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ABSTRACT.

The paper is the manuscript of a plenary lecture delivered

by the authour at the Third International Conference on the
Teaching of Mathematical Modelling and Applications (ICTMA 3),
held in Kassel (FRG) 8.-11.9.1987. A shortened version of
the present manuscript will be published in the conference
proceedings.

The main issues in the paper are: "Why include applications
and modelling in mathematics curricula?" and "What aspects
of applications and modelling should be dealt with?". Besi-
des,the issue "How should applications and modelling be in-
cluded in mathematics curricula?" will be touched upon. In
order to establish a background for addressing these and re-
lated questions, a discussion of the role of mathematics in
curricula of different educational levels is given, and a
framework for describing and analysing different types of ap-
plications of mathematics and of mathematical modelling is
outlined.




{2) The question of "what?":

AIMS AND SCOPE OF APPLICATIONS AND MODELLING
IN MATHEMATICS CURRICULA

Mogens Niss, IMFUFA, Roskilde University Centre

Among the many issues which deserve attention in discussing
the aims and scopes of applications and modelling in  mathema-

tics education the following are fundamental:

+

(1) The question of "why?": :
Should, for a given educational level, applications
tions and modelling be part of the mathematics cur-

curriculum? If yes, why?

Provided the answer to this question is "yes", two more ques-

.tions pose themselves:

'

What content, products, and processes related to
applications and modelling should be made object of
study, teaching and activity? ‘

{3) The question of "how?":

What means (in terms of curriculum organisation,
forms of learning and teaching, material and other
resources) would be appropriate for applications
and modelling activities, and which are actually
at the disposal of teachers and students?
It 1is to be expected that the answering of each of these
questions is dependent on which segment of the educational
system is considered. Let us agree - in this but not necessa-
rily in any contexts - to distinguish between three types of
mathematics education referring to three different educational
levels:

(i): The general mathematics education of the population -
predominantly supplied by the school system - which aims at

preparing students for their private and social 1lives as

individuals and citizens.



(ii): The mathematical education of people studying subjects
or preparing for professions which are not, in a- specific
sense, mathematical in themselves, but to which mathematics -~
by being applied in them - has important services to offer.
We shall call people in such._ professions users of mathematics
in extra-mathematical professions, or sometimes just "extra-
mathematical professionals".

{iii)s The mathematical education of people who are to enter
mathematics professions proper, as research mathematicians,

as general applied mathematic¢ians, or as mathematics teachers—-
for post-elementary levels (i.e. from secondary school and
above).

If we combine the three questions with the three educational

levels we obtain the following "question matrix’' which forms

the focus of attention of the present paper:

question Why? What? How?

educa-
tional level

General mathematical
education provided by
the school

Education of users
of mathematics in
extra-mathematical
professions
Education of
mathematics
professionals

—— o —— ] - o= e e e o v —— o —
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In the sequel I shall attempt to analyse parts of this matrix,
without claiming to be exhaustive in my discussion. Along with
doing so I shall give my personal answers to a few of the cell

questions.




THE QUESTION OF "WHY?2'" .

The most important argﬁmeets - as put forward in :Iiteraturea
~at conferences, ,at educational-debatee‘etc.f - fdr‘ihéluding

<applications and modelllng in .a glven mathematlcs egrricﬁlﬁmit

' seem to be the follow1ng flve, llsted accordlng;ﬁ_

;spe01flclty w1th respect to mathematlcS'<°_3fw”r

o;increasing . .-

“Applications and modelllng should be part of the ﬁefheﬁaticé.- ” B

currlculum in order to

(1) foster among students general creatlve and problem sol- a
ving attltudes, act1v1t1es and competences.‘ S

gzz generate, develop and qualify a critical_potential in
students towards the use (and misuse) of mathematics in
extra-mathematical contexts. '

(3) prepare students to being able to practice applications-
and modelling - in other teaching subjects; as private indi-
viduals or as citizens, at present or in the futufe; or in
their future professions. ' 1 '

(4) establish a representative and balanced picture of ma-
thematics, 1its character and role in the world. Such a pic-
ture must encompass all essential aspects of mathematics, and
the application of mathematics and mathematical modelling in
other areas do form one such aspect.

(5) assist students’ acquisition and understanding of mathe-
matical concepts, notions, methods, results and topics, ei-
ther to give a fuller body to them, or to provide motivation
for the study of certain mathematical disciplines.-

The character and status of these five argumehts are not the
same. Arguments (1) and (5) relate primarily to educational
tactics. Argument (1) focusses on formative aspects of the

- general education and personal development of students, not on

matters specific to mathematics. Mathematics and application




and modelling activities are to serve as a yehicle to a

general end, rather than to be of independent interest. in

principle, any vehicle, be it mathematical or not, serving

this end might be relevant to the curriculum.

