .
yl [<L<u, 20)(s) + L(h, 0)(s), L(x, 20)(s) + L(R,0)(s)) _
(L, 70)(s), L(w, z0)(s)) + 2u(s), h(s)) + (h(s), A(s))] ds,

and thus

T
dJ(u)h = 2/0 ((L(u, 20)(s), L(h, 0)(s)) + (u(s), h(s))] ds.

Now
/OT“(’%O)(s),v(s))ds =
/OT( /o’ S(s — r)h(r)dr, v(s))ds =
/o: /ca(h(r)' S(s — r)v(s))drds =
/o (h(r), /rT S(s — r)v(s)ds)dr.
Therefore

T T
dJ(u)h = 2/; [(/: S(r — 8)L(u, zo)dr, h(s)) + (u(s), h(s))| ds

which is the formula (2.4).
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