In aiming at facilitating or improving mathematics teaching,

argument ﬁfS);}s concerned with subject specific teaching tac-

tics. Here applications and modelling form a vehicle to this

end, 1in principle replaceable by any vehicle which is consi-
dered effective in this respect. On the other hand, the ar-

gument would not make sense if mathematics were dispensed

with.

In pursuing the purpose of preparing students to aspects of
life outside mathematics education arguments, (2) and (3] deal
with general educational strategy. In both arguments students

are wanted to come to grips with the actual use of mathematics

in the world; in argument (2) in an analytical but possibly
"passive" way, 1in argument (3) in an "active”, constructive
but possibly "non-reflective" way. To both arguments mathema-

tics and applications and modelling are essential components,

not replaceable vehicles.

Argument (4) may be viewed as the subject specific strategic
counterpart of the tactical argument (5). It is concerned with
students’ perception of mathematics as an entity, thus addres-
sing epistemological issues and partly sociological ones too.
In contradastinction to the general strategic arguments (2)

and (3) which look at the world outside mathematics and views




mathematics as a factor in this world, argument (4) looks at

mathematics, if also in its totality. So, in argument (4)

mathematics and its aspect "applications and modelling" cannot

be replaced with something else.

All these arguments can be encountered in discussions on each
of the three educational levels identified in the beginning of
this paper. Still, for a given level some arguments seem po
carry more weight in the didactical debate than do 6thers,

A brief way to summarise this is to fill in the "why?"-column

of the question-matrix presented earlier:

arguments for "why?"

General mathematical

education provided by

the school (1), (3), - (5)
Education of users of

mathematics in

extra-mathematical

professions : (3), (5)

Education of
mathematics .
professionals (3), (4), (5)

e e e — — — = - - . = - e e e a = - A W A R - — WS S = e e —

[f this is a fair summary of the debate with respect to the

question of "why?", it appears that arguments (2) and (4) have
not gained much attention. (Although (1) occurs only once, as
does also (4), it represents a larger amount of attention

since it relates to the large body of school mathematics).

In ny view this priority is not satisfactory. I shall try to
explain why, and to establish an alternative priority. A basis

for doing so is needed. The decision to include applications




and modelling studies and activities in the mathematics

curriculum of a given educational level should be derived from

a consideration of the overall purposes of mathematics educa-
tion for that particular level. Therefore, for each of the
three educational levels applied in the present paper, the

analysis is commenced by a brief sketch of the role of mathe-

matic and mathematics education at that level. Néedless to

say, such an analysis cannot avoid involving socio-cultural

values. The foliowing analysis reflects mine.

SCHOOL mathematic education first. Several reasons for provi-
ding the general population with a mathematics education which
goes beyond elementary arithmetic with known figures have been
put forward through the ages. Most frequently, the utilitarian
contributions of mathematics as an instrument for tackling
needs relevant to society have éerved to justify the presence
of post-elementary mathematics in the school curriculum. Some-
times mathematics education has been seen as a vehicle for
forming and developing intellectual and other mental capaci-
ties (such as logical reasoning) in people, or as a means for
creative, including recreational, activity among students.
Sometimes mathematics has been viewed as a source for aesthe-
tic experiences, or as a testimony of the cultural achieve-

ments of mankind.

Most often a combination of these ~ and other - reasons has

constituted the justification of school mathematics education.

To me the ultimate reason for giving a substantial mathematics

t



education to the general population is that mathematics is
being used extensively and ever increasingly in society, for
better and for worse, in such a way that people's professions
and lives as individuals and citizens are strongly influenced
by it. The main purpose of mathematics education is to help
-them beqome competent, independen§ individuals in éll'aspects
of their lives, and‘nét‘Qiétims;' ih‘their association  with
mathematics in society.' fhislreasdning récognisés :the‘ dual
interest of rising a well;educated labour force and in promo-

ting a democratic devlopment of society.

Also the other reasons mentioned could justify a position for
mathematics in the school curriculum but on a much smaller

scale than the one it actually and deservedly occupies.

Now, if the ma£hematics educationvgiven in school is to comply
with the purpose pﬁt in ffont here} it must provide students‘
with prerequisites fbr understahding,' éésessing and handling
aspects of the use of mathematics in other areas. The use of
mathematics is brought about through the conétruction. and -
application of mathematical models, even if the modelling
process 1s not always explicit, 1let alone tfansparent. It we
agree that the prerequisites mentioned are not generated auto-
matically by a mathematics teaching focussing solely on pure
mathematical concepts, results and topics, we are led to
conclude that applications and modelling should be part of the
school mathematics curriculum. In terms of the arguments
previously considered it appears that we are invoking ar-

guments (2) and (3).




This does not imply that arguments (1), (4) and (5) do not
have parts to play heré, but they are derived arguments of the
second order, whereas arguments (2) and (3) regard the impor-
tance of applications and modelling és suéh. In argument (1),
application and modelling activities form a vehicle to a
general formative end. So, only if we want to pursue this end
"and are convinced that application and modelling activities
are the only means available for the pursuit would argument
(1) make applications and modelling an indispensable part of
the school mathematics curriculum. As to argument (4), 1its
logical position in this context appears to be the following:

If the ultimate reason for giving a mathematics education to

all pupils and students in school is that mathematic is being

used in different places in society, argument (4) - which
stresses applications and modelling as an important facet in
the picture of mathematics - adds nothing new and independent

to the argumentation. The same is true with argument (5) which
focusses on applications and modelling to assist the acqusi-

tion of mathematical concepts, results and theories.

The basic reason for providing mathematics education to

future users of mathematics in a given EXTRA-MATHEMATICAL

PROFESSION is, of course, that mathematics is applied - or

applicable - in the preparation for or in the practice of that
profession. This is why mathematics is often labelled a "ser-
vice subject” to such professions and to studies leading up to

them.

The term "profession" should be taken to carry its Dbroadest



meaning: ranging from trades and vocations in which the role
of mathematics is modest (but still present), to academic
occupations in areas of research and development to which the

involvement of mathematics 1is crucial.

At first sight it seems easy to establish thét applications
"and modelling should be included in the mathematics curricula
preparing for these professions, simply because of argument
{3). I would, however, like to add argument (2) to the motiva-

tion. The background for this is the following:

When considering the range of areas to which mathematics is a
service subject, it is important to keep in mind that the part
which mathematics plays in different areas varies very much
with the area. We are faced not only with a variation in
degree and extent over the disciplines, but also with a varia-

tion in character.:

In subjects such as physics, astronomy, theoretical chemistry,
parts of theoretical economics,. and many engineering disci-
plines, mathematics is integrated in the very formation of the
basic scientific concepts and theories, many of which cannot
even be formulated without mathematics. So, to these subjects
mathematics does not just provide a way, among others, of
"dressing" concepts and theories, one is simply not left with
the option to le#ve mathematics aside. 1In addition to this
integrative involvement of mathematics comes the highly com-
pléx part which mathematics plays in these subjects in finding

solutions to problems, in establishing results etc. It is a




general feature that in these disciplines mathematics is de-

manded to provide exact answers as far as possible, and to the

extent exact answers cannot be obtained, exact estimates of

errors are required.

To disciplines like biology, most branches of economics etc.
mathematics is, although highly relevant and useful, not es-
sential in theé same way as with the group —of disciplines

mentioned above. In biology and economics, theories and
results often exist which make sense and can be established
and formulated in qualitative terms without the use of mathe-
matics, but which may also benefit strongly from a mathemat -
cal formulation. Another major difference between physics and,
say, macro-economics is that physical theories are established
through a very elaborate interplay between experimentatinn/on-
servation and exact mathematical model-/theory-building,
whereas 1in macro-economics experiments are not possible in
general. So, one would only very rarely require gquantitative
statements 1in macro-economics established by means of mathe-
matics to be exact. Rather one would go for and expect quali-
tative statements. The same holds in biology, even if in
biology experimentation is often a possibility. Exact quanti-
tative statements would in general be too much to hope for,
mainly because living beings display much more complex beha-

viours than do "dead" physical systems.

If the part played by mathematics in other areas displays a
large variation in character as far as academic disciplines

are concerned, the variation becomes even larger when the full



range of extra- mathematlcal profess1ons are con31dered This

'1nd1cates that the appllcatlon of mathematlcs in .extra-mathe—
matlcal contexts is not an. unproblematlctand*;stpaightforward
j{affair. On the contrary,l appllcatlons and modelllng 1nvolves
pfsctical technlcal, SClentlflc,Aphllosophlcal and even poll—
tical, compllcatlons which deserve careful and. cr1t1cal atten-

tlon.i Therefore,‘ the 1ncluS1on of appllcatlons and modelllng

in the mathemat1cs currlculum for users 1in- extra mathemat1cal

professions of all kinds should rely_also on argument (2)., As
to arguments (1), (4) and (5) ‘their place in thls context is
almost 1dentlcal w1th thelr place 1n the school context, for

which reason we shall not comment on them any further at this

point.

If, finally, we turn to the mathematics education of MATHEMA-

TICS PROFESSIONALS, we encounter a somewhat different situa-

tion. To these professionals and to their functions, the role
of mathematics cannot be reduced to its application in other
areas, even if it might be its'application that constitutes

the ultimate interest of the system which employs them. They

are mathematicians, whether in pure research, in general ap-
plications, or in teaching (beyond the level of elementary
arithmetic). By definition, mathematics forms a crucial and

indispensable component in their work. In my opinion! however,
it is important that they'obtain_a representative and balanced
picture of mathematics in all its aspects, including applica-
tions and modelling. Not only do they become more competent
research mathematicians, general appliers or teachers of ma-

thematics, if their outlook on mathematics is broader than one



having only mathematics as a theoretical edifice in its field
of visi&n. Also their social functions as expert citizens gain
in wisdom and hénce in quality if they are educated té become
broad—minded professionals with sound judgemént, rather than
just specialists positioned as wheels in a huge social =system

whose mode of operation they are unconscious of.

So, I shall invoke first of all argument (4) and secondly -

referring to the above reasoning concerning the varying char-
acter of the role of mathematics in different areas - ar-
gument (2) to motivate the inclusion of applications and

modelling studies in the curriculum for future mathematics

professionals. Again, some of the remaining arguments have
their parts to play, except ~ perhaps - argument (1). Argument
(3) is derived from arguments (4) and (2): If students are to

obtain a genuine and substantial impression of the application

of mathematics, they must be prepared as if they were to
practice it - at least on a small scale - themselves. (This
also has the pragmatic reason that it prepares students to a
broader spectrum of occupational possibilities than to tne
narrow mathematical ones.) Finally, argument {5) is rercvant

in relation to the education of mathematics professionals tc¢
the extent applications and modelling do in fact assist the
motivation for or the acquisition and understanding of mathe-
matical concepts, methods, results and topics belonging to

that educational level.A

1"

Let me summarise my answers to the "why?"-question by listing

my main arguments in the "why?"-column:




General mathematical. education ‘
(in the school) (2), (3)
Mathematical education of users
of mathematics in extra-mathema-
tical professions : (2), (3)
Education of mathematics profes-
sionals ‘ (2), (4)

Althqugh already implicitly given by the preceding dis—.
‘cussion, it should be made explicit that these answers imply,
for ali educational level, the answer "yes!" to the questibﬂ
"Should applications and modelling be part of the mathematics

curriculum for that level?"”

The arguments. whatever they be, put férw#rd for incorporating
applications and modeiling‘studies and activities in a given
mathematics curriculum‘not only serve to justify that incorpo-
ration. If taken seriously they influence the way in which
applications and modeliing are treated in the curriculum and
in the mathematics teaching.  Applications and modelling work
introduced onlylto motivate and assist students' acquisition
of mathematical concepts etc. {(argument (5)) is likely to
_differ from application and modelling activities designed to
enable students to practice application and modelling in: areas
outside mathematics (argument (3)). Therefore the answers to
the questioné "what?" and "how?" must depend intimately, 1in

principle and 1in practice, on the arguments given to the



question of "why?". This takes us to the next section.

THE QUESTION OF "WHAT?"

When discussing what content, products and processes related
to applications and modelling should be made object of study,

teaching and activity, some clarification f terms may prove

appropriate. What do we mean by an "application" of h;the-
matics, by "applying" mathematics and by "applied mathematics"”
and "applicable mathematics”"? What do we mean by a mathemati-
cal "model", by mathematical "modelling", mathematiéalr"mddel—

building" and by "mathematisation”? And how is éll this rcon;
necte& to "problem-solving” and "applied problem solving"?
Quite a treatise would be needed if we were to give exhaustive
answers to these questions. So, we shall have to content

ourselves with giving a few working definitions.

Let us imagine an arbitrary area of extra-mathematical reality
(a segment of "real life"”, whatever that is, or of ancther
discipline). If the area is submitted to any kind of treatment
which involves either mathematical notions or concepts. me-
thods, results, topics or theories, we shall speak of the
process of applying mathematics to that area. For the result

of the process we shall use the term an application of mathe-

matics.

It appears that the term an "application of mathematics”
represents the broadest possible activation of mathematics Lo

areas outside mathematics itself. The activation may range in

11



a continuous sSpectrum, from giving mathematical names to ob-

jects and phenomenae (e.g.  "triangle" to a pencil drawing),

via attributing .qualitative and quantitative mathematical
properties to them (e.g. Lhe shape of a certain piece of paper
is an "isosceles right-angled triangle with hypothenuse 8"),

on to obtaining - by means of mathematigal'methods, - results

and conclusions concerning the area at issue (e.g. - "with an

interest rate of 8% p.a. my'nGMihallbahk'account deposit will
have doubled in 9 vyvears"), to establishing full mathematical
theories of entire disciplines (e.g. "operator theory" to

describe quantum mechanics).

The terms "applied mathematiés"'and "applicable nathematics"”
do lnot carry independent kinds of meaning in the présent
paper. When used here, they simplyAindicate those portions of
mathematics (from notions to theories) which aré; reépective—
ly: may be, activatéd in an applicational situation. Thus, in
contradistinction to what is sometimes encountered elsewhere,
"applied" or "applicable" mathematics do not refer to specific
mathematical topics (e.g. ."fluid'dynamics", "linear program-
ming", "numerical analysis'") which, unlike "pure" topics, are

supbosed to be of particular applicational relevance.

When a segment of reality is submitted to any kind of treat-
ment by mathematical means - or equivalently put: when mathe-
matics is applied to that segment - a mathematical model 1is
necessarily involved. Very briefly speaking, certain objects,
relations between them, and structures, belonging to the area

under consideration are selected and translated into mathema-



tical objects, relations and structures, which are then said

to represent the original ones. Now, the concept of model can

be defined in two different ways. The first possibility is to

Simply identify a model with the collection, M, of mathemati-

cal objects, relations,rstructures etc., irrespective of what
area is being represented by the model~and how. The rationale
of this option is that a giyen Eollgftion M might serve to
model many different areas. In other words, the model i;
constant, whereas the area modelled varies. The second possi-
bility is to define a model és the trible (A,M,f), where A iz
the segment of reality under consideration, and f is a mapping
which translates certain items of A into items of M. This
definition emphasises that a mathematical model is a model of
something. We shall adopt it in the present paper, which will
not prevent us from using more casual phrases such as "within
the model"”, ‘"properties of the model"” and the like, to indi-

cate matters related to M alone when it is convenient and

there is no danger of ambiguity.

By modelling, or model-building, we shall understand the full

process of constructing a mathematical model of a given area.
At a minimum, it comprises: (a) identifying the features of

reality which are to be modelled; (b)) selecting the objects,

relations etc. relevant to this end; and (c) idealising them
into shapes suitable for a mathematical representation; (d)}
choosing a mathematical universe to hold the model (M); (e)

prerforming a translation from reality to mathematics; (f)
establishing mathematical relations between the translated

objects, accompanied by assumptions and properties; (g} using

K



mathematical methods to obtain mathematical results and con-
clusions; and (h) interpreting these as results and con-
clusions concerning the original area. In addition the process
may 1include: (i) assessing the model by confronting it with
reality (e.g. observed or predicted datg); by comparing it
with éther models, by relatiﬁg if to established theory; and
finally: (,j) building, if necessary, a ﬁgw.or modified model,

thus ruﬁning through the stages (a)-(j) once again.

As regards the term mathematisation it is often used as a

synonym for "modelling"/"model-building". We could - and shall
- attribute a more precise meaning to it by defining it to be
the translation part of the modelling process, i.e. the stages

(a)-(e) above.

As was hinted in a previous paragraph, any application of
mathematics presﬁpposes a model. From évphiiosophiqal point of
view an implicit or ‘explicit model is a necessary vehicle for
an application of mathematics in some area to be carried out.
The term "application of mathematics" .is used to emphasise the
fact that mathematics is activated towards a certain segment
of reality, whereaé the term "model" focusses on the framework
in which mathematics is activated. There seems to be a tenden-
cy to choose "application" in contexts where not much atten-
tion is being paid to the underlying model - perhaps because
it is considered trivial (as with arithmétic applied to money)
or the model has no rivals, or because the model facet is
simply ignored. A result of this is that no clear demarcation

line 1is drawn between reality and mathematics. In contrast,



the wuse of the term "model" tends to make the discrimination
between reality and model explicit. It indicates that choices,
assumptions and idealisations have been made, that thus the
model 1is open to criticism, and that alternative models may
exist. This does not imply, however, that any critical analy-
sis of the model, 1let alone the modelling processes, iy act-

ually exercised when the term "model” is used.

Often the reason for activating mathematics towards some ex-
tra-mathematical area 1is that certain questions concerning
that area need to be answered, certain problems to be solved,
If mathematics is applied in such situations, i.e. if it 1is
used as a means for solving problems, we shall speak of ap-

plied problem solving. The term problem solving carries a much

wider meaning in not being confined to encompassing extra-
mathematical problems only. By using the term "applied problem
solving", the problems and the problem solving process are
accentuated, whereas neither the fact that mathematics is

being used nor the model(s) carrying that use are stressed.

So far in this section we have been exercising conceptual and
terminological gymnastics. We shall now address the question

of "what?".

There are different modes of making applications and modelling

objects of study and activity in mathematics instruction:

I Students may acquire knowledge of

- {a) existing models and applications of mathematics.
This may include knowledge of different catego-
ries of models, classified according to mathema-




tical characteristics as well as to characteri-
stics regarding the dlfferent appllcatlonal areas
to wh1ch the models refer.

- (b) characteristics ef'the modellingspfocess,~ei-
- ther in general or with respect to specific ca-
tegories of models. . I .

One mlght ‘say that p01nt I concentrates on those aspects ef

"appllcatlons and modelllng whlch students may 1earn about, _in
‘teaching, 4by readlng etc., but not: "by d01ng whereas the

following point, I, stresses the actlve performing of model-

ling processes:

I1 Students may perform modelllng themselves, either by

- (a) applying -models known . to the students to situa-
tions which are new to them,

or by

- (b) bulldlng new {to the students) models, ‘or modifz¥
ng known ones. S

Finally, .

III Students may critically analyse and assess models,
Xisting ones or models they have constructed themselves, with

‘respect to

- (a) their mathematical.properties (work inside the
model), :

or to

- (b) the properties, qgualities and bases of Jjustifica-
tion of the models as representations of given
segments of reality.

If, for our present purpose,v we define these points to form
the aspects of applications and modelling, we may phrase the

main question of "what?" as follows:

Which of these aspects of applications and modelling should be



included in the mathematics curriculum of a given educational
level (as identified in thé beginn{ng qf the present paper)?
To answer this questionrwe will have to implicate the ar-
guments which were put forward to answering the question
"why?" in the preceding section. In that section one con-

clusion, common to all the educational levels considered, was

that applications and modelling should be part of the mathema-

tics curriculum in order to stimulate a critical potentialrin
students towards the use of mathematics in extra-mathematical
contexts (argument (2)). It seems pretty obvious that to this
end sfudents should acquire ekperiences in analysing and as-
sessing models and modelling processes which are suitable for
their educational level. In other words, aspect III should

enter into the mathematics curriculum of any level,

Evidently, the capability of analysing and assessing models
and modelling must rest on some knowledge of models and model-
ling. Hence, 1if for each level mathematics education is to

deal with aspect III, it has to comprise also aspect 1.

Moreover, it was concluded in the "why?"-section that a
further argument for including applications and modelling in
the school mathematics curriculum, and in the education of
users of mathematics in extra-mathematical professions, was
that students should be prepared to practice applications and
modelling. Since practising applications and modelling implies
performing modelling, and since, as previously stated, we hold
the opinion that the ability to perform modelling needs educa-

tional training, we are led to infer that also aspect 11




should be addressed in the mathematics programmes of those

educatonal levels.

As to the third level, the education of hathemétics professio-
nals, we shall recall a previous consideration, namely that if
- in accordance with argument (4) - students aré.to obtain a
genuine and substantial impre§sion of the application of ma-
thematics outside mathematics itself, they must be bfepared as
if they were to practi;e it - to some extgnt - themselves. So,
aspect II ought to be part of thg mathematics curriculum for

mathematics professionals too.

We have, thus, reached the conclusion that all the aspects

here defined should be incorporated in the mathematics educa-

tion given at each of the three levels considered. This does
not imply, however, that the aspects are equally important or
should be equally time—consumihg, or that they materialise in

the same way, at different levels. In fact they do not. At

school level, for instance, aspects I(a) and II will occupy a
predominant position. In the education of extra-mathematical
professionals, 11I(b}) and II will be in focus, whereas the

education of mathematics professionals will tend to stress

aspects I(a) and 1II(a).

For each aspect adopted in a given mathematics programme
several further questions - sub-questions of "what?"-arise. If
we take, for instance, aspect I, "acquire knowledge of models
and the modelling process”, it lays near at hand to ask "what
(kind of) knowledge”", or "what (categories of) models?".

Likewise, the question "what particular phases of the model-



ling process should be traversed?" is re{evant in relation to

aspect II, "performance of modelling”. An so forth.

Naturally, it goes far beyond the scope of a single paper to
deal, in a comprehensive way, with all relevant issues of this

kind, and to determine how the aspects materialise at each

,Legeltﬁlrghg{lic9nf%pe myself to addressing a single point.

In the preceding section it was stressed that the pari played
by mathematics and mathematical models in different extra-
mathematical areas varies strongly in extent and character

with the area. The epistemological position of mathematical

models varies with reépect to:

The purpose of models.
Is the purpose of a given model to understand features, essen-

tial or phenomenological, of the area modelled, or is it to
create a background for making decisions or taking actions
related to that area?

The sources of model construction.

For a given model, what are the conceptual and other connec-
tions between the components of the model and the constituents
{objects, relations, phenomena) of the area it is supposed to
model? How, further, is the model related to theory (well-
founded or not) that regards the extra-mathematical substance
of the area modelled?

The nature of the statements produced.
Are the statements generated by a given model deterministic or
stochastic? Quantitative or qualitative? Exact or approximate?

The verificational status of models.

To what extent is a given model reliable? Is it verified or
verifiable? Justifiable? Correct within certain restrictions?
A good approximation if interpreted with caution? Incorrect
but useful for some purposes? Incorrect and useless? What is
its explanatory value? On what foundation can we hope to
tackle such questions? Does the model reproduce known data or
phenomenae; or does it predict unknown but later discovered
ones? If yes, within what range of cases? Is the model embed-
ded in, corroborated by, or at least not in contradiction to
established theory of the area at issue? 1Is the model related
to other models in analogous situations? Etc. etc.




Unfortunately, we‘havefto abstain‘from exploring in any detail
examples. which may illuminate the outlinéd epiSteho}ogical
yafiatidn of ﬁathematical modelg. Let me just.méntion that'the
way in-which.plane triéngles anq their.propertieS'in Euclrdean‘
geometry :serve as modéls of certain‘"earthly" physica11 ob—
Jeéts, and the way‘ih which'thé logistic growth model repre-
sents biological populatiéns, afe of a quite different nature.
Similarly, ‘the models from classical mechanics used to de;.
scribé satellite orbits differ fundamentally from Poisson-
processes taken to model the nuhber of cqstumer arrivals to a
super market in certain time intervals. If the triangle and
the satellite models were overruled, entire established theo-
ries would break down, not just the models. If, for a specific
bidlogical population, the logistic growth model failed to
hold, well, that model simply has to be replaced with a diffe—
rent one, an event which would not shake the scientific

foundation of anything. And. the same is true with the costumer

arrivals model.

Another kind of epistemological position is held by plane map
projection models of (segments of) the surface of the globe..
Due to principal mathematical reasons, such models can never
reflect all gebmetricql features of the globe, lét alone the
planet "Earth". But for a given projection we are able to tell
in exact terms how an area of the sphere deviates from its
prcjected picture. Still ano@her situation is encountered in
financing. Though it is perfectly possible'to model correctly

and exactly the amortization of an annuity loan 1in nominal



terms - because the substance concepﬁs invo%ved have already
been given a definite mathematical form - the situation chan-
ges if we want to model the amortization in real terms, Where
inflation is involved. By wusing different inflation as-
sumptipns it 1is possible to model different scenarios to

approximate the real cdourse of events:

Numerous examples could be given in the same vein. In fact,
evéry model , carefully analysed, would contribute to 1il-

lustrate the points made here.

For all three educational levels I claim it to be important

that students acquire knowledge of the described variation in

epistemological status of mathematical models, over different

extra-mathematical contexts. Such knowledge (which belongs to
the scope of aspect I{(a)) should be based on a number of
characteristic model cases, different, of course, from level
to level. Another difference between the educational levels
may consist in a varying emphasis on the four epistemological
facets. While at school level, and in the education of mathe-
matics professionals, particular attention would probably be
paid to the source of model construction and to the statements
produced by models, the verificational status of models in
relation to their purposes is likely to be in the focus of
attention in the education of users of mathematics in extra-

mathematical professions.



THE QUESTION OQF "HOW?'

To deal with the questions of "why?" and "how?" in general
termé, without considering the specific educational system and
the position of mathematics within that system, which after
all provides the framework for mathématics education and hence
for applications and modelling work, is a prbblematic affair.
Even more so with.the question of "how?", where the abundance
'of spécific boundary conditions and of organisatioﬁal peculia-
rities.in mathematics programmes tends to make ip difficult to
obtain a general treatment of sufficient interest. For that
feasbn. and because of spaée restrictions, we shall leave the
question of "how?" by just listing five basic approaches to
including applications and modelling in méthematics curricula.
The approaches - advanced in the report of the aﬁplications
and modelling theme_group.of ICME 5, 1984, published in the
congress proceedingé (and chiéfly written by.this éuthor) -

are the following:

Al The two-compartment approach divides the mathematics
programme into two parts. The first parts consists of a normal
course in pure mathematics establishing a body of topics,

concepts, methods and results which are then activated towards
applications and modelling work during the second part.

A2. The islands of applications approach is in essence a.

series of smaller instructional sequences each using the two-
compartment approach. Thus a pure mathematics programme is
interrupted by "islands" of applications and modelling work in
which mathematics developed in the preceding period is acti-
vated. :

A3. In the mixing approach, application and modelling activi-

ties and the formulation of new mathematical concepts and
theories are woven together. Elements of applications and
modelling motivate and illustrate new pieces of mathematics
which, conversely, are used to treat applications and model-
ling issues :




Ad. The mathematics curriculum integrated approach. In the
mixing approach, the mathematics content which is to be invol-
ved 1in applications and modelling activities is given by and
large. In the present approach, the applications and modelling
problems come first and mathematics is activated - sought and
developed - subsequently. The only thing required is that the
problems considered do in fact involve tractable mathematics
of relevance to the mathematics curriculum at issue.

Ab5. The interdisciplinary integrated approach is similar to
the preceding one, except that this approach integrates mathe-
matical and extra-mathematical activities within an interdi-~
sciplinary framework not making "mathematics” a separate com-
partment. -

Thé décision on which approach to adopt to installing applica-
tions and modelling in a given curriculum has to depend on &
multitude of system specific circumstances. But above alil, the
decision also has to be closely dependent on how the questions
of "why?" and "what?" are answered for that particular

curriculum. We shall not go into these matters any further,

CONCLUDING REMARKS

A predominant portion of the present paper has been spent ro
advance elements of an apparatus for analysing the rois ot
applications and modelling in mathematics education. I Aam
fully aware of the fact that this endeaveour has contributed to

making the exposition rather dry. However:

In recent years much attention has been devoted to introducing
applications and modelling in the theory and practice of
mathematics curricula. Papers and books have been vwrilten,
discussions have been conducted, and ronferences been neld.
Entire educational programmes have been devised and somce rar-

ried out. Experimental courses have been tried out. Teaching




materials 'naye"oeen;deyelopedlnsny'of which have been made
'publiolyfaveilable;fifdeas; materials and opinions have. been
eexcnanged ln splte of the fact that all thlS has taken place'-
cat ltnel frontier 'of mathematicsveducation 1n theory and vln;
'oractioéV:'rather'.than .uqz.common K day to day %‘mathématiosﬂ
"teachlng,.l.thlnk 1t 1s.fsir to soeak of a successful movementil
”ofﬁ applicatlons end modelling 1nf1uenc1ng natnematics educafi
ltion‘_at: all levels pretty strongly.' It 1is not unusual ﬁitn
movements 'i‘ progress that more;attention is paidi'toibthe
pronotion'of ideas and.nesseges'than to anélytical reflection.
In my opninion,‘ the gpplicétions and modelling; movement - in
which l am a participantAr has reached a stage where a foun;
dation for it in relation'to mathemstics'education'is,needed{
It is far from being clamied thet“snch,a-foundation_ is pro-.
vided by the present paper. Neither is it claimed that this
delivers the first contribution in that direction. A sound
foundation would'. requlre a comprehens1ve analysis of - at
léast: the epistemology'of mathematics, appllcatlons and mo-
delling; of mathematios education; and of education. It has
been possible, here, only to sketch elements of such an analy-
3is. One point deserves to be emphasised: The aims and taks of

applications and modelling in mathematics curricula should be

viewed as forming part of the aims and tasks of mathematics
education, which in turn form part of the aims and tasks of
education as preparing its receivers to live and act in socie-
ty. This does not imply that the aims and taks of applications

and modelling can be reduced to the aims and taks of education

in general.




Looked upon from an appropriately distant point of view, the

ultimate raison d’etre of exercising mathematics and mathema-

tics education at a large scale in society is that mathematics

is important in the pursuit of extra-mathematical purposes,
brought about through its application to other areas. In nco
way does this mean to say that pureLy mathematical activities
should be banned. Of ééQrse not. Wh;£ it does say: however, 1s
that no main level of mathematics education should be devoid
of an applicational perspective. Therefore it was concluded in
the preceding sections that basically the same arguments for
including applications and modelling studies in the mathema-
tics curficulum are valid for any educational level, from
school to university mathematics, and that the same aspects of
applications and modelling ought to be dealt with at ali
levels. What varies between the levels, and between different
programmes, is the way in which these aspects are materia-
lised, in terms - for instance - of the specific appliicational
areas and model{ling) cases considered, the mathematical and

extra-mathematcal treatment they are submitted to, the model-

ling stages traversed etc.

Models and modelling may be made objects of study, teaching
and activity in a multitude of ways. In conclusion one thing

should be kept in mind: models are designed to model sometfing

- not to be confused with something unique. For a true per-
spective on applications and modelling to be denerated in
mathematics education, at whatever level, not only the mathe-

matical components proper need devotion. Extra-mathemuatical



substance has to be taken seriously too. Certainly, artificial
apblications and modelling situations may possess great educa
tional. value, but sometimes mathematics education must con-
front students with the exciting and myste?ioﬁs meetihg points
between mathematics and‘fealify,'éb difficult but so'importanf

to understand.
Mogens Niss, September 1987
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